1 d

◯

◯

R S S

ε /r

Abstract.

1. Intro duction

HW Cl, Cl2 CS

Pank a j K. Agarwal and Jeff Erickson

Geometric Range Searc hing and Its Relativ es

Contemp orary Mathematics

c 0000 (copyright holder)

Mathematics Subje ct Classific ation.

Key wor ds and phr ases.

Handb o o k of Discr ete and

Computational Ge ometry

Ab out ten years ago, the field of range searching, esp ecially simplex range

searching, was wide op en. At that time, neither efficient algorithms nor nontrivial

lower b ounds were known for most range-searching problems. A series of pap ers

by Haussler and W elzl [ ], Clarkson [ ], and Clarkson and Shor [ ]

not only marked the b eginning of a new chapter in geometric searching, but also

revitalized computational geometry as a whole. Led by these and a numb er of sub-

sequent pap ers, tremendous progress has b een made in geometric range searching,

b oth in terms of developing efficient data structures and proving nontrivial lower

b ounds. F rom a theoretical p oint of view, range searching is now almost completely

solved. The impact of general techniques develop ed for geometric range searching—

-nets, 1 -cuttings, partition trees, multi-level data structures, to name a few—is

evident throughout computational geometry

. This volume provides an excellent

opp ortunity to recapitulate the current status of geometric range searching and to

summarize the recent progress in this area.

A typical range-searc hing problem has the following form: Pre-

pro cess a set of p oints in so that the p oints of lying inside a query

region can b e rep orted or counted quickly . W e survey the known techniques

and data structures for range searching and describ e their application to other

related searching problems.

1991 Primary 68-02, 68P05, 68P10, 68P20, 68Q05,

68Q25.

Data structure, multidimensional searching, range searching, ar-

rangement, partition tree, random sampling.

Pank a j Agarwal’s work on this pap er was supp orted by National Science F oundation Grant

CCR-93-01259, by Army Research Office MURI grant DAAH04-96-1-0013, by a Sloan fellowship,

by an NYI award and matching funds from Xerox Corp oration, and by a grant from the U.S.-Israeli

Binational Science F oundation.

Jeff Erickson’s work was supp orted by National Science F oundation grant DMS-9627683 and

by Army Research Office MURI grant DAAH04-96-1-0013.

T ables 1, 3, 4, 6, 7, 8, and 9 reprinted with p ermission from

, Jacob E. Go o dman and Joseph O’Rourke, eds., CRC Press, 1997.

Copyright CRC Press, Bo ca Raton, Florida, c 1997.

♦

′

∑

∑

1

2

♦

♦

♦

′ ′

∈

× →

∈

S

S

S S

R R

Z

R

R

R

S S S S S

S

S

,

x y y x x, y d d

p S

S

d

p γ

d

semigr oup

c ommutative

nil

R R

∈ R ∩

∈

∩ ∅

∈

∈ ⊆

∈ R ∩

∈ { } ∨

∪

{ }

→ R

⊆ × R

∈ R

∈

ANKAJ K. AGAR W AL AND JEFF ERICKSON

1

1

2

1

S

n

S

γ S γ

p S p

S

S

S γ

γ x

, p S

w p S S w S w S

γ w S γ

, w p

p S , ,

w p ,

w p p ,

w p x p

S

, w S

S

γ w p

S

p γ

p γ r anges

emptiness queries

optimization queries

e.g.

ge ometric se ar ching

obje cts e.g.

interse ction se ar ching

query time size

pr epr o c essing time

up date time

A ( +) is a set equipp ed with an asso ciative addition op erator + : .

A semigroup is if + = + for all .

Since need not have an additive identity

, we may need to assign a sp ecial v alue to the

empty sum.

Range searching arises in a wide range of applications, including geographic in-

formation systems, computer graphics, spatial databases, and time-series databases.

F urthermore, a v ariety of geometric problems can b e formulated as a range-searching

problem. A typical range-searching problem has the following form. Let b e a

set of p oints in , and let b e a family of subsets of ; elements of are

called . W e wish to prepro ces s into a data structure so that for a query

range , the p oints in can b e rep orted or counted efficiently

. Typical

examples of ranges include rectangles, halfspaces, simplices, and balls. If we are

only interested in answering a single query

, it can b e done in linear time, using

linear space, by simply checking for each p oint whether lies in the query

range. Most applications, however, call for querying the same p oint set several

times (and sometimes we also insert or delete a p oint p erio dically), in which case

we would like to answer a query faster by prepro cessing into a data structure .

Range counting and range rep orting are just two instances of range-searching

queries. Other examples include , where one wants to determine

whether = , and , where one wants to cho ose a p oint

with certain prop erty ( , a p oint in with the largest -co ordinate). In order to

encompass all different typ es of range-searching queries, a general range-searching

problem can b e defined as follows.

Let ( +) b e a commutative semigroup. F or each p oint , we assign a

weight ( ) . F or any subset , let ( ) = ( ), where addition is

taken over the semigroup. F or a query range , we wish to compute ( ).

F or example, counting queries can b e answered by cho osing the semigroup to b e

( +), where + denotes standard integer addition, and setting ( ) = 1 for every

; emptiness queries by cho osing the semigroup to b e ( 0 1 ) and setting

( ) = 1; rep orting queries by cho osing the semigroup to b e (2 ) and setting

( ) = ; and optimization queries by cho osing the semigroup to b e ( m ax )

and cho osing ( ) to b e, for example, the -co ordinate of .

W e can, in fact, define a more general (decomp osable)

problem. Let b e a set of in ( , p oints, hyp erplanes, balls, or sim-

plices), ( +) a comm utative semigroup, : a weight function, a set of

ranges, and a “spatial” relation b etween ob jects and ranges. Then for

a range , we want to compute ( ). Range searching is a sp ecial case

of this general searching problem, in which is a set of p oints in and = .

Another widely studied searching problem is , where if

intersects . As we will see b elow, range-searching data structures are useful for

many other geometric searching problems.

The p erformance of a data structure is measured by the time sp ent in answer-

ing a query

, called the , by the of the data structure, and by the

time constructed in the data structure, called the . Since the

data structure is constructed only once, its query time and size are generally more

imp ortant than its prepro cess ing time. If a data structure supp orts insertion and

deletion op erations, its is also relev ant. W e should remark that the

query time of a range-rep orting query on any reasonable machine dep ends on the

⌊ ⌋

≥ n d

n d k

d

d d

d

n d

O n n

O n

n

x/y

w w n

2. Mo dels of computation

AHU PrS

FW

GEOMETRIC RANGE SEARCHING AND ITS RELA

TIVES 3

se ar ch time r ep orting time

r andom ac c ess machine

r e al RAM output size, so the query time for a range-rep orting query consists of two parts—

, which dep ends only on and , and , which dep ends on

, , and the output size. Throughout this survey pap er we will use to denote

the output size.

W e assume that is a small fixed constant, and that big-Oh and big-Omega

notation hides constants dep ending on . The dep endence on of the p erformance

of almost all the data structures mentioned in this survey is exp onential, which

makes them unsuitable in practice for large v alues of .

The size of any range-searching data structure is at least linear, since it has to

store each p oint (or its weight) at least once, and the query time in any reasonable

mo del of computation such as p ointer machines, RAMs, or algebraic decision trees

is Ω(log ) even when = 1. Therefore, we would like to develop a linear-size data

structure with logarithmic query time. Although near-linear-size data structures

are known for orthogonal range searching in any fixed dimension that can answer

a query in p olylogarithmic time, no similar b ounds are known for range searching

with more complex ranges such as simplices or disks. In such cases, we seek a

tradeoff b etween the query time and the size of the data structure—How fast can

a query b e answered using ( p olylog ) space, how much space is required to

answer a query in (p olylog ) time, and what kind of tradeoff b etween the size

and the query time can b e achieved?

In this pap er we survey the known techniques and data structures for range-

searching problems and describ e their applications to other related searching prob-

lems. As mentioned in the b eginning, the quest for efficient range-searching data

structure has led to many general, p owerful techniques that have had a signifi-

cant impact on several other geometric problems. The emphasis of this survey is

on describing known results and general techniques develop ed for range searching,

rather than on op en problems. The pap er is organized as follows. W e describ e,

in Section 2, different mo dels of computation that have b een used to prove upp er

and lower b ounds on the p erformance of data structure s. Next, in Section 3, we

review data structures for orthogonal range searching and its v ariants. Section 4

surveys known techniques and data structures for simplex range searching, and Sec-

tion 5 discusses some v ariants and extensions of simplex range searching. Finally ,

we review data structures for intersection searching and optimization queries in

Sections 6 and 7, resp ectively .

Most algorithms and data structures in computational geometry are implic-

itly describ ed in the familiar (RAM) mo del, describ ed in

[ ], or the mo del describ ed by Preparata and Shamos [ ]. In the

traditional RAM mo del, memory cells can contain arbitrary (log )-bit integers,

which can b e added, multiplied, subtracted, divided (computing ), compared,

and used as p ointers to other memory cells in constant time. A few algorithms

rely on a v ariant of the RAM mo del, prop osed by F redman and Willard [ ],

that allows memory cells to contain -bit integers, for some parameter log ,

and p ermits b oth arithmetic and bitwise logical op erations in constant time. In

a real RAM, we also allow memory cells to store arbitrary real numb ers (such as

co ordinates of p oints). W e allow constant-time arithmetic on and comparisons b e-

tween real numb ers, but we do not allow conversion b etween integers and reals. In

3 i

x

BA2

∈ ∈

→

T

Ch4

F r4

Y2

p ointer

algorithm v

ℓ v n

S γ

v

ℓ v

W γ

p γ v W γ ℓ v i

W γ

γ W γ

O n

x

ANKAJ K. AGAR W AL AND JEFF ERICKSON

3

p ointer machine

working set

elementary

arithmetic

semigr oup arithmetic mo del

informal ly

Several very differen t mo dels of computation with the name “p ointer machine” have b een

prop osed; these are surveyed by Ben-Amram [ ], who suggests the less ambiguous term

for the mo del we describ e.

the case of range searching over a semigroup other than the integers, we also allow

memory cells to contain arbitrary v alues from the semigroup, but these v alues can

only b e added (using the semigroup’s addition op erator, of course).

Almost all known range-searching data structure s can b e describ ed in the more

restrictive mo del, originally develop ed by T arjan [ ]. The main

difference b etween the two mo dels is that on a p ointer machine, a memory cell can

b e accesse d only through a series of p ointers, while in the RAM mo del, any memory

cell can b e accessed in constant time. T arjan’s basic p ointer machine mo del is most

suitable for studying range-rep orting problems. In this mo del, a data structure is

a directed graph with outdegree 2. T o each no de in this graph, we asso ciate a

lab el ( ), which is an integer b etween 0 and . Nonzero lab els are indices of the

p oints in . The query algorithm, given a range , b egins at a sp ecial starting

no de and p erforms a sequence of the following op erations: (1) visit a new no de by

traversing an edge from a previously visited no de, (2) create a new no de with

( ) = 0, whose outgoing edges p oint to previously visited no des, and (3) redirect

an edge leaving a previously visited no de, so that it p oints to another previously

visited no de. When the query algorithm terminates, the set of visited no des ( ),

called the , is required to contain the indices of all p oints in the query

range; that is, if , then there must b e a no de ( ) such that ( ) = .

The working set ( ) may contain lab els of p oints that are not in the query range.

The size of the data structure is the numb er of no des in the graph, and the query

time for a range is the size of the smallest p ossible working set ( ). The query

time ignores the cost of other op erations, including the cost of deciding which edges

to traverse. There is no notion of prepro ces sing or up date time in this mo del. Note

that the mo del accommo dates b oth static and self-adjusting data structure s.

Chazelle [ ] defines several generalizations of the p ointer-machine mo del

that are more appropriate for answering counting and semigroup queries. In Cha-

zelle’s generalized p ointer-machine mo dels, no des are lab eled with arbitrary (log )-

bit integers. In addition to traversing edges in the graph, the query algorithm is also

allowed to p erform v arious arithmetic op erations on these integers. An

p ointer machine can add and compare integers; in an p ointer machine,

subtraction, multiplication, integer division, and shifting ( 2 ) are also allowed.

When the query algorithm terminates in these mo dels, some no de in the working

set is required to contain the answer. If the p oints have weights from an additive

semigroup other than the integers, no des in the data structure can also b e lab eled

with semigroup v alues, but these v alues can only b e added.

Most lower b ounds, and a few upp er b ounds, are describ ed in the so-called

, which was originally intro duced by F redman [ ]

and refined by Y ao [ ]. In the semigroup arithmetic mo del, a data structure

can b e regarded as a set of precomputed partial sums in the underlying

semigroup. The size of the data structure is the numb er of sums stored, and

the query time is the minim um numb er of semigroup op erations required (on the

precomputed sums) to compute the answer to a query

. The query time ignores

the cost of v arious auxiliary op erations, including the cost of determining which

of the precomputed sums should b e added to answer a query

. Unlike the p ointer

∈ ∈

∑ ∑

∈

∈

♦

♦

S

S

♦

♦

♦

4

1 2 i γ

i γ

Z R

N

N

R

∑

∑ ∑

∑ ∑

S

S

S

S

S

S

⊆ { }

̸∈ ∈

∈ i j

n

i I i i

j J j j

{ } ∨ { }

{ } R

R { }

∈ R ⊆ { }

{ | ∈ }

→ ∈

∈

{ } ∨ ∪ n

n

n n

i i i i

i

s

γ

i γ

p γ i

i I i i

p γ i

i I i i n

i γ

γ

γ

S

, n > I , J , . . . , n

I J α , β i I , j J

s , s , . . . , s α s β s .

line ar form

faithful

gener ator

stor age

scheme

any

any

GEOMETRIC RANGE SEARCHING AND ITS RELA

TIVES 5

4

1 2

1 2

1

=1

1 2

1 2 n , , . . . , n

,

, ,

, , , , ,

S p , p , . . . , p

S

x , x , . . . , x n S

g x , . . . , x α x α

α

S, , , g , g , . . . , g

γ I , , . . . , s

β i I

x β g

w p β g w p , w p , . . . , w p

w S β i I

I γ

I

S

S

,

w p

p S

, , , ,

S

More formally

, ( +) is faithful if for each 0, for any sets of indices 1 so

that = , and for every sequence of p ositive integers ( ), there are semigroup

v alues such that = machine mo del, the semigroup mo del allows immediate access, at no cost, to any

precomputed sum.

The informal mo del we have just describ ed is much to o p owerful. F or example,

in this informal mo del, the optimal data structure for counting queries consists

of the + 1 integers 0 1 . T o answer a counting query

, we simply return

the correct answer; since no additions are required, we can answer queries in zero

“time,” using a “data structure” of only linear size!

Here is a more formal definition that avoids this problem. Let ( +) b e a

comm utativ e semigroup. A is a sum of v ariables over the semigroup,

where each v ariable can o ccur multiple times, or equiv alently

, a homogeneous linear

p olynomial with p ositive integer co efficients. The semigroup is if any two

identically equal linear forms have the same set of v ariables, although not necessarily

with the same set of co efficients. F or example, the semigroups ( +), ( min),

( gcd), and ( 0 1 ) are faithful, but the semigroup ( 0 1 + mo d 2) is not

faithful.

Let = b e a set of ob jects, a faithful semigroup, a set of

ranges, and a relation b etween ob jects and ranges. (Recall that in the standard

range-searching problem, the ob jects in are p oints, and is containment.) Let

b e a set of v ariables over , each corresp onding to a p oint in . A

( ) is a linear form , where the ’s are non-negative

integers, not all zero. (In practice, the co efficients are either 0 or 1.) A

for ( ) is a collection of generators with the following

prop erty: F or any query range , there is an set of indices 1 2

and a set of lab eled nonnegative integers such that the linear forms

and

are identically equal. In other words, the equation

( ) = ( ( ) ( ) ( ))

holds for weight function : . (Again, in practice, = 1 for all .)

The size of the smallest such set is the query time for ; the time to actually

cho ose the indices is ignored. The space used by the storage scheme is measured

by the numb er of generators. There is no notion of prepro cess ing time in this mo del.

W e emphasize that although a storage scheme can take adv antage of sp ecial

prop erties of the set or the semigroup , it must work for assignment of

weights to . In particular, this implies that lower b ounds in the semigroup mo del

do not apply to the problem of counting the numb er of p oints in the query range,

even though ( +) is a faithful semigroup, since a storage scheme for the counting

problem only needs to work for the particular weight function ( ) = 1 for all

. Similar arguments apply to emptiness, rep orting, and optimization queries,

even though the semigroups ( 0 1 ), (2 ), and ( m in ) are all faithful.

The requirement that the storage scheme must work for any weight assignment

even allows us to mo del problems where the weights dep end on the query . F or

example, supp ose for some set of ob jects with real weights, we have a storage γ ⋄ 3 4 5 3 2 7 1 6 p p p γ γ p p p ,, δ p , δ, δ δ δ , δ S p, δ δ A S w S γ P ANKAJ K. AGAR W AL AND JEFF ERICKSON

1 2 2

1 1 2 2 A set of eight p oints and four disks, and an offline semigroup algorithm to compute the total weight of the p oints in each heme that lets us quickly determine the minim um weight of any ob ject hit by a ray . In other words, we have a storage scheme for under the semigroup min) that supp orts intersection searching, where the query ranges are rays. W e use such a storage scheme to answer ray-sho oting queries, by letting the weight each ob ject b e its distance along the query ray from the basep oint. If we want first ob ject hit by the query ray instead of just its distance, we can use the semigroup ( ), where

) ( ) =

) if ,

) otherwise, letting the weight of an ob ject b e ( ), where is the distance along the ray b etween the basep oint and . W e reiterate, however, that lower b ounds in semigroup mo del do not imply lower b ounds on the complexity of ray sho oting.

in principle, storage schemes can exploit of sp ecial prop erties of the

, in practice, they never do. All known upp er and lower b ounds in semigroup arithmetic mo del hold for all faithful semigroups. In other mo dels computation where semigroup v alues can b e manipulated, such as RAMs and tary p ointer machines, slightly b etter upp er b ounds are known for some when the semigroup is ( +) [ ].

semigroup mo del is formulated slightly differently for offline range-searching

Here we are given a set of weighted p oints and a finite set of query

, and we want to compute the total weight of the p oints in each query

This is equiv alent to computing the pro duct , where is the incidence of the p oints and ranges, and is the vector of weights. In the offline mo del, intro duced by Chazelle [ ], an algorithm can b e describ ed a circuit (or straight-line program) with one input for every p oint and one outfor every query range, where every gate (resp ectively

, statement) p erforms a semigroup addition. The running time of the algorithm is the total numb er gates (resp ect ively

, statements). F or any weight function : , the output ciated with a query range is ( ). Just as in the online case, the circuit is to work for any assignment of weights to the p oints; in effect, the outputs the circuit are the linear forms . See Figure 1 for an example.

serious weakness of the semigroup mo del is that it do es not allow subtractions en if the weights of the p oints b elong to a group. Therefore, we will also consider × ÷, , , n n ℓ ℓ RANGE SEARCHING AND ITS RELA

TIVES 7

, Ch10, Ch11

Str, BCS

Er2, Er3 oup mo del gates artition gr aph o ot le aves r e gions dual , in which b oth additions and subtractions are allowed [

Chazelle [ ] considers an extension of the offline group mo del in which are allowed a limited numb er of , which can compute arbitrary functions. course it is natural to consider arithmetic circuits that also allow multi-

(“the ring mo del”), division (“the field mo del”), or even more general such as square ro ots or exp onentiation. There is a substantial b o dy of liton the complexity of v arious typ es of arithmetic circuits [ ], almost nothing is known ab out the complexity of geometric range searching these mo dels. Perhaps the only relev ant result is that any circuit with op era-

+ requires Ω(log ) time to answer any reasonable range query

, or log ) time to solve any reasonable offline range searching problem, since such circuit can b e mo deled as an algebraic computation tree with no branches [ ] as a straight-line program on a real RAM [ ]. (Computation trees with more functions are considered in [ ].)

all geometric range-searching data structures are constructe d by sub dispace into several regions with nice prop erties and recursively constructing a structure for each region. Range queries are answered with such a data strucby p erforming a depth-first search through the resulting recursive space parti-

The mo del, recently intro duced by Erickson [ ], izes this divide-and-conquer approach, at least for hyp erplane and halfspace searching data structure s. The partition graph mo del can b e used to study complexity of emptiness queries, unlike the semigroup arithmetic and p ointer hine mo dels, in which such queries are trivial.

ormally

, a partition graph is a directed acyclic graph with constant outdegree, a single source, called the , and several sinks, called . Asso ciated with h internal no de is a cover of by a constant numb er of connected subsets called each asso ciated with an outgoing edge. Each internal no de is lab eledor , indicating whether the query regions should b e considered a osition of “primal” or “dual” space. (Point-hyp erplane duality is discussed

Section 4.2.) Any partition graph defines a natural search structure, which is b oth to prepro ces s a set of p oints and to p erform a query for a hyp erplane halfspace. The p oints are prepro cess ed one at a time. T o prepro cess a single oint, we p erform a depth-first search of the graph, starting at the ro ot. At each no de, we traverse the outgoing edges corresp onding to the query regions that tain the p oint; at each dual no de, we traverse the edges whose query regions tersect the p oint’s dual hyp erplane. F or each leaf of the partition graph, we tain a set containing the p oints that reach during the prepro cess ing phase.

