Asymptotic Properties of H-free graphs

Habilitationsschrift

vorgelegt von

Angelika Steger

Forschungsinstitut für Diskrete Mathematik Rheinische Friedrich-Wilhelms-Universität Bonn

November 1993

Contents

Introduction 1

Basic Notations and Definitions 5

Part I Basics 7

1 Random Graph Theory 9 1.1 Basic models and results . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.2 Thresholds for existence . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.3 Janson inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.4 Counting H-free graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2 Extremal Graph Theory 21 2.1 Turán’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.2 A theorem of Erdős and Stone . . . . . . . . . . . . . . . . . . . . . . . 22 2.3 Degenerate graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.4 Hypergraphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 3 Asymptotic Graph Theory 29 3.1 Almost all triangle-free graphs are bipartite . . . . . . . . . . . . . . . . 29 3.2 Excluding cliques – a first step . . . . . . . . . . . . . . . . . . . . . . . 35 3.3 Szemerédi’s Uniformity Lemma . . . . . . . . . . . . . . . . . . . . . . . 36 3.4 The Erdős, Frankl