query algorithm for hyp erplanes is an exactly symmetric depth-first search—at no des, we lo ok for query regions that intersect the hyp erplane, and at dual des, we lo ok for query regions that contain its dual p oint. The answer to a query determined by the sets asso ciated with the leaves of the partition graph that query algorithm reaches. F or example, the output of an emptiness query is es” ( , the query hyp erplane contains none of the p oints) if and only if = every leaf reached by the query algorithm. The size of the partition graph is numb er of edges in the graph; the complexity of the query regions and the sizes the sets are not considered. The prepro ces sing time for a single p oint and the time for a hyp erplane are given by the numb er of edges traversed during the CI v γ v v v v v w i P ANKAJ K. AGAR W AL AND JEFF ERICKSON F F C ⊆ F ∩ ∩ | ∈ } ∈ F ⊆ { } F C | | | } ∩ ≤ ≤ | anonic al subsets c omp osition scheme ar chic al S C w p C γ γ S γ S γi I I , , . . . , n x v T v C C γ C v C C C γ C C C v , . . . , w C γ i a γ w n h; the time required to actually construct the partition graph and to test the regions is ignored.

e conclude this section by noting that most of the range-searching data strucdiscussed in this pap er (halfspace range-rep orting data structures b eing a noexception) are based on the following general scheme. Given a p oint set , precompute a family = ( ) of of and store the weight

) = ( ) of each canonical subset . F or a query range , they a partition = ( ) of and add the weights of the subsets to compute ( ). Borrowing terminology from [ ], we will refer to such data structure as a .

is a close connection b etween decomp osition schemes and storage schemes the semigroup arithmetic mo del describ ed earlier. Each canonical subset = where 1 2 , corresp onds to the generator .

fact, b ecause the p oints in any query range are always computed as the of canonical subsets, any decomp osition scheme corresp onds to a storage heme that is v alid for semigroup. Conversely

, lower b ounds in the semigroup del imply lower b ounds on the complexity of any decomp osition scheme.

w exactly the weights of canonical subsets are stored and how is computed ends on the mo del of computation and on the sp ecific range-searching problem.

the semigroup (or group) arithmetic mo del, the query time dep ends only on numb er of canonical subsets in , regardless of how they are computed, so the eights of canonical subsets can b e stored in an arbitrary manner. In more realistic dels of computation, however, some additional structure must b e imp osed on decomp osition scheme in order to efficiently compute . In a osition scheme, the weights are stored in a tree . Each no de of is ciated with a canonical subset , and the children of are asso ciated subsets of . Besides the weight of , some auxiliary information is also at , which is used to determine whether for a query range .

ypically

, this auxiliary information consists of some geometric ob ject, which plays same role as a query region in the partition graph mo del.

the weight of each canonical subset can b e stored in (1) memory cells, then total size of the data structure is just ( ). If the underlying searching probis a range-rep orting problem, however, then the “weight” of a canonical subset the set itself, and thus it is not realistic to assume that each “weight” requires constant space. In this case, the size of the data structure is ( ) if h subset is stored explicitly at each no de of the tree. As we will see b elow, the can b e reduced to ( ) by storing the subsets implicitly ( , storing p oints at leaves).

o determine the p oints in a query range , a query pro cedure p erforms a search of the tree , starting from the ro ot. At each no de , using auxiliary information stored at , the pro cedure determines whether the query contains , intersects , or is disjoint from . If contains , then added to (rather, the weight of is added to a running counter). Otherwise, intersects , the query pro cedure identifies a subset of children of , say so that the canonical subsets , for 1 , form a partition

. Then the pro cedure searches each recursively

. The total query time

(log + ), provided constant time is sp ent at each no de visited. − ∞ ∗ − i i i v v i vi d ange tr e es actional-c asc ading se ar ch tr e e al. RANGE SEARCHING AND ITS RELA

TIVES 9

1 2 1

Orthogonal range searching

Wi4 Upp er b ounds. Lu , Ch4 d , b a , b S d > S n i S x v T S v a b x C C x a b d C O n n n n a , b d > v γ v , b a , b , b a , b d d a , b O n k n k n n n , b a , O n n k n n k O n n -dimensional orthogonal range searching, the ranges are -rectangles, each the form [ ], where . This is an abstraction of multi-k ey search-

[ ], which is a central problem in statistical and commercial databases.

or example, the p oints of may corresp ond to employees of a company

, each cocorresp onding to a key such as age, salary

, or exp erience . Queries such as ort all employees b etween the ages of 30 and 40 who earn more than $30 000 who have worked for more than 5 years” can b e formulated as orthogonal orting queries. Because of its numerous applications, orthogonal range hing has b een studied extensively for the last 25 years. A survey of earlier can b e found in the b o oks by Mehlhorn [ ] and Preparata and Shamos

]. In this section we review more recent data structures and lower b ounds.

of the recent orthogonal range-searching data are based on , intro duced by Bentley [ ]. F or = 1, range tree of is either a minim um -height binary search tree on or an array in sorted order. F or 1, the range tree of is a minim um-height tree with leaves, whose th leftmost leaf stores the p oint of with the smallest -co ordinate. T o each interior no de of , we asso ciate a canonical containing the p oints stored at leaves in the subtree ro oted at . F or h , let (resp. ) b e the smallest (resp. largest) -co ordinate of any p oint in and let denote the pro jection of onto the hyp erplane = 0. The interior de stores , , and a ( 1)-dimensional range tree constructed on . F or y fixed dimension , the size of the overall data structure is ( log ), and it b e constructed in time ( log ). The range-rep orting query for a rectangle

[ ] can b e answered as follows. If = 1, the query can b e answered by binary search. F or 1, we traverse the range tree as follows. Supp ose we are at no de . If is a leaf, then we rep ort its corresp onding p oint if it lies inside . If an interior no de and the interv al [ ] do es not intersect [ ], there is nothto do. If [ ] [ ], we recursively search in the ( 1)-dimensional range stored at , with the ( 1)-rectangle [ ]. Otherwise, we recursively b oth children of . The query time of this pro cedure is (log + ), which can e improved to (log + ) using the technique [ ].

range tree can also answer a range-counting query in time (log ). Range are an example of a multi-level data structure, which we will discuss in more in Section 5.1.

b est data structures known for orthogonal range searching are by Chazelle ], who used compressed range trees and other techniques to improv e the and query time. His results in the plane, under v arious mo dels of comare summarized in T able 1; the prepro cess ing time of each data strucis ( log ). If the query rectangles are “three-sided rectangles” of the form

] [ ], then one can use a of size ( ) to answer a range-rep orting query in time (log + ) [ ].

h of the two-dimensional results in T able 1 can b e extended to queries at a cost of an additional log factor in the prepro cessing time, storand query-search time. F or 3, Subramanian and Ramaswam y [ ] ve prop osed a data structure that can answer a range-rep orting query in time log + ) using ( log ) space, and Bozanis [ ] Ch4 able 1. d ε Wi3 CE2 Mo del Size Query timeP

ANKAJ K. AGAR W AL AND JEFF ERICKSON n n k n k n/k n n k n/k n n k k n/k k n/k n k n n n n n nn n n O n k n/ n n n n/ m/n m n n n n/ n n/ n k n n u u U u k O n n u k O n n O u u n k log ting APM log log +

+ log (2 ) log log log + log log(4 ) log + orting APM log(2 )

(2 ) log + up ) RAM log log log log log log loglog upp er b ounds for planar orthogonal range hing, due to Chazelle [ ], in the random access machine arithmetic p ointer machine (APM), elementary p ointer machine and semigroup arithmetic mo dels.

ve prop osed a data structure with ( log ) size and (log + ) query

The query time (or the query-search time in the range-rep orting case) b e reduced to ((log log log ) ) in the RAM mo del by increasing the to ( log ). In the semigroup arithmetic mo del, a query can b e ered in time ((log log( )) ) using a data structure of size , for y = Ω( log ) [ ]. Willard [ ] prop osed a data structure of size log log log ), based on fusion trees, that can answer an orthogonal rangeorting query in time (log log log + ). F usion trees were intro duced by redman and Willard [ ] for an ( log ) sorting algorithm in a RAM mo del allows bitwise logical op erations.

ermars [ ] showed that if is a subset of a grid in the plane and vertices of query rectangles are also a subset of , then a range-rep orting query b e answered in time ( log + ), using ( log ) storage and prepro cessing, in (log log + ) time, using ( log ) storage and ( log ) prepro cessing.

[ ] for some other results on range-searching for p oints on integer grids.

range-searching data structures based on range trees can b e exto handle -oriented ranges in a straightforward manner. The p erformance such a data structure is the same as that of a -dimensional orthogonal rangehing structure. If the ranges are homothets of a given triangle, or translates of a vex p olygon with constant numb er of edges, a two-dimensional range-rep orting can b e answered in (log + ) time using linear space [ ]. If . ε RANGE SEARCHING AND ITS RELA

TIVES 11 k n O n k n m/n n n, m m n , m/n n k n n/ n n n n n/ n n n n B n/B n n Lower b ounds. F r2, F r3, F r4, FV

, BO Secondary memory structures. Com ageet b e p ositive inte gers with . If units of stor age ar e available, then the exp e cte d query time for a r andom gonal r ange query in a r andom set of p oints in the unit hyp er cub e is the semigr oup arithmetic mo del.

ranges are o ctants in , a range-rep orting query can b e answered in either

+ 1) log ) or (log + ) time using linear space [ ].

redman [ ] was the first to prove trivial lower b ounds on orthogonal range searching, in a version of semigroup mo del in which the p oints can b e inserted and deleted dynamically . showed that a mixed sequence of insertions, deletions, and queries requires log ) time. These b ounds were extended by Willard [ ] to the group del, under some fairly restrictive assumptions.

ao [ ] proved a lower b ound for two-dimensional static data structures in semigroup arithmetic mo del. He showed that if only units of storage is v ailable, a query takes Ω(log log(( ) log )) in the worst case. V aidya [ ] ved lower b ounds for orthogonal range searching in higher dimensions, which ere later improv ed by Chazelle [ ]. In particular, Chazelle proved the following result ab out the -case complexity of orthogonal range searching:

(Chazelle [ ])

1] log(2 )) ) rather surprising result of Chazelle [ ] shows that any data structure a basic p ointer machine that answers a -dimensional range-rep orting query

(p olylog + ) time must have size Ω( (log log log ) ); see also [ ].

that this lower b ound is greater than the ( log ) upp er b ound in

RAM mo del (see T able 1).

lower b ounds do not hold for offline orthogonal range searching, where en a set of weighted p oints in and a set of rectangles, one wants to compute weight of the p oints in each rectangle. Recently

, Chazelle [ ] proved that offline version takes Ω( (log log log ) ) time in the semigroup mo del, and log log ) time in the group mo del. An Ω( log ) lower b ound also holds in algebraic decision tree and algebraic computation tree mo dels [ ].

the input p oint set is rather large do es not fit into main memory

, then the data structure must b e stored in memory—on disk, for example—and p ortions of it must moved into main ory when needed to answer a query

. In this case the b ottleneck is the time ent in transferring data b etween main and secondary memory . W e assume that is stored in secondary memory in blo cks of size , where is a parameter.

h access to the secondary memory transfers one blo ck ( , words), and we t this as one input/output (I/O) op eration. The size of a data structure is numb er of blo cks required to store it, and the query (resp. prepro cess ing) time defined as the numb er of I/O op erations required to answer a query (resp. to the structure). T o simplify our notation, let = , the numb er blo cks required to hold the input, and let Log = log . Under this mo del, size of any data structure is at least , and the query time is at least Log .

t orthogonal range-searching structures have received much attention tly , but most of the results are known only for the planar case. The main idea these structures is to construct high-degree trees instead of binary trees.

or example, v ariants of B-trees are used to answer 1-dimensional range-searching

[ ]. A numb er of additional tricks are develop ed to optimize the c 1 2 able 2. n/B n n β n n al. al. n n /B . n k /B N / n N /B B / B c P ANKAJ K. AGAR W AL AND JEFF ERICKSON

Size Query Time Source Com N n k /B B n k /B n k /B B N B B n k /B N / n n k /B B k /B N β n n k /B N β n n k /B upp er b ounds for secondary memory structures;

= , Log = log , and ( ) = log log Log . , A V, OSdBvK, VV

VV Practical data structures.

, G ¨ ut , HoS, NW2 , O Com 1 Interv al Log + [ ] t log log Log + [ ] rectangle Log + + log [ ]

2 3-sided rectangle log log log Log + [ ] e log log Log Log + + log [ ] e [ ] 3 t log ( ) Log + [ ] e log ( ) Log + [ ] and the query time. See [ ] for I/O efficient data that have b een used for answering range searching and related queries.

able 2 summarizes the known results on secondary-memory structures for range searching. The data structure by Subramanian and Ramaswam y ] for 3-sided queries supp orts insertion/deletion of a p oint in time

+ (Log ) ) the argument by Chazelle [ ], they proved that any secondary-memory structure that answers a range-rep orting query using (p olyLog + ) I/O erations requires Ω( log log Log ) storage. Hellerstein [ ] have wn that if a data structure for two-dimensional range-rep orting query uses at

( ) disk blo cks, then a query requires at least

) log log log ) accesses; this extends an earlier lower b ound by Kanellakis [ ].

of the data structures describ ed in

3.1 are used in practice, even in two dimensions, b ecause of the p olylogoverhead in the size and the query time. In many real applications, the is to o large to b e stored in the main memory

, so the numb er of disk acis a ma jor concern. On the other hand, the range-searching data structures ed in Section 3.3 are not simple enough to b e of practical use for 2.

or a data structure to b e used in real applications, its size should b e at most where is a very small constant, the time to answer a typical query should e small—the lower b ounds proved in Section 3.2 imply that we cannot hop e for worst-case b ounds—and it should supp ort insertions and deletions of p oints.

these goals in mind, a plethora of data structures have b een prop osed. W e sketch the general ideas and mention some of the data structures in a little F or the sake of simplicity

, we will present most of the data structures in two

The b o ok by Samet [ ] is an excellent survey of data structures elop ed in 1970s and 80s; more recent results are describ ed in the survey pap ers ].

most widely used data structures for answering 1-dimensional range queries

B-trees and their v ariants [ ]. Since a B-tree requires a linear order Bi − −− − m m m m ac e-fil ling curve x, y x y x x x . . . x y y . . . y y x . . . y OM Sam2 AR WW, FRo, J HSW

V RANGE SEARCHING AND ITS RELA

TIVES 13 2 0 2 0 1 2 0

Examples of space-filli ng curves used for range searching.

Hilb ert curve. (ii) Morton curve. c onc atenation aving e e zkd-tr e e ar hashing dynamic -hashing al hashing tr e e ormally sp eaking, a curve [0 1] is called a if it visits each p oint the unit hyp ercube exactly once. However, the same term often refers to approximations of ling curves that visit every p oint in a cubical lattice, such as the curves drawn in Figure

See the b o ok by Sagan [ ] for a detailed discussion on space-filling curves and [ ] for some applications of these curves.

the input elements, one needs to define such an ordering on p oints in higher in order to store them into a B-tree. An obvious choice is lexicoordering, also known as the metho d, but this ordering erforms rather p o orly for higher dimensional range searching b ecause a separate access may b e required to rep ort each p oint. A b etter scheme for ordering p oints is the metho d, prop osed by Morton [ ]. A p oint

( ), where the binary represe ntations of and are =

= , is regarded as the integer whose binary represe ntation is

A B-tree storing p oints based on the bit-interleaving orderis referred to as an [ ] or a [ ] in the literature. See [ ] a more detailed discussion on the applications of bit interleaving in spatial data F aloutsos [ ] suggested using Gray co des to define a linear order on oints. In general, space-filling curves can b e used to define a linear ordering on p oints; Hilb ert and Morton curves, shown in Figure 2, are the some of the curves commonly used for this purp ose. See [ ] a comparison of the p erformance of v arious space-filling curves in the context range searching. Since B-trees require extra space to store p ointers, several schemes, including [ ], [ ] and hemes [ ] are prop osed to minimize the size of the data struc-

The p erformance of any metho d that maps higher-dimensional p oints to a set p oints in one dimension deteriorates rapidly with the dimension b ecause such a do es not preserve neighb orho o ds, though there has b een some recent work lo cality preserving hashing schemes [ ]. (ii) more efficient approach to answer range queries is to construct a recursive of space, typically into rectangles, and to construct a tree induced by this

The simplest example of this typ e of data structure is the in the

A quad tree is a 4-way tree, each of whose no des is asso ciated with a square v A quad tree. B n y y e , Sam2

G, Ho P

ANKAJ K. AGAR W AL AND JEFF ERICKSON ct-tr e es oint quad-tr e e file et al. dir e ctory ar sc ales is partitioned into four equal-size squares, each of which is asso ciated with of the children of . The squares are partitioned until at most one p oint is left a square. Quad trees can b e extended to higher dimensions in an obvious ay (they are called in 3-space). In -dimensions, a no de has 2 children.

range-search query can b e answered by traversing the quad tree in a top-down

Because of their simplicity

, quad trees are one of the most widely used structures for a v ariety of problems. F or example, they were used as early as

1920s, by W eyl [ ] for computing the complex ro ots of a univ ariate p olynomial ximately; Greengard used them for the so-called -b o dy problem [ ]. See b o oks by Samet [ ] for a detailed discussion on quad trees and their disadv antage to quad trees is that arbitrarily many levels of partitioning y b e required to separate tightly clustered p oints. Finkel and Bentley [ ] ed a v ariant of the quad tree for range searching, called a , which each no de is asso ciated with a rectangle and the rectangle is partitioned to four rectangles by cho osing a p oint in the interior and drawing horizontal and ertical lines through that p oint. Typically the p oint is chosen so that the height the tree is (log ). A recent pap er by F aloutsos and Gaede [ ] analyzes the erformance of quad trees using Hausdorff fractal dimension. See also [ ] other data structure s based on quad trees.

order to minim ize the numb er of disk accesses, one can partition the square to many squares (instead of four) by a drawing either a uniform or a nonuniform

The , intro duced by Nievergelt [ ] is based on this idea.

grid files are used frequently in geographic information systems, we describ e briefly

. A grid file partitions the plane into a nonuniform grid by drawing tal and vertical lines. The grid lines are chosen so that the p oints in each can b e stored in a single blo ck of the disk. The grid is then partitioned into each rectangle b eing the union of a subset of grid cells, so that the oints in each rectangle can still b e stored in a single blo ck of the disk. The data each blo ck can b e organized in an arbitrary way

. The grid file maintains wo pieces of information: a , which stores the index of the blo ck stores the p oints lying in each grid cell, and two arrays, called , h store the -co ordinates (resp. -co ordinates) of the vertical (resp. horizontal)

It is assumed that the linear scales are small enough to b e stored in main ory . A p oint can b e accesse d by two disk accesses as follows. By searching with

- and -co ordinates of the p oints in the linear scales, we determine the grid that contains the p oint. W e then access that cell of the grid directory (using disk access) to determine the index of the blo ck that stores , and finally we v s w RANGE SEARCHING AND ITS RELA

TIVES 15

2 1 2 file e e e e tr e es e es e e -tr e e d v B B d k d / B k d w , . . . w B , . . . , B v d R R R d B KW re , HSW2, Ou

, ELS, F ree, H, LS,

SK, SRF, SSA LS, ELS

, PY that blo ck and retrieve the p oint (second disk access). A range query answered by lo cating the cells that contain the corners of the query rectangle thus determining all the grid cells that intersect the query rectangle. W e then each of these cells to rep ort all the p oints lying in the query rectangle. Several are used to minimize the numb er of disk accesse s required to answer a and to up date the structures as p oints are inserted or deleted. Note that a query reduces to another range query on the grid directory

, so one can store grid directory itself as a grid file. This notion of a hierarchical grid file was osed by Hinrichs [ ] and Krishnamurthy and W ang [ ]. A related data known as the , was prop osed by F reestone [ ]; other v ariants grid files are prop osed in [ ].

trees, grid files, and their v ariants construct a grid on a rectangle conall the input p oints. One can instead partition the enclosing rectangle into wo rectangles by drawing a horizontal or a vertical line and partitioning each of two rectangles indep endently

. This is the idea b ehind the so called due

Bentley [ ]. In particular, a -tree is a binary tree, each of whose no des asso ciated with a rectangle . If do es not contain any p oint in its interior, a leaf. Otherwise, is partitioned into two rectangles by drawing a horizontal vertical line so that each rectangle contains at most half of the p oints; splitting are alternately horizontal and vertical. A -tree can b e extended to higher in an obvious manner.

order to minim ize the numb er of disk accesses , Robinson [ ] suggested following generalization of a -tree, which is known as a . One can a B-tree instead of a binary tree on the recursive partition of the enclosing so all leaves of the tree are at the same level and each no de has b etween and children. The rectangles asso ciated with the children are obtained by recursively

, as in a -tree approach; see Figure 4(i). Let e the children of . Then can b e stored implicitly at by storing as a -tree, or the co ordinates of their corners can b e stored explicitly

. If oints are dynamically inserted into a -B-tree, then some of the no des may have b e split, which is an exp ensive op eration, b ecause splitting a no de may require the entire subtree ro oted at that no de; see Figure 4(ii). Several ariants of -B-trees have b een prop osed to minimize the numb er of splits, to ze the space, and to improve the query time [ W e mention only two of the v ariants here:

] and [ ]. A buddy tree is a combination of a quad tree and in the sense that rectangles are split into sub-rectangles only at some ecific lo cations, which simplifies the split pro cedure; see Seeger and Kriegel [ ] details. If p oints are in degenerate p osition, then it may not b e p ossible to split into two halves by a line. Lomen and Salzb erg [ ] circumvent this problem y intro ducing a new data structure , called , in which the region asso ciated a no de is allowed to b e where and are rectangles. A more version of this data structure, known as , is presented in [ ].

a -tree, a rectangle is partitioned into two rectangles by drawing a horital or vertical line. One can instead asso ciate a convex p olygon with each de of the tree, use an arbitrary line to partition into two convex p olygons, asso ciate the two p olygons with the children of . This idea is the same as in space partition trees [ ]. Again, one can construct a B-tree on this 2 · · · × ≤ ↑ ↑ ↑ ↑ F n α m, n n n 2 d ,k ,...,k γ i C C F

D E A B A D k d ℓ V W Z E el l tr e es cub e min P

ANKAJ K. AGAR W AL AND JEFF ERICKSON 1 ) 2 A n a , b a , b A, γ A k , k , . . . , k m , γ , . . . , γ σ A, γ i O α n n ¨ u , GB The partial sum problem.

U, HAMS, HBA,

U, RKR, Sh

(i) Splitti ng a no de of a -B-tree by a line . (i) b efore split. (ii) is split into two no des and ; the subtrees ro oted at are split recursively . ( ) and ( ) denote functional inverses of Ackermann’s function. These functions w extremely slowly; for example, ( ) 4 for all 2 (2 (2 2)) = 2 2 , where for any e partitioning scheme to reduce the numb er of disk accesses. The resulting called is studied in [ ].

the data structures describ ed in this section construct a recursive partition the space. There are other data structure s (of which the -tree is p erhaps the famous example) that construct a hierarchical cover of the space. W e will some of these data structures in the next subsection.

cess a -dimensional array with tries, in an additive semigroup, into a data structure, so that for a -dimensional

= [ ] [ ], the sum

) = [ ] b e computed efficiently

. In the offline version, given and rectangles we wish to compute ( ) for each . Note that this is just a ecial case of orthogonal range searching, where the p oints lie on a regular - lattice.

artial-sum queries are widely used for on-line analytical pro cessing (OLAP) commercial databases. OLAP allows companies to analyze aggregate databases from their data warehouses. A p opular data mo del for OLAP applications the multidimensional database, known as [ ], which represe nts data as -dimensional array

. Thus, an aggregate query can b e formulated a partial-sum query

. Driven by this application, several heuristics have b een osed to answer partial-sum queries on data cub es [ ao [ ] showed that, for = 1, a partial-sum query can b e answered in ( ( )) using ( ) space. If the additive op erator is or , then a partial-sum − k k R ( 1) e e al. i d

RANGE SEARCHING AND ITS RELA

TIVES 17

2 1 2 > n n α n n mα m, n d n/ n n , n v v α n O n n S q , b a , a , . . . , a , b , b , . . . , b R R v R R ositive integer , 2 = 2 denotes an exp onential tower of twos. F or formal definitions,

[ ].

ur, Y2 Ch7

Rectangle-rectangle searching.

, SRF Gr

KF2, KF3 can b e answered in (1) time under the RAM mo del using a Cartesian tree, elop ed by V uillemin [ ], and the nearest-common-ancestor algorithm of Harel T arjan [ ].

or 1, Chazelle and Rosenb erg [ ] gave a data structure of size log ) can answer a partial-sum query in time ( ( ) log ). They also showed the offline version takes Ω( + ( )) time for any fixed 1. If p oints are wed to insert into , the query time is Ω(log log log ) for the one-dimensional

[ ]; the b ounds were extended by Chazelle [ ] to log log ) ) any fixed dimension . All of these lower b ounds hold in the semigroup arithmo del. Chazelle [ ] extended the data structure by Y ao to the following ariant of the partial-sum problem: Let b e a ro oted tree with no des, each of no de is asso ciated with an element of a comm utative semigroup. Prepro ces s that for a query no de , the sum of the weights in the subtree ro oted at b e computed efficiently

. Chazelle showed that such a query can b e answered in

( )) time, using ( ) space.

cess a set of rectangles in that for a query rectangle , the rectangles of that intersect can b e orted (or counted) efficiently

. Rectangle-rectangle searching is central to many b ecause, in practice, p olygonal ob jects are approximated by rectangles.

[ ] has shown that the b ounds mentioned in T able 1 also hold for this practice, two general approaches are used to answer a query

. A rectangle

] in can b e mapp ed to the p oint ( ) in , a rectangle-intersect ion query can b e reduced to orthogonal range searching.

y heuristic data structure s based on this scheme have b een prop osed; see [ for a sample of such results. The second approach is to construct a structure on directly in . The most p opular data structure based on this h is the , originally intro duced by Guttman [ ].

R-tree is a multiwa y tree (like a B-tree), each of whose no des stores a of rectangles. Each leaf stores a subset of input rectangles, and each input is stored at exactly one leaf. F or each no de , let b e the smallest containing all the rectangles stored at ; is stored at the parent of with the p ointer to ). induces the subspace corresp onding to the ro oted at , in the sense that for any query rectangle intersecting , the ro oted at is searched. Rectangles stored at a no de are allowed to overlap.

unlike all the data structures discussed in Section 3.4, a R-tree forms recursive cover of the data space, instead of a recursive partition. Although alwing rectangles to overlap helps reduce the size of the data structure, answering query b ecomes more exp ensive. Guttman suggests some heuristics to construct

R-tree so that the overlap is minim ized. Better heuristics for minimizing the verlap were develop ed by Beckmann [ ], Green [ ], and Kamal and aloutsos [ ]. There are many v ariants of R-tree, dep ending on the

An R-tree. 2 4 5 6 R R R R B C D E F G H I P ANKAJ K. AGAR W AL AND JEFF ERICKSON 1 Simplex range searching -tr e e ert-R-tr e e -tr e e al. X-tr e e al. al. an [ ] uses more sophisticated techniques to minimize overlap; a [ ] defines a linear ordering on the rectangles, by their centers along the Hilb ert space-filling curve, and constructs a B-tree on this ordering of rectangles; and an avoids overlapping directory by clipping rectangles [ ]. Additional v ariants are suggested to avoid overin higher dimensions. Berchtold [ ] define the , in which the terior no des are allowed to b e arbitrarily large; Lin [ ] pro ject rectangles to a lower dimensional space and construct an R-tree (or some v ariant thereof ) these pro jections. Leutenegger [ ] compare different v ariants of Rand discuss adv antages of different heuristics used to minim ize the overlap of e discuss some more general rectangle-intersection searching problems in Sec-

6.3.

mentioned in the intro duction, simplex range searching has received considattention during the last few years. Besides its direct applications, simplex hing data structures have provided fast algorithms for numerous other problems. See the survey pap er by Matou ˇ sek [ ] for an excellent review techniques develop ed for simplex range searching.

e orthogonal range searching, no simplex range-searching data structure is wn that can answer a query in p olylogarithmic time using near-linear storage.

fact, the lower b ounds stated b elow indicate that there is very little hop e of such a data structure, since the query time of a linear-size data structure , the semigroup mo del, is roughly at least (thus saving only a factor of ver the na ¨ ıve approach). Since the size and query time of any data structure ve to b e at least linear and logarithmic, resp ectively

, we consider these two ends the sp ectrum: (i) How fast can a simplex range query b e answered using a lineardata structure, and (ii) how large should the size of a data structure b e in order answer a query in logarithmic time. By combining these two extreme cases, as e describ e b elow, we obtain a tradeoff b etween space and query time.

stated otherwise, each of the data structures we describ e in this section b e constructed in time that is only a p olylogarithmic or factor larger than size. ≤ ∅ ⊆ ≈ ⌋ v v d artition tr e es al.RANGE SEARCHING AND ITS RELA

TIVES 19 2 98 1)+1

Linear-size data structures.

a , EH, YDEP YDEP YY , CS h n S k , ℓ i ℓ , ℓ n/ , ℓ n Q i n n n h Q v Q h Q h n h n α . n k n n d d n ε ε > of the linear-size data structure s for range searching are based on so-called , originally intro duced y Willard [ ]. Roughly sp eaking, partition trees are based on the following

Given a set of p oints in , partition the space into a few, say

, a constant umb er of, regions, each containing roughly equal numb er of p oints, so that for any yp erplane , the numb er of p oints lying in the regions that intersect is much than the total numb er of p oints. Then recursively construct a similar partition the subset of p oints lying in each region.

s original partition tree for a set of p oints in the plane is a 4-way constructed as follows. Let us assume that is of the form 4 for some integer and that the p oints of are in general p osition. If = 0, the tree consists a single no de that stores the co ordinates of the only p oint in . Otherwise, the ham-sandwich theorem [ ], find two lines so that each quadrant for 1 4, induced by contains exactly 4 p oints. The ro ot stores equations of and the v alue of . F or each quadrant, recursively construct partition tree for and attach it as the subtree of the ro ot. The total of the data structure is linear, and it can b e constructed in ( log ) time.

halfplane range-counting query can b e answered as follows. Let b e a query T raverse the tree, starting from the ro ot, and maintain a global count.

t each no de storing no des in its subtree, p erform the following step: If the intersects the quadrant asso ciated with , recursively visit the children of

If = , do nothing. Otherwise, since , add to the global count.

quadrants asso ciated with the four children of any interior no de are induced y two lines, so intersects at most three of them, which implies that the query cedure do es not explore the subtree of one of the children. Hence, the query of this pro cedure is ( ), where = log 4 0 7925. A similar pro cedure answer a simplex range-counting query within the same time b ound, and a range-rep orting query in time ( + ). Edelsbrunner and W elzl [ ] ed a simple v ariant of Willard’s partition tree that improves the exp onent the query-search time to log (1 + 5) 1 0 695.

partition tree for p oints in was first prop osed by Y ao [ ], which can er a query in time ( ). This b ound was improved slightly in subsequent ers [ ]. Using the Borsuk-Ulam theorem, Y ao [ ] wed that, given a set of p oints in , one can find three planes so that each the eight (op en) o ctants determined by them contains at most 8 p oints of

Avis [ ] proved that such a partition of by hyp erplanes is not always ossible for 5; the problem is still op en for = 4. W eaker partitioning schemes ere prop osed in [ ].

the initial improvements and extensions on Willard’s partition tree, a mabreakthrough was made by Haussler and W elzl [ ]. They formulated range hing in an abstract setting and, using elegant probabilistic metho ds, gave a algorithm to construct a linear-size partition tree with ( ) query where = 1 + for any 0. The ma jor contribution of their er is the abstract framework and the notion of -nets. A somewhat different framework for randomized algorithms was prop osed by Clarkson [ ] the same time; see also [ ]. These abstract frameworks and the genresults attained under these frameworks p opularized randomized algorithms in } ) R R . /d R | } | } | } ⊆ ∩ ̸∅ R | | ≥ | | ∩ R ⊂ KPW , CS Mul4 AB

, M3, Se P

ANKAJ K. AGAR W AL AND JEFF ERICKSON 2 3 1 2 1 , X h h B B s H H , H s , N X ε N γ γ ε X N X A A γ d d d , ε, δ N X δ ε δ , < ε < N X ε ε ε X , S n n n n , p , . . . , p O n ange sp ac e anges r ange sp ac e e dapnik-Chervonenkis dimension VC-dimension al. et al.

al. F or any finite r ange sp ac e of VCand for any , if is a subset of obtaine d by andom indep endent dr aws, then is an -net of with pr ob ability at le ast anning p ath ossing numb er geometry [ ]. W e briefly describ e the framework and the main by Haussler and W elzl b ecause they are most p ertinent to range searching. is a set system Σ = ( ) where is a set of ob jects and a family of subsets of . The elements of are called the of Σ. Σ is a if the ground set is finite. Here are a few examples of range spaces:

Σ = ( is a halfspace in ),

Σ = ( is a ball in ),

Let b e the set of all hyp erplanes in . F or a segment , let e the set of all hyp erplanes intersecting . Define the range space Σ = is a segment in ).

or a finite range space Σ = ( ), a subset is called an if = every range with . That is, intersects every “large” range

Σ. (The notion of -nets can b e extended to infinite range spaces as well.) A can b e if every subset of has the form for some

The , or , of a range space is the size of the largest subset that can b e shattered. F or example, the VCof Σ Σ , and Σ are + 1, + 2, and 2 , resp ec tively

. The main result

Haussler and W elzl is that, given a finite range space Σ = ( ) and parameters

1, if we cho ose a random subset of size

4 is an -net of Σ with probability at least 1 . The b ound on the size of was improv ed by Blumer [ ] and Koml´ os [ ].

(Koml´ os [ ]) ( ) 1 2 log log 3 ) 2 and some other similar results [ ] have b een used extensively computational geometry and learning theory; see the b o oks by Motwani and v an [ ], Mulmuley [ ], and Anthony and Biggs [ ] and the survey ers [ ].

first linear-size data structure with near-optimal query time for simplex queries in the plane was develop ed by W elzl [ ]. His algorithm is based the following idea. A of a set of p oints is a p olygonal chain vertices are the p oints of . The of a p olygonal path is maxim um numb er of its edges that can b e crossed by a hyp erplane. Using

2, W elzl constructs a spanning path Π = Π( ) of any set of p oints in crossing numb er is ( log ). The b ound on the crossing numb er as improv ed by Chazelle and W elzl [ ] to ( ), which is tight in the orst case. Let b e the vertices of Π. If we know the edges of Π cross , then the weight of p oints lying in one of the halfspaces b ounded by b e computed by answering ( ) partial-sum queries on the sequence R . ⟩ { } } ≤ | | ≤ ∩ ∅ ε m i i i j CJ2, EGHS , MWW , P, W2

RANGE SEARCHING AND ITS RELA

TIVES 21 1 2 1 1 1 w p , . . . , w p W n α n n n n O n n O n n O n n > S n . . . , r h O n/r n n n < r , , . . . , S , S n/r S n/r S S j cr al. al. et b e a set of p oints in , and let e a given p ar ameter. Then ther e exists a family of p airs that e ach lies inside the simplex , , al l , and every hyp erplane cr osses at most simplic es of ; her e ( ) ( ) . Hence, by pro cessing for partial-sum queries, we obtain linear-size data structure for simplex range searching, with ( ( )) query in the semigroup arithmetic mo del. (Recall that the time sp ent in finding the of Π crossed by is not counted in the semigroup mo del.) In any realistic del of computation such as p ointer machines or RAMs, however, we also need efficient linear-size data structure for computing the edges of Π crossed by a yp erplane. Chazelle and W elzl [ ] pro duced such a data structure for 3, no such structure is known for higher dimensions. Although spanning paths ere originally intro duced for simplex range searching, they have b een successfully to solve a numb er of other algorithmic as well as combinatorial problems;

for example, [ ]. ˇ sek and W elzl [ ] gave an entirely different algorithm for the halfrange-counting problem in the plane, using a combinatorial result of Erd˝ os Szekeres [ ]. The query time of their data structure is ( log ), and it

( ) space and ( ) prepro cess ing time. If subtractions are allowed, their can b e extended to the triangle range-counting problem. An interesting en question is whether the prepro cess ing time can b e improved to near linear.

order to make this improvement, we need a near-linear time algorithm for the wing problem, which is interesting its own right: Given a sequence of inpartition into ( ) subsequenc es, each of which is either monotonically or decreasing. The existence of such a partition of follows from the by Erd˝ os and Szekeres, but the b est known algorithm for computing such a runs in time ( ) [ ]. However, a longest monotonically increasing of can b e computed in ( log ) time. The technique by Matou ˇ sek W elzl has also b een applied to solve some other geometric-searching problems, ray sho oting and intersection searching [ ].

first data structure with roughly query time and near-linear space,

3, was obtained by Chazelle [ ]. Given a set of p oints in they construct a family = Ξ Ξ of triangulations of , each of size

). F or any hyp erplane , there is at least one Ξ so that only ( ) p oints in the simplices of Ξ that intersect . Applying this construction recursively , obtain a tree structure of size ( ) that can answer a halfspace rangeting query in time ( ). The extra factor in the size is due to the that they main tain a family of partitions instead of a single partition. Another of maintaining a family of partitions is that, unlike partition trees, this structure cannot b e used directly to answering simplex range queries. Instead,

[ ] construct a multi-level data structure (which we describ e in

5.1) to answer simplex range queries. ˇ sek [ ] develop ed a simpler, slightly faster data structure for simplex queries, by returning to the theme of constructing a single partition, as in earlier partition-tree pap ers. His algorithm is based on the following partition which can b e regarded as an extension of the result by Chazelle and W elzl.

(Matou ˇ sek [ ]) 1

= ( Δ ) ( Δ )2 = Π ⌊ ⌋ | ≤ } ⌋ O, Ch, CCPY, CP AHL v v v m i i i c ε ε i <i / d/ P ANKAJ K. AGAR W AL AND JEFF ERICKSON 1 1 +log 1 + 1 2 r n < α < n r r T C S v T C S r r T S , , . . . , S , n S T i u T n n n c r n n r n n k r γ d k / k kf n k k , . . . , L S L L n k n n kλ S λ n a c onstant. If for some suitable c onstant , then c an b e onstructe d in time.

ossing numb erse ar ch al. c onvex layers low 1 Π log ) that although is b eing partitioned into a family of subsets, unlike the results on partition trees, it do es not partition b ecause Δ ’s may intersect.

fact, it is an op en problem whether can b e partitioned into ( ) disjoint ces that satisfy the ab ove theorem.

Theorem 3, a partition tree can b e constructed as follows. Each interior de of is asso ciated with a canonical subset and a simplex Δ contain-

; if is the ro ot of , then = and Δ = . Cho ose to b e a sufficiently constant. If 4 , consists of a single no de, and it stores all p oints of

Otherwise, we construct a family of pairs Π = ( Δ ) ( Δ ) using

3. The ro ot stores the v alue of . W e recursively construct a partition for each and attach as the th subtree of . The ro ot of also stores

. The total size of the data structure is linear, and it can b e constructed in

( log ). A simplex range-counting query can b e answered in the same way with Willard’s partition tree. Since any hyp erplane intersects at most ces of Π, the query time is ( ); the log term in the exp onent b e reduced to any arbitrarily small p ositive constant by cho osing sufficiently

The query time can b e improved to ( p olylog ) by cho osing = .

a subsequent pap er Matou ˇ sek [ ] proved a stronger version of Theorem 3, some additional sophisticated techniques (including Theorem 5 describ ed b ew), that gives a linear-size partition tree with ( ) query time.

the p oints in lie on a -dimensional algebraic surface of constant degree, in Theorem 3 can b e improved to ( ), where =

( + ) 2 [ ], which implies that in this case a simplex range query can e answered in time ( ) using linear space.

, we note that b etter b ounds can b e obtained for the halfspace rangeorting problem, using the so-called technique intro duced by

[ ]. All the data structured mentioned ab ove answer a range-rep orting in two stages. The first stage “identifies” the p oints of a query output, in

( ) that is indep endent of the output size, and the second stage explicitly orts these p oints in ( ) time. Chazelle observes that since Ω( ) time will b e ent in rep orting p oints, the first stage can compute in ( ) time a sup erse t of query output of size ( ), and the second stage can “filter” the actual p oints lie in the query range. This observ ation not only simplifies the data structure also gives b etter b ounds in many cases, including halfspace range rep orting.

[ ] for some applications of filtering search.

optimal halfspace rep orting data structure in the plane was prop osed by

[ ]. They compute of , where the set of p oints lying on the b oundary of the convex hull of , and them in a linear-size data structure , so that a query can b e answered in

+ ) time. Their technique do es not extend to three dimensions. After few initial attempts [ ], Matou ˇ sek develop ed a data structure that ers a halfspace rep orting query in in time ( p olylog + ). His is based on the following two observ ations. A hyp erplane is called one of the halfspaces b ounded by contains at most p oints of . If the yp erplane b ounding a query halfspace is not -shallow, for some = Ω( ), then simplex range-rep orting data structure can b e used to answer a query in time ⌊ ⌋ d/ d/ O n ⌊ ⌋ 1 2 1 2 (log ) able 3. . } ≤ | | ≤ ∩ ∅ ⊆ ∅ n n k n n n n k n > n n n n k n ε m i i i j d/d/ v i v i i i Size Query Time Source

RANGE SEARCHING AND ITS RELA

TIVES 23

1 +1

1 2+ 1 1 2 upp er b ounds for halfspace range searching in r space.n k O k n d < n , , . . . , S , S n/r S n/r S S j n/r O r n < α < n r h O r h C , h S h S n /δ orting = 2 log + [ ] log [ ] orting = 3 log log + [ ] orting 3 log log p olylog + [ ]2 [ ] et b e a set of p oints in ( ) and b e a given p ar ameter. Then ther e exists a family of p airs that e ach lies inside the simplex , , al l , and every -shal low hyp erplane cr osses simplic es of

If for some suitable c onstant , then c an b e c onstructe d in al. al. + ) = ( ). F or shallow hyp erplanes, Matou ˇ sek proves the following which is an analog of Theorem 3.

(Matou ˇ sek [ ]) 4

= ( Δ ) ( Δ )2 =

( ) ( )

0 1 Π log ) this theorem, a partition tree for can b e constructed in the same way for simplex range searching, except that at each no de of the tree, we also cess the corresp onding canonical subset for simplex range searching and the resulting data structure as a secondary data structure of . While anering a query for a halfspace , if crosses more than ( ) simplices the partition Π asso ciated with a no de , then it rep orts all p oints of the simplex range-rep orting data structure stored at . Otherwise, for each

( Δ ) Π , if Δ , it rep orts all p oints , and if Δ is crossed by , it ely visits the corresp onding child of .

we are interested only in determining whether = , we do not have to simplex range-searching structure at each no de of the tree. Consequently

, the time and the size of the data structure can b e improv ed slightly; see T able 3 a summary of results.

the query time of a linear-size simplex range-searching data structure only a factor b etter than the na ¨ ıve metho d, researcher s have develop ed data structure s that work well most of the time. F or example, Arya and t [ ] have develop ed a linear-size data structure for answering approxrange-counting queries, in the sense that the p oints lying within distance

(Δ) to the b oundary of the query simplex Δ may or may not b e counted.

query time is (log + 1 ). Overmars and v an der Stapp en [ ] deelop ed fast data structures for the sp ecial case in which the ranges are “fat” and ve b ounded size.

practice, the data structures describ ed in Section 3.4 are used even for simrange searching. Agarwal [ ] have describ ed I/O-efficient data for halfspace range-rep orting queries in two and three dimensions. Re- tly , Goldstein [ ] presented an algorithm for simplex range searching R − − − ∗ . − − · · · − · · − − ≤ ⌉ d d d d d d d i id i i A set of p oints and the arrangement of their dual lines. P

ANKAJ K. AGAR W AL AND JEFF ERICKSON 1 1

1 1 1 1 1

Data structures with logarithmic query time. HW

, Ch8, dBGH, Pe2 , . . . , a x a x x a x b x b x b , . . . , b h h k d H /r H H O r r r n r n r k , . . . , O . . . , O nr n angement et b e a set of hyp erplanes and a ar ameter. Set . Ther e exist cuttings so that is a of size , e ach simplex of is c ontaine d in a simplex of , e ach simplex of c ontains a c onstant numb er of simplic es of . Mor e over, an b e c ompute d in time .

-trees. Although these data structures do not work well in the worst case, p erform reasonably well in practice, for example, when the p oints are close to y distributed. It is an op en question whether simple data structure s can e develop ed for simplex range searching that work well on typical data sets.

or the sake of sim- y , we first consider the halfspace range-counting problem. W e need a few and concepts b efore we describ e the data structure s.

dual of a p oint ( ) is the hyp erplane =

, and the dual of a hyp erplane = + is the oint ( ). A nice prop erty of duality is that it preserves the ab ove-b elow a p oint is ab ove a hyp erplane if and only if the dual hyp erplane ab ove the dual p oint ; see Figure 6. of a set of hyp erplanes in is the sub division of to cells of dimensions , for 0 , each cell b eing a maximal connected contained in the intersection of a fixed subset of and not intersecting any hyp erplane of . The level of a p oint in ( ) is the numb er of hyp erplanes strictly b elow the p oint. Let ( ) denote the (closure of the) set of p oints level at most . A (1 ) of is a set Ξ of (relatively op en) disjoint ces covering so that the interior of each simplex intersects at most yp erplanes of . Clarkson [ ] and Haussler and W elzl [ ] were the first show the existence of a (1 )-cutting of of size ( log ). Chazelle and riedman [ ] improved the size b ound to ( ), which is optimal in the worst case.

eral efficient algorithms are develop ed for computing a (1 )-cutting. The b est known for computing a (1 )-cutting was discovered by Chazelle [ ];

result is summarized in the following theorem.

(Chazelle [ ]) log Ξ Ξ Ξ

2 ) (2 ) Ξ Ξ Ξ Ξ ( ) theorem has b een successfully applied to many geometric divide-and-algorithms; see [ ] for a few such instances.

to halfspace range searching, supp ose that the query halfspace always b elow its b ounding hyp erplane. Then the halfspace range-counting problem via duality to the following problem: Given a set of hyp erplanes in . ⌋ ⌈ ⌉ ⌋⌋ EKM A ≤ | ≤ | A | d ε ε d/ α v v v i v w v ε v RANGE SEARCHING AND ITS RELA

TIVES 25

+1)+1) 2 + 2 + n/ n O n n n n O n n O n / nO n n n n n O n k n n < n /r H H n , r < n q l r /n /r O r q r n α < O n r T H T H r r v C /r /r O r C C v O n γv T v γ C /r γ C O k r O k al. et b e a c ol le ction of hyp erplanes in ,b e p ar ameters, and let . Then ther e exists a - for , c onsisting of simplic es. If for some c onstant , then c an b e c ompute d in time.

determine the numb er of hyp erplanes of that lie ab ove a query p oint. Since same subset of hyp erplanes lies ab ove all p oints in a single cell of ( ), the t of , we can answer a halfspace range-counting query by lo cating the of ( ) that contains the p oint dual to the hyp erplane b ounding the query

Theorem 5 can b e used in a straightforward manner to obtain a data of size (( log ) ) with (log ) query time.

ab ove approach for halfspace range counting can b e extended to the simrange-counting problem as well. That is, store the solution of every combinadistinct simplex (two simplices are combinatorially distinct if they do not tain the same subset of ). Since there are Θ( ) combinatorially distinct ces, such an approach will require Ω( ) storage; see [ ].

and Y ap [ ] were the first to present a near-quadratic size data structure could answer a triangle range-counting query in the plane in (log ) time.

present two data structures: the first one answers a query in time (log )

( ) space, and the other in time (log log log ) using ( log ) F or = 3, their approach gives a data structure of size ( ) that answer a tetrahedron range-counting query in time (log ). Chazelle

] describ e a multi-level data structure (see Section 5.1) of size ( ) that answer a simplex range-counting query in time (log ). The space b ound can e reduced to ( ) by increasing the query time to (log ) [ ]. Both data can answer simplex range-rep orting queries by sp ending an additional

) time.

size of a data structure can b e significantly improved if we want to aner halfspace range-rep orting queries. Using random sampling, Clarkson [ ] wed that a halfspace-emptiness query can b e answered in (log ) time using

) space. In order to extend his algorithm to halfspace range-rep orting we need the following additional idea. Let b e a set of hyp erplanes in .

or a parameter 1 , we define a (1 ) for ( ) to b e a collection of (relatively op en) disjoint simplices that cover ( ) and the interior of each intersects at most hyp erplanes of . The following theorem by Ma- ˇ sek [ ] leads to a b etter data structure for answering halfspace range-rep orting

(Matou ˇ sek [ ]) = + 1 (1 )

) ( )

1 Ξ ( log )

Theorem 6, a halfspace range-rep orting data structure can b e conas follows. Each interior no de of is asso ciated with a canonical subset a simplex Δ ; the ro ot of is asso ciated with and . Cho ose b e a sufficiently large constant. If 4 , then is a leaf. Otherwise, set

, compute a (1 )-cutting Ξ of size ( ) for ( ), and create a hild for each Δ Ξ . Set to b e the set of hyp erplanes that either intersect lie b elow Δ . W e also store at . The size of the data structure is ( ).

b e a query p oint. The goal is to rep ort all p oints lying ab ove . F ollow a path as follows. Supp ose the query pro cedure is visiting a no de of . If is a leaf do es not lie in any simplex of Ξ ( , the level of is at least ), then ort all hyp erplanes of lying ab ove , by checking each hyp erplane explicitly;

step takes ( ) = ( ) = ( ) time. Otherwise, recursively visit the no de ⌋ ar chic al onver gent i z v γ γ i α i β P ANKAJ K. AGAR W AL AND JEFF ERICKSON T rading space for query time.

, CSW, M6 P F F C ⊆ F ∩ D F } ∩ ∩ C C F ⊆ C D ≤ ⌈ ⌉ F { ∈ F | ≤ | | } D ≤ | ∩ F | γ O n k n n n S , S γ S C v T v Q v , γ z , . . . , z γ C , . . . , γ C γ C z v Q v , γ γ w C γ , S n C r C < rα β < O r n/r O n/r n O n Δ contains . The query time is obviously (log + ). The size of the data can b e improved to ( p olylog ) without affecting the asymptotic time. the previous two subsections we eyed data structures for simplex range searching that either use near-linear or answer a query in p olylogarithmic time. By combining these two typ es data structures , a tradeoff b etween the size and the query time can b e obtained ]. Actually

, the approach describ ed in these pap ers is very genand works for any geometric-searching data structure that can b e viewed as decomp osition scheme (describ ed in Section 2), provided it satisfies certain as- W e state the general result here, though one can obtain a slightly b etter ounds (by a p olylogarithmic factor) by exploiting sp ecial prop erties of the data will b e convenient to regard range-searching data structure s in the followabstract form, previously describ ed at the end of Section 2. Let b e a - range-searching problem and a decomp osition scheme for . That for a given set of p oints in , constructs a family (multiset) = ( ) canonical subsets. F or a query range , the query pro cedure implicitly computes sub-family = ( ) that partitions into canonical subsets, and

( ).

we mentioned in Section 2, in order to compute efficiently

, must b e in a hierarchical data structure. W e call a decomp osition scheme is stored in a tree . Each no de of is asso ciated with a canonical subset each interior no de satisfies the following prop erty . F or any query range , there exists a subset ( ) = of children so that partition .

or example, the linear-size partition trees describ ed in Section 4.1 store a simplex at each no de . In these partition trees, a child of a no de is in ( ), for y query halfspace , if Δ intersects the halfspace .

erty (P1) ensures that, for a no de , ( ) can b e computed by searching in the subtree ro oted at . The query pro cedure p erforms a depth-first search to compute . Let = ( ) denote the canonical subsets in asso ciated no des visited by the query pro cedure; clearly , . 2 b e a parameter and let b e a hierarchical decomp osition scheme.

or any 0 log , let = . W e say that if there exist constants 1 and 0 1 so that the following conditions hold for all .

The degree of each no de in is ( ).

= ( ) . F or any query range , = ( ) .

second and third conditions imply that the numb er of canonical subsets in the the numb er of subsets in , for any query range , decrease exp onentially size. size of is ( ), provided the weight of each canonical subset can b e in (1) space, and the query time of , under the semigroup mo del, is ( ) F F 2 2 Y ≥ − . oof. ) ⌉ ∑ ) ) (( ) ) ) ) i β / α τ τ M) ( ) ( )

The general space query-time tradeoff scheme. ∩ F D D ≤ ≤ F C F D ⊆ F \ | |F | | · | | F |F | ∪ F RANGE SEARCHING AND ITS RELA

TIVES 27 2 1) 1 1

1 1 2 1 > O n β γ n/r n r n O n n O n α > β > n m O m m S , S γ S /m C M A r O O r O r A O M C r C O r A C . et b e a set of p oints in , and let b e a sufficiently lar ge onstant. L et b e a r ange-se ar ching pr oblem. L et b e a de c omp osition scheme of size and query time , and let b e another de c omp osition of size and query time , for some c onstants and . If or is hier ar chic al, efficient, and -c onver gent, then for any we c an c onstruct a de c omp osition scheme for of size and query time

0 and (log ) if = 0. is called if for any query range , each b e computed in time ( ) .

) (log )

) ( ) 1 0 ) log ose is hierarchical, efficient, and -convergent. W e present a osition scheme of size ( ). W e first define the canonical subsets ( ) by and then define ( ) for each range .

= ( ) b e the family of canonical subsets constructed by on b e the corresp onding tree. W e define a parameter 1 + ( ) ly , to construct , we discard all no des in whose parents are asso ciated canonical subsets of size less than . Then we replace the deleted subsets by for for every leaf of the pruned tree, the canonical subsets ( ) the second decomp osition scheme . See Figure 7.

formally

, let = , and let b e the set of canonical whose predecess ors lie in . Since is -convergent, = = degree of each no de in is ( ), so

( ) = or each canonical subset , we compute ( ) using the second decomp osischeme . The size of each subset in is at most , so ( ) = ( ).

) = ( ) ollar y . − − ) ( ) ) ) ) | F · C ∩ C ∪ C ∩ DC | D ≤ D D D M α α α γ M τ α β / α / α ε /d / α or any , a simplex r ange-c ounting query c an b e e d in time using sp ac e. P ANKAJ K. AGAR W AL AND JEFF ERICKSON

1)1)( 1) 2

1) ( 1)

1) 1 2 1

1) 2 C O rm . M M γ , S A A γ , S , S , S A γ , C . , S γ S A O n/r O m/n M r γ , C r O n /m M O d ε β /d m n n /m m/n O m n n n/m m/n O n total numb er of canonical subsets in ( ) is( ) = + ( )

= ( ) or a query range , let = ( ) and = ( ). W e now

( ) as follows.

) = ( ) can b e shown that ( ) forms a partition of . Since is efficient, can b e computed in time (log( )) = (log( )). The size of each subset is at most ; therefore, each ( ) can b e computed time ( ) = (( ) ). By condition (C3), = (1), so the verall query time is log desired.similar approach can b e used to construct if is -convergent and effit. W e omit further details.

or the -dimensional simplex range-counting problem, for example, we have

+ and = 1 1 . Thus, we imm ediately obtain the following space tradeoff. + log( )) ( ) e conclude this section by making a few remarks on Theorem 7.

Theorem 7 can b e refined to balance p olylogarithmic factors in the sizes and times of and . F or example, if the size of is ( p olylog ) rest of the parameters are the same as in the theorem, then the query of the new data structure is olylog a similar argument, Matou ˇ sek [ ] showed that a simplex rangeting query can b e answered in time (( ) log ( )), which v es Corollary 8 whenever = ( ).

Theorem 7 is quite general and holds for any decomp osable geometric searchproblem as long as there exists an efficient, -convergent decomp osition heme for the problem. W e will discuss some such results in the next two

Theorem 7 actually holds under weaker assumptions on and . F or even though halfspace range-rep orting data structures do not fit ⌋ D ≤ . d/ d / O n m d O n Lower b ounds. F r5 Er n n /m k m m n m S , m n/ m d n/ m n d /m k m m n m m n n m n m m n m n / n / n n n n/ p RANGE SEARCHING AND ITS RELA

TIVES 29 2 2 3 2 3

3 2 3 (log ( + ))

3 ( +1) (log ) et b e p ositive inte gers such that and let b e a r andom set of p oints in . If only units of stor age ar e then with high pr ob ability, the worst-c ase query time for a simplex r ange in is for , or for , in the semigr oup del. al.al.the ab ove framework, they nevertheless admit a tradeoff. In particular, a rep orting query in can b e answered in p olylog ) + ) using ( ) space.

Finally

, it is not essential for or to b e tree-based data structures. It sufficient to have an efficient, -convergent decomp osition scheme with a order on the canonical subsets, where each canonical subset satisfies prop erty similar to (C1).

redman [ ] showed that a sequence of insertions, and halfplane queries on a set of p oints in the plane requires Ω( ) time, the semigroup mo del. His technique, however, do es not extend to static data

In a series of pap ers, Chazelle has proved nontrivial lower b ounds on the y of online simplex range searching, using v arious elegant mathematical hniques. The following theorem is p erhaps the most interesting result on lower ounds. (Chazelle [ ])

1] ) = 2 Ω( ( log )) 3 should b e p ointed out that this theorem holds even if the query ranges are edges or strips, but not if the ranges are hyp erplanes. Chazelle and Rosenb erg

] proved a lower b ound of Ω( + ) for simplex range rep orting under p ointer-machine mo del. These lower b ounds do not hold for halfspace range hing. A somewhat weaker lower b ound for halfspace queries was proved by onnimann [ ].

we saw earlier, faster data structure s are known for halfspace emptiness

A recent series of pap ers by Erickson established the first nontrivial lower ounds for online and offline emptiness query problems, in the partition-graph del of computation. His techniques were first applied to Hop croft’s problem— en a set of p oints and lines, do es any p oint lie on a line?—for which he a lower b ound of Ω( log + + log ) [ ], almost matching b est known upp er b ound ( log + 2 + log ), due

Matou ˇ sek [ ]. Slightly b etter lower b ounds are known for higher-dimensional ersions of Hop croft’s problem [ ], but for the sp ecial case = , the est known lower b ound is still only Ω( ), which is quite far from the b est wn upp er b ound ( 2 ). More recently

, Erickson established wer b ounds for the tradeoff b etween space and query time, or prepro cess ing and time, for online hyp erplane emptiness queries [ ]. The space-time tradeare established by showing that a partition graph that supp orts hyp erplane queries also (implicitly) supp orts halfspace semigroup queries, and then the lower b ounds of Br¨ onnimann [ ]. F or -dimensional hyp erqueries, Ω( p olylog ) prepro cessing time is required to achieve p olylogaquery time, and the b est p ossible query time is Ω( p olylog ) if only p olylog ) prepro cessing time is allowed. More generally

, in two dimensions, if prepro cess ing time is , the query time is Ω( ). Erickson’s techniques also m − ))) d δ M7 able 4.

able 5.d ( +1)

3 2 ( 1) 2 P ANKAJ K. AGAR W AL AND JEFF ERICKSON > n m δ δ / n n n n n n n Problem Mo del Query Time Source

Problem Mo del Time Source Er2 lower b ounds for online simplex range searching

( ) space.

lower b ounds for offline simplex range searching.

p Semigroup ( = 2) [ ]

Semigroup Semigroup ( 2) ] orting Pointer machine + [ ] erplane p Semigroup [ ] s Partition graph ] p Semigroup ] [ ] ( + 3) 2 s Algebraic computation tree log [ ] artition graph ( 4) log [ ]

Partition graph ( 5) [ ] ting Partition graph [ ]

Group (with 2 help gates) log [ ] erplane Partition graph [ ]

Semigroup Semigroup ] nontrivial lower b ounds for online and offline halfspace emptiness searching, with a few exceptions, these are quite weak.

able 4 summarizes the b est known lower b ounds for online simplex queries, and able 5 summarizes the b est known lower b ounds for offline simplex range searching.

wer b ounds for emptiness problems apply to counting and rep orting problems as ell. No nontrivial lower b ound was known for any offline range searching problem the group mo del until Chazelle’s result [ ].

the survey pap ers [ ] for a more detailed discussion on lower ounds. ♦ 2 ♦ ♦ ♦ γ γ ,p γ i i i p w p γ γ p S p γ C C , γ C p γ C , γ v C v , γ n α , β α , β p γ x p α , β d P ∘ P P P ∩ D P P F D C { ∈ | } F F C ∈ | } ∘ D P ∘ P F F C D D D C ∈ P ∘ P D D V ariants and extensions

Multi-lev el data structures. L W, Lu, WL, SO

, GOS, vK , M6, Pe

RANGE SEARCHING AND ITS RELA

TIVES 31 2 2 2 1 2 1 2

2 1 2 1 1 1 1 2 2 2 1 2 2 2 1 2 2 1 2 2

2 1 2 this section we review some extensions of range-searching data structures , multi-level data structures , semialgebraic range searching, and dynamiza-

As in the previous section, the prepro ces sing time for each of the data strucwe describ e is at most a p olylogarithmic or factor larger than its size.

rather p owerful prop erty of data strucbased on decomp osition schemes (describ ed in Section 2) is that they can b e together to answer more complex queries, at the increase of a logarithmic in their p erformance. This prop erty has b een implicitly used for a long time;

for example, [ ]. The real p ower of the cascading propy was first observed by Dobkin and Edelsbrunner [ ], who used this prop erty answer several complex geometric queries. Since their result, several pap ers ve exploited and extended this prop erty to solve numerous geometric-searching see [ ]. In this subsection we briefly sketch the cascading scheme, as describ ed in [ ].

b e a set of weighted ob jects. Recall that a geometric-searching problem with underlying relation , requires computing ( ) for a query range

Let and b e two geometric-searching problems with the same sets of jects and ranges, and let and b e the corresp onding relations. Then we to b e the conjunction of and , whose relation is .

is, for a query range , we want to compute ( ). Supp ose we ve hierarchical decomp osition schemes and for problems and . Let

( ) b e the set of canonical subsets constructed by , and for a range ,

= ( ) b e the corresp onding partition of into canonical F or each canonical subset , let ( ) b e the collection of canonical of constructe d by , and let ( ) b e the corresp onding partition into level-two canonical subsets. The decomp osition scheme the problem consists of the canonical subsets = ( ).

or a query range , the query output is = ( ). Note that we can any numb er of decomp osition schemes in this manner.

we view and as tree data structure s, then cascading the two decomosition schemes can b e regarded as constructing a two-level tree, as follows. W e construct the tree induced by on . Each no de of is asso ciated with a subset . W e construct a second-level tree on and store at its secondary structure. A query is answered by first identifying the no des that ond to the canonical subsets and then searching the corresp onding trees to compute the second-level canonical subsets ( ).

range tree, defined in Section 3.1, fits in this framework. F or example, two dimensional range tree is obtained by cascading two one-dimensional range as follows. Let b e a set of weighted p oints and the set of all orthogonal in the plane. W e define two binary relations and , where for any

= [ ] [ ], if ( ) [ ]. Let b e the searching asso ciated with , and let b e the data structure corresp onding to

Then the two-dimensional orthogonal range-searching problem is the same as W e can therefore cascade and , as describ ed ab ove, to answer two-dimensional orthogonal range-searching query

. Similarly

, a data structure

-dimensional simplex range-searching can b e constructed by cascading + 1 ♦ ⌉ . P D D P ∘ P D ∈ | ≥ } | ∈ } · · / d/ d f f ℓ ℓ SO Semialgebraic range searching. P

ANKAJ K. AGAR W AL AND JEFF ERICKSON

2 1 2 2 2 2 ( +1) 0 1 1 0 1 2 , , , r n n r S n n Q n n r S r p n/m n k n/m m/n O m a x f a, x , d b b a a a, x a, x ψ a φ x ψ a φ x ψ a φ x , . . . , φ , ψ , . . . , ψ x x φ x , φ x , φ x , . . . , φ x , ange r estriction et b e as define d ab ove, and let b e a c onstant.

ose the size and query time of e ach de c omp osition scheme ar e at most and r esp e ctively. If is efficient and -c onver gent, then we obtain a hier ar chic al c omp osition scheme for whose size and query time ar e . If is also efficient and -c onver gent, then is also efficient -c onver gent.

arskiel l ange se ar ching.

arization range-searching structures , since a -simplex is an intersection of at most

1 halfspaces. Multi-level data structures were also prop osed for , tro duced by Willard and Lueker [ ] and Scholten and Overmars [ ].

following theorem, whose straightforward pro of we omit, states a general for multi-level data structures.

) ( ) log )

( ) log ) some cases, the added logarithmic factor in the query time or the space can e saved. The real p ower of multi-level data structures stems from the fact that are no restrictions on the relations and . Hence, any query that can e represente d as a conjunction of a constant numb er of “primitive” queries, each which admits an efficient, -convergent decomp osition scheme, can b e answered y cascading individual decomp osition schemes. W e will describ e a few multi-level structure s in this and the following sections.

far we assumed that the ranges ere b ounded by hyp erplanes, but many applications involve ranges b ounded by functions. F or example, a query of the form “F or a given p oint and a real umb er , find all p oints of lying within distance from ” is a range-searching in which ranges are balls.

shown b elow, range searching with balls in can b e formulated as an inof halfspace range searching in . So a ball range-rep orting (resp. rangeting) query in can b e answered in time (( ) p olylog + ) (resp.

) log( ))), using ( ) space. (Somewhat b etter p erformance can e obtained using a more direct approach, which we will describ e shortly

.) However, ely little is known ab out range-searching data structures for more general natural class of more general ranges is the family of T arski cells. A a real semialgebraic set defined by a constant numb er of p olynomials, each constant degree. In fact, it suffices to consider the ranges b ounded by a single olynomial b ecause the ranges b ounded by multiple p olynomials can b e handled multi-level data structures . W e assume that the ranges are of the form

) = ( ) 0 is a ( + )-v ariate p olynomial sp ecifying the typ e of range (disks, cylinders, etc.), and is a -tuple sp ecifying a sp ecific range of the given typ e ( , sp ecific disk). Let Γ = ( ) . W e will refer to the range-searching in which the ranges are from the set Γ as the Γ approach to answer Γ -range queries is to use , originally osed by Y ao and Y ao [ ]. W e represent the p olynomial ( ) in the form

) = ( ) ( ) + ( ) ( ) + + ( ) ( ) are p olynomials. A p oint is mapp ed to the oint ) = [ ( ) ( ) ( ) ( )] ∑ a ∈ 2 2 N R , So, St ∈ | } ∈ | · · · ≥ } ⊂ − − − − − − ¨ ucker o or dinates ℓ M ν N ν d ν μ μ ν j RANGE SEARCHING AND ITS RELA

TIVES 33

0 1 1 1 2 2 2 3 2 3 2 3 1 2 1 1 2 2 1 2 2 31 1 2 2 3 5 1 some cases, Agarwal and Matou ˇ sek’s algorithm returns a dimension one higher than the minimum, since they consider only linearizations with ( ) = 1. a x x, a a y ψ a y ψ a y ψ a y , , y , . . . , y a, x a, x c a x , N c x a a . . . a x . . . x c C a x x ϕ a , a a a a a , a , a f a , a , a x , x x a x a a x x x a a a a , ψ a a , ψ a a , ψ a , x , φ x x , φ x x , φ x x x . n / n d < ℓ te d in homogeneous co ordinates. Then each range ( ) =

) 0 is mapp ed to a halfspace

) : ( ) + ( ) + + ( ) 0 again, [ ] are homogeneous co ordinates.

constant is called the of the linearization. The following

, based on an algorithm of Agarwal and Matou ˇ sek [ ], computes a of smallest dimension. W rite the p olynomial ( ) as the sum of ials ) = and are finite sets of exp onent vectors, are real efficients, and and are shorthand for the monomials and resp ectively

. Collect the co efficients into a matrix whose rows indexed by elements of ( , monomials in ) and whose columns are indexed y elements of ( , monomials in ). The minim um dimension of linearization one less than the rank of this matrix. The p olynomials ( ) and ( ) are easily from any basis of the vector space spanned by either the rows or columns the co efficient matrix .

or example, a disk with center ( ) and radius in the plane can b e as a set of the form ( ), where = ( ) and is a 5-v ariate olynomial ; ) = ( ) ( ) + p olynomial has the following co efficient matrix.

0 0 0 1 1

2 0 0 0

0 2 0 0

0 0 0 0

0 0 0 0 matrix has rank 4, so the linearization dimension of is 3. One p ossible is given by the following set of p olynomials:

) = + ( ) = 2 ( ) = 2 ( ) = 1

) = 1 ( ) = ( ) = ( ) = + general, balls in admit a linearization of dimension + 1; cylinders other quadrics in admit a linearization of dimension 9. One of the most used linearizations in computational geometry uses the so-called which map a line in to a p oint in ; see [ ] for details on Pl ¨ ucker co ordinates.

Γ -range query can now b e answered using a -dimensional halfspace rangehing data structure. Thus, for counting queries, we immediately obtain a data structure with query time ( ) [ ], or a data structure of

( log ) with logarithmic query time [ ]. When , the p erformance

) 1 ) ) R R ⌊ ⌋ − . . ∩ { } ∈ ≥ → ⌊ ⌋ − ≤ , CEGS2 d ℓ / ε i f i d α n ε ε b a ε b /λ γ ε d /d ε P ANKAJ K. AGAR W AL AND JEFF ERICKSON

1 ( + ) 2 +

3 ( ) 1 3+ 2+ ) 0 1 + 1) ( 1)+

( 1) + x d n a b < ℓ n p g a f p , a a S g a G , . . . , f n d f δ n n n G n b O n b a p O n n γ γ d d d b λ d , d ℓ / , ℓ γ b ℓ n m n O m d ℓ d λ d d O n /m m/n m al. al. al. L et b e a set of p olynomials, with , wher e e ach has maximum de gr e e in any

Then b e p artitione d into a set of T arski c el ls that the sign of e ach r emains the same for al l p oints within e ach c el l of . e over, c an b e c ompute d in time.

et b e a -variate p olynomial with linarization dimension . L et , and let F or any , we c an build a data structur e of size that supp orts ounting queries in time the linear-size data structures can b e improved by exploiting the fact that the oints ( ) have only degrees of freedom. Using results of Aronov [ ] the size of the zone of an algebraic v ariety in a -dimensional hyp erplane art, Agarwal and Matou ˇ sek [ ] show that the query time for a lineardata structure can b e reduced to ( ). It is an op en problem one can similarly exploit the fact that the halfspaces ( ) have only of freedom to reduce the size of data structures with logarithmic query time . cases where the linearization dimension is very large, semialgebraic queries also b e answered using the following more direct approach prop osed by Agarwal

Matou ˇ sek [ ]. Let b e a set of p oints in . F or each p oint , we define a -v ariate p olynomial ( ) ( ). Then Γ ( ) is the set of oints for which ( ) 0. Hence, the problem reduces to p oint lo cation in arrangement of algebraic surfaces = 0 in . Let b e the set of resulting

The following result of Chazelle [ ] leads to a p ointcation data structure .

(Chazelle [ ]) =

2 ( log ) ving the combinatorial upp er b ound in Theorem 11 is an op en problem.

b est known lower b ound is Ω( ), and this is generally b elieved to b e the t b ound. Any improvement would also improve the b ounds for the resulting range searching data structures .

to the original p oint-lo cation problem for ’s, using this theorem results on -nets and cuttings, can b e prepro cess ed into a data structure of

( ) if 3, or ( ) if = 2, so that for a query p oint , we compute ( ) in (log ) time.

Theorem 11, Agarwal and Matou ˇ sek [ ] also extended Theorem 3 T arski cells and showed how to construct partition trees using this extension, a linear-size data structure with query time ( ), where = 2 if

2 and = 2 3 if 3.

in Section 4.3, the b est data structures with linear space and logarithmic time can b e combined to obtain the following tradeoff b etween space and time. : ( + ) min(2 3 ( + ) 2 ) = min (2 ) ( ) log or example, if our ranges are balls in , we have = + 1, = + 1, = ,

= + 1, so we can answer queries in time (( ) + log ( )) space ( ).

able 6. ⌋− 2 2 24⌈ ⌉ | ≤ − | − l al. n n k n/k n n k n n n n k n n n n n i i i <i i j i ε Dynamization.

, Meh, Ov

W Size Query Time Up date Time Source

RANGE SEARCHING AND ITS RELA

TIVES 35 1 1 1+ upp er b ounds for dynamic 2D orthogonal range-searchin g. S n /n P n P n n/n Q n n Q n t n S S , . . . S S r r S S r r S γ S t Q r i , . . . , S p S S S < i S P r /r n /n n n d n n k ting log log [ ] orting (2 ) log [ ] log [ ] log log log + log log log [ ] logloglog ] log log [ ] the data structures discussed ab ove assumed to e fixed, but in many applications one needs to up date dynamically—insert a p oint into or delete a p oint from . W e cannot hop e to p erform insert/delete erations on a data structure in less than ( ) time, where ( ) is the preprotime of the data structure. If we allow only insertions ( , a p oint cannot b e from the structure ), static data structures can b e mo dified using standard hniques [ ], so that a p oint can b e inserted in time ( ( ) log ) a query can b e answered in time ( ( ) log ), where ( ) is the query time the original static data structure . Roughly sp eaking, these techniques pro ceed as ws. Cho ose a parameter 2 and set = log . Maintain a partition of to subsets so that ( 1) , and prepro cess each for range hing separately . W e call a subset if = ( 1) . A query is anered by computing ( ) for each subset indep endently and then summing up. The total time sp ent in answering a query is thus ( + ( )).

ose we want to insert a p oint . W e find the least index such that the subsets full. Then we add the p oint and to , set = for all and prepro cess the new for range searching. The amortized insertion time

( ( ) ). W e can convert this amortized b ehavior into a worst-case erformance using known techniques [ ]. In some cases the logarithmic overhead the query or up date time can b e avoided.

the ab ove technique do es not handle deletions, many range-searching structures , such as orthogonal and simplex range-searching structures, can deletions at p olylogarithmic or overhead in query and up date time, by the fact that a p oint is stored at roughly ( ) no des [ ]. T able 6 arizes the known results on dynamic 2D orthogonal range-searching data these results can b e extended to higher dimensions at a cost of an log factor in the storage, query time, and up date time. Klein

] have describ ed an optimal data structure for a sp ecial case of 2D rangeorting in which the query ranges are translates of a p olygon.

Matou ˇ sek’s ( log )-size data structure for -dimensional halfspace rep orting [ ] can b e dynamized, the logarithmic query time data structure not easy to dynamize b ecause some of the p oints may b e stored at Ω( ) no des the tree. Agarwal and Matou ˇ sek [ ] develop ed a rather sophisticated data that can insert or delete a p oint in time ( ) time and can er a query in (log + ) time. As in [ ], at each no de of the tree, this computes a family of partitions (instead of a single partition), each of size ⊆ ⌋−⌋ ̸∅ ε γ i mer ge oss tr e e ol lision-dete ction P

ANKAJ K. AGAR W AL AND JEFF ERICKSON

1 2 2 1 2 2 2 1 + O, vKO2

, Mul3, Sc Mul2

Sm CT

Intersection searching S r r h O r p S i d S , S p S S S S S S n nn O n n k O m k n , w S γ p S γ S γ γ p B k O m K B ) for some parameter . F or every shallow hyp erplane , there is at least partition so that intersects ( ) simplices of the partition.

and Italiano [ ], generalizing and improving earlier results of v an Krevand Overmars [ ], describ e dynamic -dimensional orthogonal range hing data structures that also supp ort and op erations, defined as ws. Given a p oint set , a p oint , and an integer b etween 1 and , split op eration divides into two disjoint subsets separated by the hyerplane normal the -axis passing through , and splits the data structure for to data structures for and . Given two p oint sets and separated y a hyp erplane normal to some co ordinate axis, the merge op eration combines data structures for and into a single data structure for their union

Grossi and Italiano’s data structure, called a , requires linear and ( log ) prepro cess ing time and supp orts insertions and deletions in

(log ); splits, merges, and counting queries in time ( ); and rep ortqueries in time ( + ). Their technique gives efficient solutions to many order-decomp osable problems involving split and merge op erations, including range searching.

an arbitrary sequence of deletions is difficult to handle in general, rehers have examined whether a random sequence of insertions and deletions b e handled efficiently; see [ ]. Mulmuley [ ] prop osed a simple data structure for halfspace range rep orting that can pro cess a up date sequence of length in exp ected time ( ) and can aner a query in time ( log ). If the sequence of insertions, deletions, and queries known in adv ance, the corresp onding static data structures can b e mo dified to such a sequence of op erations by paying a logarithmic overhead in the query

[ ]. These techniques work even if the sequence of insertions and queries is known in adv ance, but the deletion time of a p oint is known when it is inserted

]; see also [ ]. See the survey pap er by Chiang and T amassia [ ] for a more review of dynamic geometric data structures .

general intersection-searching problem can b e formulated as follows. Given set of ob jects in , a semigroup ( +), and a weight function : , e wish to prepro ces s into a data structure so that for a query ob ject , we can the weighted sum ( ), where the sum is taken over all ob jects intersect . Range searching is a sp ecial case of intersection searching in h is a set of p oints. Just as with range searching, there are several v ariations intersection searching: intersection counting (“How many ob jects in intersect intersection detection (“Do es any ob ject in intersect ?”), intersection orting (“Which ob jects in intersect ?”), and so on.

tersection searching is a central problem in a v ariety of application areas h as rob otics, geographic information systems, VLSI, databases, and computer F or example, the problem—Giv en a set of obstacles a rob ot , determine whether a placement of is free—can b e formulated a p oint intersection-detection query amid a set of regions. If has degrees of then a placement of can b e represented as a p oint in , and the set of ts of that intersect an obstacle is a region . If and obstacles are semialgebraic sets, then each is also a semialgebraic set. A ♦ ♦ pr oblem y x y y x y i ε | ∈ } P P ≤ D P D D D D Segment intersection searching.

RANGE SEARCHING AND ITS RELA

TIVES 37 # 2 3 2 3 2 2 3 2+ 3 B p K S φ p ψ γ p φ p ψ γ S S , p q , q e p , p , q , q γ γ γ e φ e ψ γ e e S e e , , γ e γ γ ℓ e γe n O n n O n n O n t of is free if and only if do es not intersect any of ’s. See [ ] for survey of known results on the collision-detection problem. Another intersection hing problem that arises quite frequently is the : Prepro cess a en set of p olygons into a data structure so that all p olygons intersecting a query can b e rep orted efficiently . intersection-searching problem can b e formulated as a semialgebraic rangehing problem by mapping each ob ject to a p oint ( ) in a parametric and every query range to a semialgebraic set ( ) so that intersects and only if ( ) ( ). F or example, let b e a set of segments in the plane the query ranges b e also segments in the plane. Each segment with left right endp oints ( ) and ( ), resp ectively

, can b e mapp ed to a p oint

) = ( ) in and a query segment can b e mapp ed to a semialgebraic

( ) so that intersects if and only if ( ) ( ). Hence, a segment tersection query can b e answered by prepro cess ing the set ( ) for searching. A drawback of this approach is that the dimension of the space is typically much larger than , and, therefore, it do es not lead an efficient data structure.

efficiency of an intersection-searching structure can b e significantly imved by expressing the intersection test as a conjunction of simple primitive tests low dimensions) and then using a multi-level data structure to p erform these F or example, a segment intersects another segment if the endp oints of on the opp osite sides of the line containing and vice-versa. Supp ose we want rep ort those segments of whose left endp oints lie b elow the line supp orting query segment (the other case can b e handled in a similar manner). W e define searching problems , and , with relations , as follows:

left endp oint of lies b elow the line supp orting .

right endp oint of lies ab ove the line supp orting .

line supp orting intersects ; equiv alently

, in the dual plane, p oint dual to lies in the double wedge dual to .

or 1 3, let denote a data structure for . Then (resp. ) is a range-searching structure on the left (resp. right) endp oints of segments

, and is (essentially) a triangle range-searching structure for p oints dual to lines supp orting . By cascading , , and , we obtain a data structure segment-intersection queries. Therefore, by Theorem 10, a segment-intersection can b e answered in time ( ) using ( log ) space, or in (log ) using ( ) space; the size in the first data structure and the query time in second one can b e improved to ( ) and (log ), resp ectively

. As usual, we obtain a tradeoff b etween query time and space using Theorem 7. al. ∈ | ≥ } ⌊ ⌋ ⊆ · ∈ i ε ε d P ANKAJ K. AGAR W AL AND JEFF ERICKSON

1 + 1 n d b b x f x . . . , f x f d b λ ℓ, d b , b ℓ / , ℓ O n O n n O n n n n f n p O n k f x , . . . , x Poin t intersection searching. F

, CEGS2, CEGS3

Segment intersection searching.

is b eyond the scop e of this survey pap er to cover all intersection-searching

Instead, we discuss a few basic problems that have b een studied ex- ely . All intersection-counting data structure s describ ed here can also answer tersection-rep orting queries at an additional cost that is prop ortional to the outsize. In some cases, an intersection-rep orting query can b e answered faster.

ver, using intersection-rep orting data structures, intersection-detec tion quecan b e answered in time prop ortional to their query-search time. Finally

, all data structures describ ed in this section can b e dynamized at an exp ense of

) factor in the storage and query time.

cess a set of ob jects (such as halfspaces, simplices, or T arski cells) in into a data structure so that all ob jects of containing a query p oint can b e rep orted (or counted) efficiently . is the inverse or dual of the usual range-searching problem. As discussed in

4.2, using the duality transformation, a halfspace range-searching problem b e reduced to a p oint-intersection problem for a set of halfspaces, and vice ersa. In general, as mentioned in Section 5.2, a -dimensional Γ -range searching

, where is ( + )-v ariate p olynomial, can b e viewed as a -dimensional p ointtersection searching problem. Therefore, a very close relationship exists b etween data structures for range searching (including orthogonal range searching) and p oint-intersection searching. Point intersection queries can also b e viewed as cating a p oint in the sub division of induced by the ob jects in .

ose the ob jects in are semialgebraic sets of the form ( )

( ) 0 , where each is a ( + )-v ariate p olynomial of b ounded degree admits a linearization of dimension at most . Let = min

( 2 3) and min (2 3 ( + ) 2 ). By constructing a multi-level data structure, p ointtersection queries for can b e answered in time (log ) using ( ) space, in time ( ) using ( ) space. Once again, we can obtain a space-time similar to Theorem 12. T able 7 gives some of the sp ecific b ounds that can e attained using this general scheme. If is a set of rectangles in , then the ounds mentioned in T able 1 hold for the p oint-intersection problem.

al [ ] extended the approach for dynamic halfspace range hing to answer p oint-intersection queries amid the graphs of biv ariate algefunctions, each of b ounded degree. Let b e an infinite family of biv ariate olynomials, each of b ounded degree, and let Λ( ) denote the maxim um size of the wer envelop e of a subset of of size . Their techniques maintains an -element in a data structure of size (Λ( ) ), so that a p olynomial b e inserted into or deleted from in ( ) time and, for a query p oint , all of whose graphs lie b elow can b e rep orted in time (log + ).

the motion-planning application discussed ab ove, p oint lo cation in an t of surfaces, esp ecially determining whether a query p oint lies ab ove a en set of regions of the form ( ), has many other applications computational geometry; see [ ] for examples. However, of these applications call for an offline data structure b ecause the query p oints known in adv ance.

ce ss a set of ob jects in into data structure so that all the ob jects of intersected by a query segment can e rep orted (or counted) efficiently . W e have already given an example of segment tersection-searching in the b eginning of this section. See T able 8 for some of the ⌉ ε able 7.

able 8. n O n n k O n n / ε d/ ε ε 3 2 3 3 2 3+ 34RANGE SEARCHING AND ITS RELA

TIVES 39 n /m m/n n n k m n n knn kn k nn k n n/ m k m n/ m n n/m n/m k m n/m n/m k n upp er b ounds for p oint intersection searching.

upp er b ounds for segment intersection searching, p olylogar ithmi c factors omitted.

jects Problem Size Query Time Source

, CJ2

O Counting ( ) log( ) [ ]

Rep orting log log + [ ] 2 T riangles Counting log [ ] at triangles Rep orting log log + [ ] arski cells Counting log [ ] 3 unctions Rep orting log + [ ] at tetrahedra Rep orting + [ ]

Counting log

Counting log [ ]

Rep orting p olylog + [ ] [ ] p olygons Rep orting ( + 1) log [ ]

Rep orting + [ ]

2 Segments Counting [ ] arcs Counting [ ]

Counting [ ]

Rep orting + [ ] 3 T riangles Counting [ ]

Counting [ ]

Rep orting ( + 1) log [ ] erplanes Counting [ ] wn results on segment intersection searching. F or the sake of clarity

, we have p olylogarithmic factors from the query-search time whenever it is of the . we are interested in just determining whether a query segment intersects any the input ob jects, b etter b ounds can b e achieved in some cases. F or example, a t intersection-detection query for a set of balls in , where 3, can b e ered in (log ) time using ( ) storage [ ].

sp ecial case of segment intersection searching, in which the ob jects are horital segments in the plane and query ranges are vertical segments, has b een widely

In this case a query can b e answered in time (log + ) using ( log ) } ε P ANKAJ K. AGAR W AL AND JEFF ERICKSON 2+

2+pr oblem al. d file ds al. n n k O n n n k O n n k O n k < k < d n O n P , . . . , P i γ n γ k n/k Q n n k O n n n k Rectangle intersection searching. MCD

Colored intersection searching.

BKMT , GJS, GJS2, GJS3

, JL and prepro cess ing [ ]. If we also allow insertions and deletions, the query up date time are resp ec tively (log log log + ) and (log log log ) [ ],

(log + ) and (log ) using only linear space [ ]; if we allow only inserthe query and up date time b ecome (log + ) and (log ) [ ].

problem related to segment intersection searching is the .

en a set of ob jects in , determine whether a query -flat (0 ) tersects all ob jects of . Such queries can also b e answered efficiently using range-searching data structure s. A line-stabbing query amid a set of in can b e answered in (log ) time using ( ) storage [ ]. The er by Go o dman [ ] is an excellent survey of this topic.

en a set of p olygons in the prepro ces s them into a data structure so that all ob jects intersecting a query can b e rep orted efficiently

. This problem, also known as the arises in a v ariety of applications. In many situations, the query outis required to b e clipp ed within the query rectangle. In practice, each p olygon is approximated by its smallest enclosing rectangle and the resulting rectangles prepro ces sed for rectangle-rectangle intersection searching, as discussed in Sec-

3.6. If the p olygons in are large, then this scheme is not efficient, esp ecially if e want to clip the query output within the query rectangle. A few data structures , example, strip trees [ ] and V-trees [ ], have b een prop osed that store each olygon hierarchically . W e can use these data structures to store each p olygon and construct an R-tree or any other orthogonal range-searching data structure on smallest enclosing rectangles of the p olygons. Nievergelt and Widmay er [ ] e another data structure, called a , which is suitable if the p olygons fat (have b ounded asp ect ratio). They place a set of well-chosen p oints, called and asso ciate a subset of p olygons with each guard that either contain the or lie “near” the guard. F or a query rectangle , they determine the set of that lie inside ; the lists of p olygons asso ciated with these guards give the that intersect .

cess a given set of colored jects in ( , each ob ject in is assigned a color) so that the we can rep ort count) the colors of the ob jects that intersect the query range. This problem in many contexts where one wants to answer intersection-searching queries input ob jects of non-constant size. F or example, given a set = simple p olygons, one may wish to rep ort all the simple p olygons that intersect query segment; the goal is to return the indices, and not the descriptions, of these olygons. If we color the edges of by the color , the problem reduces to colored t intersection searching in a set of segments.

an intersection-detection query for with resp ect to a range can b e anered in ( ) time, then a colored intersection-rep orting query with can b e anered in time (( log( ) + 1) ( )). Thus, logarithmic query-time intersectionhing data structures can easily b e mo dified for colored intersection rep orting, very little is known ab out linear-size colored intersection-searching data strucexcept in some sp ecial cases [ ].

[ ] have shown that the colored halfplane-rep orting queries in plane can b e answered in (log + ) using ( log ) space. Agarwal and an Kreveld [ ] presente d a linear-size data structure with ( + ) query j i j , v P P d d d R S S gr aph al.map al. ρ ρ ab S a S a c ab S S S n O n O n O n m O s RANGE SEARCHING AND ITS RELA

TIVES 41 8

, GJS3 Optimization queries

Ray-sho oting queries.

, CJ2, GOS PV vertices of the are the vertices of the p olygons. Besides the p olygon there is an edge in the graph b etween two vertices of convex p olygons and if for colored segment intersection-rep orting queries amid a set of segments in plane, assuming that the segments of the same color form a connected planar or if they form the b oundary of a simple p olygon; these data structure s can handle insertions of new segments. Gupta [ ] present segment tersection-rep orting structures for many other sp ecial cases.

goal of an optimization query is to return an ob ject that satisfies a certain with resp ect to a query range. Ray-sho oting queries are p erhaps the common example of optimization queries. Other examples include segmentand linear-programming queries.

ces s a set of ob jects in into a data so that the first ob ject (if any) hit by a query ray can b e rep orted effi- tly . This problem arises in ray tracing, hidden-surface remov al, radiosity

, and graphics problems. Recently

, efficient solutions to many other geometric have also b een develop ed using ray-sho oting data structure s.

general approach to the ray-sho oting problem, using segment intersectionstructures and Megiddo’s parametric searching technique [ ], was proosed by Agarwal and Matou ˇ sek [ ]. Supp ose we have a segment intersectiondata structure for . Let b e a query ray

. Their algorithm maintains a t such that the first intersection p oint of with is the same as of . If lies on an ob ject of , it returns . Otherwise, it picks a p oint determines, using the segment intersection-detection data structure , whether interior of the segment intersects any ob ject of . If the answer is yes, it ely finds the first intersection p oint of with ; otherwise, it recursively the first intersection p oint of with . Using parametric searching, the oints at each stage can b e chosen in such a way that the algorithm terminates

(log ) steps. Recently

, Chan [ ] describ ed a randomized reduction that much simpler than parametric search and usually avoids the added logarithmic in the query time. In some cases, by using a more direct approach, we can ve the query time by a p olylogarithmic factor. F or example, by exploiting additional prop erties of input ob jects and of partition trees, we can mo dify a t intersection-searching data structure in some cases to answer ray sho oting

[ ].

approach for answering ray-sho oting queries is based on visibility

A ray in can b e represented as a p oint in . Given a set ob jects, we can partition the parametric space into cells so that p oints within each cell corresp ond to rays that hit the same ob ject first; this is called the of . Using this approach and some other tech-

Chazelle and Guibas [ ] showed that a ray-sho oting query in a simple olygon can b e answered in (log ) time using ( ) space. Simpler data strucwere subsequently prop osed by Chazelle [ ] and Hershb erger

Suri [ ]. F ollowing a similar approach, Po cchiola and V egter [ ] showed a ray-sho oting query amid a set of disjoint convex p olygons, with a toof vertices, can b e answered in (log ) time, using ( + ) space, where

( ) is the size of the visibility graph of . al. able 9. ⌋− n G 3 2+

34 2 ε d/ ε j j P ANKAJ K. AGAR W AL AND JEFF ERICKSON upp er b ounds for ray sho oting queries, with olylo gari thmi c factors omitted n n s s n s s n s n n sn s s n n/ m n/m n n n n s n n m n/m n/m n > n/m n/m v P jects Size Query Time Source HS , CJ2

O CEGSSM5MS

2p olygon log [ ] t simple p olygons [ ] t simple p olygons ( + ) log log log [ ] t convex p olygons + log [ ] vex p olygons log log log [ ] ts [ ] arcs [ ] t arcs [ ] vex p olytop e log [ ] ted p olytop es log [ ] vex p olytopes log [ ]

3 Halfplanes [ ] errain [ ] riangles [ ] log [ ] erplanes [ ] vex p olytop e [ ] line segmen t do es not intersect any other convex p olygon and the line supp orting the t is tangent to b oth and .

able 9 gives a summary of known ray-sho oting results. F or the sake of clar- y , we have omitted p olylogarithmic factors from query times of the form .

ray-sho oting structures for -dimensional convex p olyhedra by Matou ˇ sek and hwarzkopf [ ] assume that the source p oint of the query ray lies inside the p olye. All the ray-sho oting data structures mentioned in T able 9 can b e dynamized a cost of p olylogarithmic or factor in the query time. Go o drich and T amassia

] have develop ed a dynamic ray-sho oting data structure for connected planar divisions, with (log ) query and up date time.

e range searching, many practical data structures have b een prop osed that, having bad worst-case p erformance, work well in practice. The b o oks by oley [ ] and Glassner [ ] describ e several practical data structures ray tracing that are used in computer graphics. One common approach is to a sub division of into constant-size cells so that the interior of each do es not intersect any ob ject of . A ray-sho oting query can b e answered by versing the query ray through the sub division until we find an ob ject that interthe ray

. The worst-case query time is prop ortional to the maxim um numb er ⌉ · · − · · ·| ≥ } ε d d d d d S d d S d p d d/ ossing numb er al. ar est-neighb or query atur e ve ctorsRANGE SEARCHING AND ITS RELA

TIVES 43

+ ) 3

1 1 1 +1

+1 +1 1 2 , MMS, DK2, MB, WSCK

Nearest-neighbor queries.

, DHRP FRM, Sa MG

KK , KSFSP FL, HaT RKV, Sp n n n k n nk n O k n ξ S n n n O d n p , . . . , p S p x , . . . , x p x p x p p . ξ ξ , . . . , ξ ξ , . . . , ξ f ξ , . . . , ξ . ρ ξ , . . . , ξ , x x , . . . , x x f x , . . . , x pρ ξ ∂ P f cells intersected by a segment that do es not intersect any ob ject in ; we reto this quantity as the of the triangulation. Hershb erger and

[ ] showed that if is the b oundary of a simple p olygon, then a triangu-

(using Steiner p oints) with (log ) crossing numb er can b e constructed in log ) time. See [ ] and the reference s for other ray-sho oting results using this approach. Agarwal [ ] ved worst-case b ounds for many cases on the numb er of cells in the sub division a line can intersect. F or example, they show that the crossing numb er for a set disjoint convex p olyhedra in is Ω( + log ), and they present an algorithm constructs a triangulation of size ( log ) with stabbing numb er ( log ).

v and F ortune [ ] prove a b ound on the average crossing numb er of set of t triangles in , and present a p olynomial-tim e algorithm to construct a that achieves this b ound. In practice, however, very simple decomositions, such as o ct-trees and binary space partitions [ ] are used to trace a y . problem is deas follows: Prepro cess a set of p oints in into a data structure so that p oint in closest to a query p oint can b e rep orted quickly

. This is one of most widely studied problems in computational geometry b ecause it arises so many different areas, including pattern recognition [ ], data com-

[ ], information retriev al [ ], CAD [ ], molecular

[ ], image analysis [ ], data mining [ ], machine

[ ], and geographic information systems [ ]. Most applicause so-called to map a complex ob ject to a p oint in high di-

Examples of feature vectors include color histograms, shap e descriptors, ourier vectors, and text descriptors.

or simplicity

, we assume that the distance b etween p oints is measured in the metric, though a more complicated metric can b e used dep ending on the F or = 2, one can construct the V oronoi diagram of and preproit for p oint-lo cation queries in ( log ) time [ ]. F or higher dimensions,

[ ] presented a data structure of size ( ) that can answer a in 2 log time. The query time can b e improved to ( log ), using a hnique of Meiser [ ].

nearest-neighb or query for a set of p oints under the Euclidean metric can e formulated as an instance of the ray-sho oting problem in a convex p olyhedron

, as follows. W e map each p oint = ( ) to a hyp erplane ^ in which is the graph of the function ) = 2 + + 2 ( + + ) is a closest neighb or of a p oint = ( ) if and only if

) = max ( ) is, if and only if is the first hyp erplane intersected by the vertical ray ( ) from the p oint ( 0) in the negative -direction. If we define

( ) ( ) , then is the nearest neighb or if and only if the intersection p oint of ( ) and lies on the graph of .

us a nearest-neighb or query can b e answered in time roughly using ⌋ ⌊ ⌋ al. S d/ d/ O n P ANKAJ K. AGAR W AL AND JEFF ERICKSON 2 1 2 (log ) m k d d n ⃗ v ⃗ v d n O n n/m n O m ρ eρ n/ m n O m n S ρ C2

, AMN ,Cl4, IM, Kl, KSFSP

, Yi

HjS, KSFSP, KK , FL, HaT , RKV, Sp BBBKK

BBKK, PM, Cle

Linear programming queries.

Segment dragging queries.

, ST ) space. This approach can b e extended to answer farthest-neighb or and - b or queries also. In general, if we have an efficient data structure for ering disk-emptiness queries for disks under a given metric , we can apply searching [ ] or Chan’s randomized reduction [ ] to answer nearestb or queries under the -metric, provided the data structure satisfies certain d assumptions [ ].

that the query time of the ab ove approach is exp onential in , so it is even for mo derate v alues of (say 10). This has lead to the develt of algorithms for finding approximate nearest neighb ors [ or for sp ecial cases, such as when the distriof query p oints is known in adv ance [ ].

of wide applications of nearest-neighb or searching, many heuristics ve b een develop ed, esp ecially in higher dimensions. These algorithms use practidata structures describ ed in Section 3, including -trees, R-trees, R -trees, and ert R-trees; see , [ ]. White

Jain [ ] describ ed a v ariant of R-tree for answering nearest-neighb or queries which they use spheres instead of rectangles as enclosing regions. This approach as further extended by Katayama and Satoh [ ]. Berchtold [ ] t a parallel algorithm for nearest-neighb or searching. F or large input sets, desires an algorithm that minimizes the numb er of disk accesses. Many of the mentioned ab ove try to optimize the I/O efficiency

, though none of them es any p erformance guarantee. A few recent pap ers [ ] the efficiency of some of the heuristics, under certain assumptions on the b e a set of halfspaces in . W e to prepro cess into a data structure so that for a direction vector , we can the first p oint of in the direction . F or 3, such a query can e answered in (log ) time using ( ) storage, by constructing the normal diaof the convex p olytop e and prepro cessing it for p oint-lo cation queries.

or higher dimensions, Matou ˇ sek [ ] showed that, using multidimensional parasearching and a data structure for answering halfspace emptiness queries, a ing query can b e answered in (( ) p olylog ) with ( )

Recently Chan [ ] has describ ed a randomized pro cedure whose exp ected time is 2 , using linear space.

ces s a set of ob jects in the plane that for a query segment and a ray , the first p osition at which intersects any ject of as it is translated (dragged) along can b e determined quickly

. This can b e answered in (( ) p olylog ) time, with ( ) storage, using t intersection-searching structures and parametric searching. Chazelle [ ] ve a linear-size, (log ) query-time data structure for the sp ecial case in which a set of p oints, is a horizontal segment, and is the vertical direction. Instead dragging a segment along a ray

, one can ask the same question for dragging a more complex tra jectory (along a curve and allowing b oth translation and

These problems arise quite often in motion planning and manufacturing.

[ ] for a few such examples.

RANGE SEARCHING AND ITS RELA

TIVES 45

Concluding remarks Sam2 Ch9 G ¨ ut M7 NW2 c omp ar ative analysis of some two-dimensional or derometric p artitioning and its applic ations ay sho oting and other applic ations of sp anning tr e es with low stabbing er se ar ch- with line ar c onstr aints envelop e s in four dimensions with ations stabbing b ounds in thr e e dimensions ertic al de c omp osition of shal low levels in arr angements and its applic ations oting and p ar ametric se ar ch r ange se ar ching with semialgebr aic sets half-sp ac e r ange r ep orting and its applic a- ations of a new sp ac e p artitioning te chnique oting amidst c onvex p olygons in oting amidst c onvex p olyhe dr a and p olyhe dr al ains in thr e e dimensions ations of p ar ametric se ar ching in ometric optimization D. J. Ab el and D. M. Mark,

Intl. J. Geographic Informations Systems 4 (1990), 21–31. P

. K. Agarwal, , Computational Geometry:

ap ers from the DIMACS Sp ecial Y ear (J. E. Go o dman, R. Pollack, and W. Steiger,

American Mathematical So ciety

, Providence, RI, 1991, pp. 1–37. P

. K. Agarwal,

SIAM J. Comput. 21 (1992), 540–570. P . K. Agarwal, L. Arge, J. Erickson, P

. G. F ranciosa and J. S. Vitter,

Pro c. 17th Annu. ACM Symp os. Principles of Database

1998, to app ear. P

. K. Agarwal, B. Aronov and M. Sharir,

Pro c. 10th Annu. ACM Symp os. Comput. Geom., 1994, pp. 348–358. P . K. Agarwal, B. Aronov and S. Suri, , Pro c.

Annu. ACM Symp os. Comput. Geom., 1995, pp. 267–276. P . K. Agarwal, A. Efrat and M. Sharir, , Pro c. 11th Annu. ACM Symp os.

Geom., 1995, pp. 39–50. P

. K. Agarwal and J. Matou ˇ sek, , SIAM J. Comput.

(1993), 794–806. P

. K. Agarwal and J. Matou ˇ sek, , Discrete

Geom. 11 (1994), 393–418. P ˇ sek,

Algorithmica 13 (1995), 325–345. P

. K. Agarwal and M. Sharir, ,

Comput. Geom. 9 (1993), 11–38. P

. K. Agarwal and M. Sharir, 2 , J. Algo-

21 (1996), 508–519. P

. K. Agarwal and M. Sharir,

SIAM J. Comput. 25 (1996), 100–116. P

. K. Agarwal, M. Sharir and S. T oledo,

J. Algorithms 17 (1994), 292–318.

this survey pap er we reviewed b oth theoretical and practical data structures range searching. Theoretically optimal or near-optimal data structure s are wn for most range searching problems. However, from a practical standp oint, searching is still largely op en; known data structures are rather complicated do not p erform well in practice, esp ecially as the dimension increases. Lower ounds suggest that we cannot hop e for data structures that do significantly b etter the na ¨ ıve algorithm in the worst case (and for some problems, even in the verage case), but it is still an interesting op en question to develop simple data that work well on typical inputs, esp ecially in high dimensions.

we saw in this survey

, range-searching data structures are useful for other hing problems as well. In the quest for efficient range-searching structures , researche rs have discovered several elegant geometric techniques have enriched computational geometry as a whole. It is imp ossible to describ e a survey pap er all the known techniques and results on range searching and applications to other geometric problems. W e therefore chose a few of these hniques that we thought were most interesting. F or further details, we refer interested reader to the b o oks by Mulmuley [ ], Preparata and Shamos

], and Samet [ ], and the survey pap ers by Chazelle [ ], G ¨ uting [ ], ˇ sek [ ], and Nievergelt and Widma yer [ ]. P ANKAJ K. AGAR W AL AND JEFF ERICKSON and c onne cted c omp onent interse ction ar chingction queries in curve d cts query-r etrieval pr oblems by c om- acting V or onoi diagr ams the difficulty of r ange se ar ching

Buffer T r e e: A new te chnique for optimal I/O-algorithms interval management in external memory ver age -c ase r ay sho oting and minimum weight triangulathe zone of a surfac e in a hyp erplane angement lgorithms for fast ve ctor quantization oximate ne ar est neighb or queries in fixe d dimensions oximate r ange se ar ching c c ounting for b oundary effe cts in ne ar est or se ar ching n optimal alfor appr oximate ne ar est neighb or se ar ching ac e fil ling curves and their use the design of ge ometric data structur es artitionable p oint sets tr e es: A hier ar chical r epr esentation for curves a se quenc e into few monotone subse quenc es ariations on r ay sho oting ganization of lar ge or der e d indexes atial priority se ar ch: An ac c ess te chnique sc aleless maps

R -tr e e: An efficient r obust ac c ess metho d for p oints and r e ctangles ower b ounds on algebr aic r andom ac c ess machines is a “p ointer machine”?

ounds for algebr aic c omputation tr e es P . K. Agarwal and M. v an Kreveld,

Algorithmica 15 (1996), 626–660.

O] P

. K. Agarwal, M. v an Kreveld and M. Overmars,

J. Algorithms 15 (1993), 229–266. A. Aggarwal, M. Hansen and T. Leighton,

Pro c. 22nd Annu. ACM Symp os. Theory Comput., 1990,

331–340. A. V. Aho, J. E. Hop croft and J. D. Ullman, The Design and Analysis of Computer

Addison-W esley

, Reading, MA, 1974. A. Andersson and K. Swanson, , Comput. Geom.

Appl. 8 (1997), 115–122. M. Anthony and N. Biggs, Computational Learning Theory

, Cambridge University

Cambridge, UK, 1992. L. Arge, , Pro c. 4th orkshop Algorithms Data Struct., Lecture Notes Comput. Sci., vol. 955, Springererlag, 1995, pp. 334–345.

V] L. Arge and J. S. Vitter, , Pro c.

Annu. IEEE Symp os. F ound. Comput. Sci., 1996, pp. 560–569.B. Aronov and S. F ortune,

Pro c. 13th Annu. Symp os. Comput. Geom., 1997, pp. 203–212.

B. Aronov, M. Pellegrini and M. Sharir,

Discrete Comput. Geom. 9 (1993), 177–186. S. Arya and D. M. Mount, , Data Compression

IEEE Press, 1993, pp. 381–390. S. Arya and D. M. Mount, , c. 4th ACM-SIAM Symp os. Discrete Algorithms, 1993, pp. 271–280.

S. Arya and D. M. Mount, , Pro c. 11th Annu. ACM os. Comput. Geom., 1995, pp. 172–181. S. Arya, D. M. Mount and O. Narayan,

Discrete Comput. Geom. 16 (1996), 155–176.

S. Arya, D. M. Mount, N. S. Netanyahu, R. Silverman and A. W u, Pro c. 5th ACM-SIAM Symp os.

Algorithms, 1994, pp. 573–582.

WW] T. Asano, T. Ro os, P

. Widmayer and E. W elzl,

Pro c. 2nd Latin Amer. Symp os. Theoret.

ics, Lecture Notes Comput. Sci., vol. 911, Springer-V erlag, 1995, pp. 36–48.

D. Avis, , Inform. Pro cess. Lett. 19 (1984), 125–129.

D. H. Ballard, , Commun. ACM,

(1981), 310–321. R. Bar-Y ehuda and S. F ogel, , echnical Rep ort 640, T echnion I IT, Haifa, Israel, 1990.

R. Bar-Y ehuda and S. F ogel, , Algorithmica 11 (1994),

R. Bayer and McCreight, , Acta Inform. 1 (1972),

B. Becker, H. W. Six and P

. Widmayer,

Pro c. ACM SIGMOD Conf. on Managemen t of Data, 1991, pp.

N. Beckmann, H.-P

. Kriegel, R. Schneider and B. Seeger,

Pro c. ACM SIGMOD Conf. on t of Data, 1990, pp. 322–331. A. M. Ben-Amram, , Pro c. 22nd ternat. Collo q. Automata Lang. Prog., Lecture Notes Comput. Sci., vol. 944, -V erlag, 1995, pp. 360–371. A. M. Ben-Amram, , SIGACT News 26 (1995), 88–95.

M. Ben-Or, , Pro c. 15th Annu. ACM os. Theory Comput., 1983, pp. 80–86.

RANGE SEARCHING AND ITS RELA

TIVES 47 binary se ar ch tr e es use d for asso ciative se ar ching divide-and-c onque r structur es for r ange se ar ching c omp osable se ar ching pr oblems I: Static-to-dynamic ansformation ast p ar al lel se ar ch in multime dia datab ases c ost mo del for ne ar est neighor se ar ch in high-dimensional data sp ac e X-tr e e: An index structur e for higher data ac e-fil ling curves: Their gener ation and their applic ation to b andwidth e ductione arnablility and the apnik-Chervone nkis dimension upp er b ounds for gener alize d ction se ar ching pr oblems r esults on interse ction query oblems har d is halfsp ac e r ange se ar ching?

d-dimensional line ar pr o gr amming queries made e asy ometric applic ations of a r andomize d optimization te chnique se ar ch: A new appr o ach to query-answering on a fr e e tr e e via c omplexity-pr e serving mappings n algorithm for se gment-dr agging and its implementation functional appr o ach to data structur es and its use in multidimensional ar chingower b ounds on the c omplexity of p olytop e r ange se ar ching ower b ounds for ortho gonal r ange se ar ching, I: The r ep orting c ase ounds for ortho gonal r ange se ar ching, II: The arithmetic mo del hyp erplanes for divide-and-c onqu er ge ometry: A r etr osp e ctive sp e ctr al appr o ach to lower b ounds ounds for off-line r ange se ar ching upp er b ounds for neighb or ching J. L. Bentley , , un. ACM 18 (1975), 509–517. J. L. Bentley

, , Commun. ACM 23 (1980), 214–

J. L. Bentley and J. H. F riedman, , ACM Comput.

11 (1979), 397–409. J. L. Bentley and J. B. Saxe,

J. Algorithms 1 (1980), 301–358.

S. Berchtold, C. B¨ ohm, B. Barunm ¨ uller, D. A. Keim and H.-P

. Kriegel,

Pro c. ACM SIGMOD Conf. on Managemen t Data, 1997, pp. 1–12. S. Berchtold, C. B¨ ohm, D. A. Keim and H.-P

. Kriegel,

Pro c. 16th Annu. ACM Symp os. Principles

Database Syst., 1997, pp. 78–86. S. Berchtold, D. A. Keim and H.-P

. Kriegel,

Pro c. 22th VLDB Conference, 1996, pp. 28–39. T. Bially , IEEE T rans. Inform. Theory 15 (1969), pp. 658–664.

A. Blumer, A. Ehrenfeuch t, D. Haussler and M. W armuth,

J. ACM 36 (1989), 929–965. P . Bozanis, N. Ktsios, C. Makris and A. Tsak alidis,

Pro c. 22nd Internat. Collo q. Auto. Lang. Program.,

Notes in Comput. Sci., vol. 944, 1995, pp. 464–475. P . Bozanis, N. Ktsios, C. Makris and A. Tsak alidis, unpublished manuscript, 1996. H. Br¨ onnimann, B. Chazelle and J. Pach, ,

Comput. Geom. 10 (1993), 143–155. P

. B ¨ urgisser, M. Clausen and M. A. Shokrollahi, Algebraic Complexit y Theory , ren der mathematisc hen Wissenschaften, vol. 315, Springer-V erlag, 1996. T. M. Chan, , Pro c. 12th u. ACM Symp os. Comput. Geom., 1996, pp. 284–290. T. M. Chan, , Pro c.

Annu. ACM Symp os. Comput. Geom., 1998, to app ear. B. Chazelle, , SIAM J. Comput.

(1986), 703–724. B. Chazelle, , Algorith-

2 (1987), 337–361. B. Chazelle, , Algorithmica

(1988), 205–221. B. Chazelle,

SIAM J. Comput. 17 (1988), 427–462. B. Chazelle, , J. Amer.

So c. 2 (1989), 637–666. B. Chazelle, , J.

CM 37 (1990), 200–212. B. Chazelle, ,

ACM 37 (1990), 439–463. B. Chazelle, , Discrete Comput. Geom.

(1993), 145–158. B. Chazelle, , Pro c. 26th Annu. ACM Symos. Theory Comput., 1994, pp. 75–94. B. Chazelle, , Pro c. 35th Annu. IEEE Symp os.

ound. Comput. Sci., 1994, pp. 674–682. B. Chazelle, , Discrete Comput. Geom. 17 pp. 53–65. B. Chazelle, R. Cole, F. P

. Preparata and C. K. Y ap, Inform. Control 68 (1986), 105–124. P ANKAJ K. AGAR W AL AND JEFF ERICKSON solutions for a class of p oint r etrieval oblems ar sp ac e data structur es for two typ es of r ange ar chay sho oting in p olygons using ge o desic triangulations singly-exp onential str at- ation scheme for r e al semi-algebr aic varieties and its applic ations singly-exp onential str atifi- e al semi-algebr aic varieties and its applic ations width, closest p air and p ar ametric se ar ching in sp ac e: and algorithms deterministic view of r andom sampling and its use in ometry lo c ation among hyp erplanes and unidir e ctional ay-sho oting r actional c asc ading: I. A data structuring te chnique and interse ction pr oblems in plane ge ometry p ower of ge ometric duality ac e r ange se ar ch: An algorithmic applic ation

-sets p artial sums in multidimensional arr ays r ange r ep orting on a p ointer machine upp er b ounds for simplex r ange ching and new zone the or ems r ange se ar ching in sp ac es of finite VCdynamic algorithms for some ge ometric inction pr oblems lgorithms for r ay-sho oting and interse ction se ar ching algorithms in c omputational ge ometry applic ations of r andom sampling in c omputational ge ometry r andomize d algorithm for closest-p oint queries andomize d ge ometric algorithms n algorithm for appr oximate closest-p oint queries est neighb or queries in metric sp ac es ations of r andom sampling in c omputational ometry, II B. Chazelle and H. Edelsbrunner,

J. Symb olic Comput. 1 (1985), 47–56. B. Chazelle and H. Edelsbrunner,

Discrete Comput. Geom. 2 (1987), 113–126.

] B. Chazelle, H. Edelsbrunner, M. Grigni, L. J. Guibas, J. Hershb erger, M. Sharir and

Sno eyink, , Algorithmica

(1994), 54–68. B. Chazelle, H. Edelsbrunner, L. J. Guibas and M. Sharir,

Pro c. 16th ternat. Collo q. Automata Lang. Program., Lecture Notes Comput. Sci., vol. 372, -V erlag, 1989, pp. 179–192. B. Chazelle, H. Edelsbrunner, L. J. Guibas and M. Sharir,

Theoret. Comput.

84 (1991), 77–105. B. Chazelle, H. Edelsbrunner, L. J. Guibas and M. Sharir,

Discrete Comput. Geom. 10 (1993), 183–196.

B. Chazelle, H. Edelsbrunner, L. J. Guibas, M. Sharir and J. Stolfi,

Algorithmica 15 (1996), 428–447. B. Chazelle and J. F riedman,

Combinatorica 10 (1990), 229–249. B. Chazelle and J. F riedman,

Comput. Geom. Theory Appl. 4 (1994), 53–62. B. Chazelle and L. J. Guibas, , a 1 (1986), 133–162. B. Chazelle and L. J. Guibas, ,

Comput. Geom. 4 (1989), 551–581. B. Chazelle, L. J. Guibas and D. T. Lee, , BIT,

(1985), 76–90. B. Chazelle and F. P

. Preparata,

Discrete Comput. Geom. 1 (1986), 83–93. B. Chazelle and B. Rosenb erg, , c. 5th Annu. ACM Symp os. Comput. Geom., 1989, pp. 131–139.

B. Chazelle and B. Rosenb erg, , Comput.

Theory Appl. 5 (1996), 237–247. B. Chazelle, M. Sharir and E. W elzl,

Algorithmica 8 (1992), 407–429. B. Chazelle and E. W elzl,

Discrete Comput. Geom. 4 (1989), 467–489. S. W. Cheng and R. Janardan,

Inform. Pro cess. Lett. 36 (1990), 251–258. S. W. Cheng and R. Janardan, ,

Algorithms 13 (1992), 670–692. Y.-J. Chiang and R. T amassia, , Pro c.

80 (1992), 1412–1434. K. L. Clarkson, ,

Comput. Geom. 2 (1987), 195–222. K. L. Clarkson, , SIAM J. Comput.

(1988), 830–847. K. L. Clarkson, , Computing in Euclidean Geometry

Du and F. K. Hwang, eds.), Lecture Notes Series on Computing, vol. 1, W orld tific, Singap ore, 1992, pp. 117–162. K. L. Clarkson, , Pro c. 10th Annu.

CM Symp os. Comput. Geom., (1994), pp. 160–164. K. L. Clarkson, , Pro c. 29th Annu. ACM os. Theory Comput., (1997), pp. 609–617. K. L. Clarkson and P

. W. Shor,

Discrete Comput. Geom. 4 (1989), 387–421. n 695 RANGE SEARCHING AND ITS RELA

TIVES 49 nalysis of an algorithm for finding ne ar est neighb ors in Euclide an sp ac e p oint sets in dimensions ometric r etrieval pr oblems ubiquitous B-tr e e weighte d ne ar est neighb or algorithm for le arning with olic fe atur es ar est neighb or p attern classific ation ertic al de c omp ositions for triangles in ac e surfac e r emoval for -oriente d p olyhe dr a ganizing p oint sets in two and thr e e dimensions se ar ching c onvoand c omputing depth of c ol lision e of ge ometric extr ema e se ar ching for interse cting obje cts line ar algorithm for determining the sep ar ation c onvex p olyhe dr a the sep ar ation of pr epr o c esse d p oly- dr a – A unifie d appr o ach r epr esenting arr angements of lines or se gments cting sets of p oints in two and thr e e dimensions interse ction se ar ch- sp ac e-optimal solution of gener al r e gion lo c ation d dynamic solutions to de c omp o sable ching pr oblemsr ange se ar ch in line ar sp ac e and time data structur es for fat cts and their applic ations c ombinatorial pr oblem in ge ometry lower b ounds for halfsp ac e emptiness lower b ounds for Hop cr oft’s pr oblem e-time tr ade offs for emptiness queries J. G. Cleary , , CM T rans. Math. Softw. 5 (1979), 183–192. R. Cole, 4 , Pro c. 12th Internat. Collo q. Au-

Lang. Program., Lecture Notes Comput. Sci., vol. 194, Springer-V erlag, 1985,

111–119. R. Cole and C. K. Y ap, , Inform. Control 63 (1984),

D. Comer, , ACM Comput. Surv. 11 (1979), 121–137.

S. Cost and S. Salzb erg,

Machine Learning 10 (1993), 57–67. T. Cover and P

. E. Hart, , IEEE T rans. Inform.

13 (1967), 21–27. M. de Berg, L. J. Guibas and D. Halp erin,

, Discrete Comput. Geom. 15 (1996), 35–61.

M. de Berg and M. Overmars, , Com-

Geom. Theory Appl. 1 (1992), 247–268. D. Dobkin and H. Edelsbrunner, , ech. Rep ort F130, Inst. Informationsverarb., T ech. Univ. Graz, Graz, Austria, 1984.

D. Dobkin, J. Hershb erger, D. Kirkpatric k and S. Suri,

Pro c. 1st Annu. SIGAL Internat. Symp os.

Lecture Notes Comput. Sci., vol. 450, Springer-V erlag, 1990, pp. 165–180. D. Dobkin and S. Suri, , J. ACM 38 (1991), 275–298.

D. P

. Dobkin and H. Edelsbrunner, , J. Algo-

8 (1987), 348–361. D. P

. Dobkin and D. G. Kirkpatrick,

J. Algorithms 6 (1985), 381–392. D. P

. Dobkin and D. G. Kirkpatrick,

Pro c. 17th Internat. Collo q. Automata Lang. Program.,

Notes Comput. Sci., vol. 443, Springer-V erlag, 1990, pp. 400–413.

R. O. Duda and P

. E. Hart, Pattern Classification and Scene Analysis, Wiley Inter-

New Y ork, NY, 1973. H. Edelsbrunner, Algorithms in Combinatorial Geometry

, EA

TCS Monographs on

Computer Science, vol. 10, Springer-V erlag, Heidelb erg, W est Germany , ] H. Edelsbrunner, L. J. Guibas, J. Hershb erger, R. Seidel, M. Sharir, J. Sno eyink and W elzl, , Discrete Comput.

4 (1989), 433–466. H. Edelsbrunner and F. Hub er, , ort F138, Inst. Informationsverarb., T ech. Univ. Graz, Graz, Austria, 1984.

H. Edelsbrunner, D. G. Kirkpatric k and H. A. Maurer,

Inform. Pro cess. Lett. 14 (1982), 74–79. H. Edelsbrunner and H. A. Maurer, ,

Comput. Sci. 16 (1981), 329–336. H. Edelsbrunner and M. H. Overmars,

J. Algorithms 6 (1985), 515–542. H. Edelsbrunner and E. W elzl, ( )

Inform. Pro cess. Lett. 23 (1986), 289–293.

A. Efrat, M. J. Katz, F. Nielsen and M. Sharir,

Pro c. 5th W orkshop Algorithms Data Struct., 1997,

297–306. P

. Erd˝ os and G. Szekeres, , Comp ositio Math.

(1935), 463–470. J. Erickson, , 37th Annu. IEEE Symp os.

ound. Comput. Sci., 1996, pp. 472–481. J. Erickson, , Discrete Comput. Geom.

(1996), 389–418. J. Erickson, , Pro c. 13th Annu. ACM Symos. Comput. Geom., 1997, pp. 304–313. P ANKAJ K. AGAR W AL AND JEFF ERICKSON -tr e e: A multi-attribute index orting c oncurr ency, r e c overy and no de c onsolidation ay c o des for p artial match and r ange queries nalysis of -dimensional quadtr e es using the Hausdorff actal dimension astMap: A fast algorithm for indexing, data-mining and of tr aditional and multime dia datab ases ast subse quenc e matching in datab ases A sp atial ac c ess metho d using fr actals r actals for se c ondary key r etrieval tr e es: a data structur e for r etrieval on c omp osite assing the information the or etic b ound with tr e es c omplexity of maintaining an arr ay and c omputing its p artial ent c omplex ity of r ange query pr oblems inher ent c omplexity of dynamic data structur es which ac c ommo- r ange queries lower b ound on the c omplex ity of ortho gonal r ange queries ower b ounds on the c omplexity of some optimal data structur es c omplexity of p artial match r etrieval in a setting

BANG file: a new kind of grid file gener al solution of the -dimensional B-tr e e pr oblem n algorithm for finding b est matches lo garithmic exp e cted time visible surfac e gener ation by a priori tr e e eso c essing queries by line ar onstr aints ometric tr ansversal the ory r ay sho oting and shortest p aths via b al- e d ge o desic triangulations cub e: A r elational aggr e gation er ator gener alizing gr oup-by, cr oss-tab, and sub-totalsG. Ev angelidis, D. B. Lomet, and B. Salzb erg, hB

VLDB Journal 6 (1997), C. F aloutsos, , IEEE T rans. Softw.

44 (1988), 1381–1393.

G] C. F aloutsos and V. Gaede,

Pro c. 22nd VLDB Conference, 1996, pp. 40–50. C. F aloutsos and K.-I. Lin,

Pro c. ACM SIGMOD Conf. on t of Data, 1995, pp. 163–173. C. F aloutsos, M. Ranganathan and Y. Manolop oulos,

Pro c. ACM SIGMOD Conf. on Management of Data, 1994, pp.C. F aloutsos and Y. Rong, , Pro c. 7th

Internat. Conf. on Data Engineering, 1991, pp. 152–158.C. F aloutsos and S. Roseman, , Pro c. ACM SIG-

Conf. on Management of Data, 1989, pp. 247–252. R. A. Finkel and J. L. Bentley , Acta Inform. 4 (1974), 1–9.

J. D. F oley

, A. v an Dam, S. K. F einer and J. F. Hughes, Computer Graphics: Principles

Practice, Addison-W esley

, Reading, MA, 1990. F. W. F redman and D. E. Willard,

J. Comput. Syst. Sci. 48 (1993), 424–436.

r] M. L. F redman,

J. ACM 29 (1979), 250–260.

r2] M. L. F redman, , Pro c. 17th Allerton

Commun. Control Comput., 1979, pp. 231–240.

r3] M. L. F redman,

Pro c. 21st Annu. IEEE Symp os. F ound. Comput. Sci., 1980, pp.

r4] M. L. F redman, , J. ACM

(1981), 696–705.

r5] M. L. F redman, ,

J. Comput. 10 (1981), 1–10. M. L. F redman and D. J. V olp er,

J. Algorithms 3 (1982), 68–78.

re] H. F reeston, , Pro c. ACM SIGMOD Conf. on t of Data, 1987, pp. 260–269.

ree] M. F reestone, , Pro c. ACM

Conf. on Management of Data, 1995, pp. 80–91.

J. H. F riedman, J. L. Bentley and R. A. Finkel,

ACM T rans. Math. Softw. 3 (1977), 209–226.H. F uchs, Z. M. Kedem and B. Naylor,

Comput Graph. 14 (1980), 124–133. Pro c. SIGGRAPH ’80. A. S. Glassner (ed.), An Intro duction to Ray T racing, Academic Press, 1989.

J. Goldstein, R. Ramakrishnan, U. Shaft and J.-B. Y u, Pro c. 16th Annu. ACM Symp os. Principles Database Syst., 1997, pp.

J. E. Go o dman, R. Pollack and R. W enger, , New T rends

Discrete and Computational Geometry (J. Pach, ed.), Springer-V erlag, Heidelb erg, y , 1993, pp. 163–198. M. T. Go o drich and R. T amassia,

Pro c. 9th Annu. ACM Symp os. Comput. Geom., 1993,

318–327. J. Gray

, A. Bosworth, A. Layman and H. Patel,

Pro c. 12th IEEE Internat.

on Data Engineering, 1996, pp. 152–159.

d RANGE SEARCHING AND ITS RELA

TIVES 51 n implementation and p erformanc e analysis of sp atial data ac c ess methds lower b ounds for c omputation tr e es with tr ansc endental function gates splitting and mer ging algorithms for or der c omp osab le pr oblems ay sho oting, implicit p oint lo c ation, r elate d queries in arr angements of se gments design of the c el l tr e e: An obje ct oriente d index structur e for ge o- data b ases r e e b ase d ac c ess metho ds for sp atial datab ases: Impleand p erformanc e evaluation sele ction for OLAP algorithms for gener alize d interse c- se ar ching on non-iso-oriente d obje cts interse ction se ar ching pr oblems involving d obje cts urther r esults on gener alize d interse ction ar ching pr oblems: c ounting, r ep orting and dynamization n intr o duction to sp atial datab ase systems e es: A dynamic index structur e for sp atial se ar ching ast algorithms for finding ne ar est c ommon anc estors data cub es efficiently adaptive ne ar est neighb or classific ation and simplex r ange queries the analysis of indexing oving the p erformanc e of multi-dimensional ac c ess structur es b ase d -tr e es p e destrian appr o ach to r ay sho oting: Sho ot a r ay, take walk grid file system: Implementation and c ase studies of applic ations anking in sp atial datab ases ange queries in OLAP data cub es queries in OLAP data cub es using overing c o des D. Greene,

Pro c. 5th IEEE Internat. Conf. on Data Engineering, 1989, pp. 606–615.

L. Greengard, The Rapid Ev aluation of Potential Fields in Particle Systems, MIT

Cambridge, MA, 1988. D. Grigoriev and N. V orob jov,

Theoret. Comput. Sci. 157 (1996), 185–214. R. Grossi and G. F. Italiano,

Pro c. 24th Internat. Collo q. Automata, Lang. Prog., Lecture

Comput. Sci., vol. 1256, Springer-V erlag, 1997, pp. 605–615.

L. J. Guibas, M. H. Overmars and M. Sharir,

Rep ort 433, Dept. Comput. Sci., Y ork Univ., New Y ork, NY, Mar. 1989. ¨ u] O. G ¨ unther,

Pro c. 5th IEEE Internat. Conf. on Data Engineering, 1989, pp.

O. G ¨ unther and J. Bilmes,

IEEE T rans. Knowledge and Data Engineering

(1991), 342–356.

U] H. Gupta, V. Harinarayan, A. Ra jaraman and J. D. Ullman, , c. ACM SIGMOD Conf. on Managemen t of Data, 1996, pp. 205–216. P . Gupta, R. Janardan and M. Smid,

Pro c. 10th Annu. ACM Symp os. Comput.

1994, pp. 369–378. P

. Gupta, R. Janardan and M. Smid,

Pro c. 4th Scand. W orkshop Algorithm Theory

, Lecture Notes Comput.

vol. 824, Springer-V erlag, 1994, pp. 183–194.P

J. Algorithms, 19 (1995), ¨ ut] R. G ¨ uting, , VLDB Journal 4 (1994), 357–

A. Guttman, , Pro c. ACM

CT-SIGMOD Conf. Principles Database Systems, 1984, pp. 47–57. D. Harel and R. E. T arjan, ,

J. Comput. 13 (1984), 338–355.

U] V. Harinarayan, A. Ra jaraman and J. D. Ullman, , c. 13th IEEE Internat. Conf. on Data Engineering, 1997, pp. 208–219.

T. Hastie and R. Tibshirani, , T rans. Pattern Anal. Mach. Intell. 18 (1996), 607–616.D. Haussler and E. W elzl, , Discrete Comput. Geom.

(1987), 127–151. J. H. Hellerstein, E. Koustsoupias and C. H. Papadimtriou,

Pro c. 16th Annu. ACM Symp os. Principles of Database Syst., 1997, pp. 249– A. Henrich,

Pro c. 12th IEEE Intl. Conf. on Data Engineering, 1996, pp. 68–74.

J. Hershb erger and S. Suri,

J. Algorithms 18 (1995), 403–431. K. H. Hinrichs, , thesis, Dept. Information Science, ETH, Z ¨ urich, 1985. G. R. Hjaltason and H. Samet, , Adv ances in Spatial - F ourth International Symp osium, Lecture Notes Comput. Sci., no. 951,

1995, pp. 83–95. C.-T. Ho, R. Agrawal, N. Megiddo and R. Srik ant, , t of Data, 1997, pp. 73–88.

C.-T. Ho, J. Bruck and R. Agrawal,

Pro c. Annu. ACM Symp os. Principles Database Syst., 1997, pp. 228– P ANKAJ K. AGAR W AL AND JEFF ERICKSON qualitative c omp arison study of data structur es for lar ge se gment datab ases sort, a multidimensional binary sorting metho d for r e ctangular oxes, use d for quick r ange se ar ching al ly or der pr eserving multidimensional ar hashinggrid files: Sp ac e optimizing ac c ess ortho gonal se gment interse ction se ar ch oximate ne ar est neighb ors: T owar ds r emoving the of dimensionality o c ality-pr eserving hashing in sp ac e ar clustering of obje cts with multiple attributes alize d interse ction se ar ching pr oblems al lel R-tr e es p acking R-tr e es ert R-tr e e: An impr ove d R-tr e e using fr actals for data dels with c onstr aints and classes

SR-tr e e: An index structur e for high-dimensional ar est-neighb or queriesstructur es for r etrieval on squar e grids vertic al r ay sho oting and 2-D p oint enclosur e, r ange se ar ching, and c sho oting amidst c onvex fat obje cts dynamic fixe d windowing pr oblem algorithms for ne ar est-neighb or se ar ch in high dimension est neighb or filters for multivariate data lmost tight b ounds for -nets ast ne ar est or se ar ch in me dic al image datab ase or der pr eserving line ar hashing with artial exp ansions grid files interse ctions of r e ctangles by r ange se ar ch E. G. Ho el and H. Samet,

Pro c. ACM SIGMOD Conf. on Managemen t of Data, 1992,

205–214. P

. Houthuys,

Visual Comput. 3 (1987), pp. 236–249.A. Hutflesz, H.-W. Six and P

. Widmayer,

Pro c. 4th Intl. Conf. on Data Engineering, 1988, pp. 572–579.

A. Hutflesz, H.-W. Six and P

. Widmayer,

Pro c. ACM SIGMOD Conf. on Management of Data, 1988, pp. 183–190.

H. Imai and T. Asano, , J. Algorithms

(1987), 1–18. P

. Indyk and R. Motwani,

Pro c. 30th Annu. ACM Symps. Theory of Comput., 1998, to ear.

V] P

. Indyk, R. Motwani, P

. Raghav an and S. V empala,

Pro c. 29th Annu. ACM Symp os. Theory Comput., 1997, pp. H. V. Jagdish, , Pro c. ACM SIG-

Conf. on Management of Data, 1990, pp. 332–342. R. Janardan and M. Lop ez, , Internat. J.

Geom. Appl. 3 (1993), 39–69. I. Kamel and C. F aloutsos, , Pro c. ACM SIGMOD Conf. on Managet of Data, 1992, pp. 195–204. I. Kamel and C. F aloutsos, , Pro c. 2nd Internat. Conf. on Informaand Knowledge Management, 1993, pp. 490–499. I. Kamel and C. F aloutsos, , Pro c.

VLDB Conference, 1994, pp. 500–510.

VV] P

. C. Kanellakis, S. Ramaswamy

, D. E. V engroff and J. S. Vitter,

Pro c. 12th ACM SIGACT-SIGMOD-SIGAR T Princ. Database Sys., 1993, pp. 233–243. N. Katayama and S. Satoh,

Pro c. ACM SIGMOD Conf. on Management of Data, 1997,

369–380. M. D. Katz and D. J. V olp er, , SIAM J.

15 (1986), 919–931. M. J. Katz,

Research Rep ort 2583, INRIA, BP93, 06902 tip olis, F rance, 1995.

W] R. Klein, O. Nurmi, T. Ottmann and D. W o o d, , a 4 (1989), 535–550. J. Kleinb erg, , Pro c.

Annu. ACM Symp os. Theory Comput., 1997, pp. 599–608.V. Koivune and S. Kassam, , IEEE W orkon Nonlinear Signal and Image Pro cessing, 1995.

J. Koml´ os, J. Pach and G. W o eginger, , Discrete Com-

Geom. 7 (1992), 163–173.F. Korn, N. Sidirop oulos, C. F aloutsos, E. Siegel and Z. Protopapa,

Pro c. 22nd VLDB Conference, 1996, pp. H.-P

. Kriegel and B. Seeger,

Pro c. Intl. Conf. on Database Theory

, Lecture Notes Comput. Sci., ol. 243, Springer-V erlag, 1986, pp. 203–220. R. Krishnamurth y and K.-Y. W ang, , T ech. rep ort, IBM T. J.

atson Center, Y orktown Heights, NY, 1985. J.-C. Latomb e, Rob ot Motion Planning, Kluwer Academic Publishers, Boston, MA,

W] D. T. Lee and C. K. W ong, , J.

2 (1981), 337–347.

RANGE SEARCHING AND ITS RELA

TIVES 53

A simple and efficient algorithm

R-tr e e p acking

TV-tr e e: An index structur e for higher data hB-tr e e: A multiattribute indexing metho d with go o d ante e d p erformanc e data structur e for ortho gonal r ange queries for r ay tr acing using sp ac e sub division p artition tr e es ep orting p oints in halfsp ac es and c omputational ge ometry ar optimization queries vertic al r ay sho oting in arr angements ange se ar ching with efficient hier ar chic al cuttings ometric r ange se ar ching r ay sho oting in c onvex p olytop es o d splitters for c ounting p oints in triangles ancy and -appr oximations for b ounde d C-dimension se ar ch tr e es e es: A stor age metho d for long ctor data p ar al lel c omputation algorithms in the design of serial algo- fr actional c asc ading e atur e-b ased r etrieval of similar shap es lo c ation in arr angements of hyp erplanes p aths among obstacles in the plane r ay sho oting al stor age: Efficient dynamic hashing with c onstant-p erformanc e fast planar p artition algorithm, I andomize d multidimensional se ar ch tr e es: Dynamic sampling ar ch tr e es: Further r esults in dynamic

S. Leutenegger, M. A. Lop ez and J. Edington,

Pro c. 13th IEEE Internat. Conf. on Data Engineering, 1997, pp.

K. Lin, H. V. Jagdish and C. F aloutsos,

VLDB Journal 4 (1994), 517–542. D. Lomet and B. Salzb erg,

ACM T rans. Database Syst., 15 (1990), 625–658. G. S. Lueker, , Pro c. 19th Annu. IEEE os. F ound. Comput. Sci., 1978, pp. 28–34. J. MacDanold and K. Bo oth, , Visual

6 (1990), 153–166. J. Matou ˇ sek, , Discrete Comput. Geom. 8 (1992), 315–334.

J. Matou ˇ sek, , Comput. Geom. Theory Appl. 2 (1992), ˇ sek, , New T rends in Discrete and nal Geometry (J. Pach, ed.), Springer-V erlag, Heidelb erg, Germany

, 1993,

69–89. J. Matou ˇ sek, , J. Algorithms, 14 (1993), 432–448. ˇ sek, , Comput. Geom. Theory Appl.

(1993), 279–285. J. Matou ˇ sek, , Discrete Comput.

10 (1993), 157–182. J. Matou ˇ sek, , ACM Comput. Surv. 26 (1994), 421–461.

J. Matou ˇ sek and O. Schwarzkopf, , Discrete Com-

Geom. 10 (1993), 215–232. J. Matou ˇ sek and E. W elzl, , J. Algorithms

(1992), 307–319. J. Matou ˇ sek, E. W elzl and L. W ernisch,

Combinatorica 13 (1993), 455–466. E. M. McCreight, , SIAM J. Comput. 14 (1985), 257–276.

M. R. Mediano, M. A. Casanov a and M. Dreux,

Pro c. 20th VLDB Conference, 1994, pp. 321–329. N. Megiddo,

J. ACM 30 (1983), 852–865. K. Mehlhorn, Multi-dimensional Searching and Computational Geometry

, Data Strucand Algorithms, vol. 3, Springer-V erlag, Heidelb erg, W est German y , 1984.

K. Mehlhorn and S. N¨ aher, , Algorithmica 5 (1990),

H. Mehrotra and J. E. Gary

, , Pro c. 9th IEEE tl. Conf. on Data Engineering, 1996, pp. 108–115. S. Meiser, , Inform. Comput. 106 (1993),

J. S. B. Mitchell, , Pro c. 9th Annu. ACM os. Comput. Geom., 1993, pp. 308–317. J. S. B. Mitchell, D. M. Mount and S. Suri, , Pro c. 10th u. ACM Symp os. Comput. Geom., 1994, pp. 359–368. G. Morton, A computer oriented geo detic data base and a new technique in file se- , T ech. rep ort, IBM Ltd., Ottawa, Canada, 1966. R. Motwani and P

. Raghav an, Randomized Algorithms, Cambridge University Press, Y ork, NY, 1995. J. Mullin, , Com-

J. 28 (1985), 330–334. K. Mulmuley

, , J. Symb olic Comput. 10 (1990),

K. Mulmuley

, , Pro c.

Annu. ACM Symp os. Comput. Geom., 1991, pp. 121–131. , Pro c. 32nd Annu. IEEE Symp os. F ound. Comput. Sci., 1991, pp. 216–227. P ANKAJ K. AGAR W AL AND JEFF ERICKSON grid file: An adaptable, symmetmulti-key file structur e d files: Stabbing and interse ction queries on fat atial obje cts atial data structur es: Conc epts and design choic es c omp arison of sp atial query pr o c essing te chniques for native and p a- ameter sp ac es class of data structur es for asso ciative se ar ching interp olation-b ase d grid file data structur es for r ange se ar ching on a grid ange tr e es in se c ondary memory, p art I: Partitions ange se ar ching and p oint lo c ation among obje ctson ge ometric gr aph the ory tr ansformation te chnique for sp atial obje cts evisite de of ne ar est neighb or queries in R- e es binary sp ac e p artitions for hidden-surfac e emoval and solid mo deling ay sho oting on triangles in -sp ac e p oint lo c ation and motion planning among simplic es stabbing lines in -sp ac e The ory and applic ations ast -dimensional tr e e algorithms for ne ar- neighb or se ar ch with applic ations to ve ctor quantization enc o ding c aching: A te chnique for optimal external ar ching -d-B-tr e e: A se ar ch structur e for lar ge multidimensional dyindexes est neighb or queries etr e e: Or ganization of and bulk emental up dates on the data cub e K. Mulmuley

, Computational Geometry: An Intro duction Through Randomized Al-

Prentice Hall, Englewo o d Cliffs, NJ, 1994. J. Nievergelt, H. Hinterb erger and K. C. Sevcik,

ACM T rans. Database Syst., 9 (1984), 38–71. J. Nievergelt and P

. Widmayer,

Comput. J. 36 (1993), 107–116. J. Nievergelt and P

. Widmayer, , F oundations of Geographic Information Systems, Lecture Notes Comput.

vol. 1340, Springer-V erlag, 1997, pp. 153–197. J. Orenstein,

Pro c. ACM SIGMOD Conf. on Managemen t of Data, 1990, pp. 343–

J. Orenstein and T. H. Merrett, , c. ACM SIGMOD Conf. on Managemen t of Data, 1984, pp. 181–190.

M. Ouksel, , Pro c. 4th Annu. ACM Symp os. Principles

Database Syst., 1985, pp. 20–27. M. H. Overmars, The Design of Dynamic Data Structures, Lecture Notes Comput.

vol. 156, Springer-V erlag, Heidelb erg, W est Germany

, 1983. M. H. Overmars, , J. Algorithms

(1988), 254–275.

M. H. Overmars, M. H. M. Smid, M. T. de Berg and M. J. v an Kreveld,

Acta Inform. 27 (1990), 423–452. M. H. Overmars and A. F. v an der Stapp en,

Algorithms – ESA’94, Lecture Notes Comput. Sci., vol. 855, Springererlag, 1994, pp. 240–253. J. Pach, , Discrete and Computational Geometry:

ap ers from the DIMACS Sp ecial Y ear (J. E. Go o dman, R. Pollack and W. Steiger,

American Mathematical So ciety

, Providence, RI, 1991, pp. 273–285.

B.-U. Pagel, H.-W. Six and H. T ob en,

Pro c. 3rd Intl. Symp. on Large Spatial Databases, Lecture Notes Comput.

vol. 692, Springer-V erlag, 1993, pp. 73–88. A. Papadp oulos and Y. Manolop oulos,

Database Theory—ICDT’97, 6th International Conference, Lecture Notes Com-

Sci., vol. 1186, Springer, 1997, pp. 394–408. M. S. Paterson and F. F. Y ao, Discrete Comput. Geom. 5 (1990), 485–503.

e] M. Pellegrini, 3 , Algorithmica 9 (1993), 471–494.

e2] M. Pellegrini, , Pro c. 25th u. ACM Symp os. Theory Comput., 1994, pp. 95–104. M. Pellegrini and P

. Shor, 3 , Discrete Comput. Geom.

(1992), 191–208. M. Po cchiola and G. V egter, , Pro c.

Annu. ACM Symp os. Comput. Geom., 1996, pp. 291–300.F. P

. Preparata and M. I. Shamos, Computational Geometry: An Intro duction, -V erlag, New Y ork, NY, 1985. V. Ramasubramanian and K. K. Paliwal,

IEEE T rans.

Pro cessing, 40 (1992), 518–531. S. Ramaswamy and S. Subramanian,

Pro c. 13th Annu. ACM Symp os. Principles Database Syst., 1994, pp. 25–35 J. T. Robinson,

Pro c. ACM SIGACT-SIGMOD Conf. Principles Database Systems, pp. 10–18. N. Roussop oulos, S. Kelley and F. Vincent, , Pro c. ACM

Conf. on Management of Data, 1995, pp. 71–79.

N. Roussop oulos, Y. Kotidis and M. Roussop oulos, t of

1997, pp. 89–99.

RANGE SEARCHING AND ITS RELA

TIVES 55 al metho ds for adding r ange r estrictions de c omp osabl e se ar ching pr oblems c ol lision dete ction for moving p olyhe dr a maintenanc e of ge ometric structur es made e asy buddy-tr e e: An efficient and r obust ac c ess metho d sp atial data b ase systems ds analysis of r andomize d ge ometric algorithms -tr e e: A dynamic index for multiobje ctstr e es for managing sp atial data over a r ange of size anularities similarity joins cular do cking using shap e descripand statistic al datab ases: Similarities and differ enc e s lgorithms for semi-online up dates on de c omp osable pr oblems the minimal distanc e of a p oint set in less than line ar time efinements to ne ar est-neighb or se ar ching ower b ounds for algebr aic de cision tr e es lgebr aic c omplexity the ory -r ange tr e e: A new data structur e for r ange ar ching in se c ondary memory class of algorithms which r e quir e nonline ar time to maintain disjoint ac e-time tr ade offs for ortho gonal r ange queries e ctiline ar line se gment interse ction, layer e d se gment e es and dynamization r esults on data structur es in c omputational ge ometry d -d tr e es H. Sagan, Space-filling Curves, Springer-V erlag, New Y ork, NY, 1994.

G. Salton, Automatic T ext Pro cessing, Addison-W esley

, Reading, MA, 1989.

H. Samet, Applications of Spatial Data Structures: Computer Graphics, Image Proand GIS, Addison-W esley

, Reading, MA, 1990.H. Samet, The Design and Analysis of Spatial Data Structures, Addison-W esley

, Read-

MA, 1990. H. W. Scholten and M. H. Overmars,

J. Symb olic Comput. 7 (1989), 1–10. E. Sch¨ omer and C. Thiel, , Pro c.

Annu. ACM Symp os. Comput. Geom., 1995, pp. 51–60. O. Schwarzkopf, , Pro c. 32nd u. IEEE Symp os. F ound. Comput. Sci., 1991, pp. 197–206. B. Seeger and H.-P

. Kriegel,

Pro c. 16th VLDB Conference, 1990, pp. 590–601. R. Seidel, , New T rends in and Computational Geometry (J. Pach, ed.), Springer-V erlag, Heidelb erg, y , 1993, pp. 37–68. T. Sellis, N. Roussop oulos and C. F aloutsos, R

Pro c. 13th VLDB Conference, 1987, pp. 507–517.K. Sevcik and N. Koudas,

Pro c. 22nd VLDB Conference, 1996, pp. 16–27. M. Sharir and P

. K. Agarwal, Davenp ort-Schinzel Sequences and Their Geometric s, Cambridge University Press, New Y ork, 1995. K. Shim, R. Srik ant and R. Agrawal, , Pro c. 13th

Internat. Conf. on Data Engineering, 1997, pp. 301–311.

B. K. Shoichet, D. L. Bo dian and I. D. Kuntz,

J. Computational Chemistry 13 (1992), 380–397. A. Shoshani, , Pro c. ACM os. Principles of Database Syst., 1997, pp. 185–196. M. Smid, , Pro c. 2nd

Conf. Comput. Geom., 1990, pp. 347–350. M. Smid, ,

Rev. 2 (1991), 33–44. D. M. Y. Sommerville, Analytical Geometry in Three Dimensions, Cambridge Univery Press, Cambridge, UK, 1951. R. F. Sproull, , Algorithmica 6 (1991), 579–

J. M. Steele and A. C. Y ao, , J. Algorithms

(1982), 1–8. J. Stolfi, Oriented Pro jectiv e Geometry: A F ramework for Geometric Computations,

Press, New Y ork, NY, 1991. V. Strassen, , Algorithms and Complexity (J. v an Leeuwen,

Handb o ok of Theoretical Computer Science, vol. A, MIT Press, Cambridge, MA, pp. 633–672. S. Subramanian and S. Ramaswamy , Pro c. 6th ACM-SIAM Symp os. Discrete Algorithms, pp. 378–387. R. E. T arjan,

J. Comput. Syst. Sci. 18 (1979), 110–127. P

. M. V aidya, , SIAM J. Comput.

(1989), 748–758. V. K. V aishnavi and D. W o o d,

J. Algorithms 3 (1982), 160–176. M. J. v an Kreveld, , Ph.D.

n, Dept. Comput. Sci., Utrecht Univ., Utrecht, Netherlands, 1992.

O] M. J. v an Kreveld and M. H. Overmars, , Algorithmica 6 (1991), P ANKAJ K. AGAR W AL AND JEFF ERICKSON s.duke.edu,

.duke.edu, ttp://www.cs.duke.edu/ pank a j ttp://www.cs.duke.edu/ jeffe for Geometric Computing, Dep ar tment of Computer Science, Duke Univer-

Box 90129, Durham, NC 27708-012 9 atenable structur es for de c omp o sable oblems 3-d r ange se ar ching in external memory lgebr a ic c omplexity the ory unifying lo ok at data structur es tr e es for triangle c ounting and other r ange se ar ching pr oblems sp anning tr e es with low cr ossing numb ers andb emerkung en zu Hauptpr obleme n der Mathematik, II, Fundamentalsatz Ale gbra und Grund lagen der Mathematik e e-R: An adaptible o ctr e e for efficient r ay tr acing indexing with the SS-tr e e e es: Lar ge or der e d indexes for multidimensional sp ac e r etrieval ower b ounds for the addition-subtr action op er ations in ortho gonal ange queries and r elate d pr oblems ations of the fusion tr e e metho d to c omputational ge ometry and ar chingations of r ange query the ory to r elational data b ase join and ction op er ations dding r ange r estriction c ap ability to dynamic data esac e-time tr ade-off for answering r ange queries the c omplexity of maintaining p artial sums gener al appr o ach to -dimensional ge ometric queries -sp ac e p artition and its applic ations sp ac e for ange queriesstructur es and algorithms for ne ar est neighb or se ar ch in gener al sp ac es addr essaddr ess O2] M. J. v an Kreveld and M. H. Overmars,

Inform. Comput. 110 (1994), 130–148. D. E. V engroff and J. S. Vitter, , c. 28th Annu. ACM Symp os. Theory Comput., 1996, pp. 192–201.

J. von zur Gathen, , Annu. Rev. Comput. Sci., vol. 3, ual Reviews, Palo Alto, CA, 1988, pp. 317–347.

u] J. V uillemin, , Commun. ACM 23 (1980), 229–239.

E. W elzl, , c. 4th Annu. ACM Symp os. Comput. Geom., 1988, pp. 23–33.E. W elzl, , Data Structures and Efficient

Final Rep ort on the DFG Sp ecial Joint Initiative, Lecture Notes Comput.

vol. 594, Springer-V erlag, 1992, pp. 233–249.

e] H. W eyl,

Math. Z. 20 (1924), 131–151.

] K. Y. Whang, J. W. Song, J. W. Chang, J. Y. Kim, W. S. Cho, C. M. Park and I.

Song, , IEEE T rans. Visual.

Comp. Graphics 1 (1995), 343–349. D. A. White and R. Jain, , Pro c. 12th IEEE ternat. Conf. on Data Engineering, 1996, pp. 516–523. M. White, , T ech. rep ort,

Bureau of the Census, Statistical Research Division, W ashington, DC, 1982.

D. E. Willard, , SIAM J. Comput. 11 (1982), 149–165.

D. E. Willard,

Inform. Comput. 82 (1989), 45–64. D. E. Willard,

Pro c. 3rd ACM-SIAM Symp os. Discrete Algorithms, 1992, pp. 286–296.

J. Comput. Syst. Sci. 52 (1996), 157–169. D. E. Willard and G. S. Lueker,

J. ACM 32 (1985), 597–617. A. C. Y ao, , Pro c. 14th Annu. ACM os. Theory Comput., (1982), pp. 128–136. A. C. Y ao, , SIAM J. Comput. 14 (1985),

A. C. Y ao and F. F. Y ao, , c. 17th Annu. ACM Symp os. Theory Comput., (1985), pp. 163–168.

a] F. F. Y ao, 3 , Pro c. 15th Annu. ACM Symp os.

Comput., 1983, pp. 258–263. F. F. Y ao, D. P

. Dobkin, H. Edelsbrunner and M. S. Paterson,

SIAM J. Comput. 18 (1989), 371–384. P

. N. Yianilos,

Pro c. 4th ACM-SIAM Symp os. Discrete Algorithms, 1993, pp. 311–321.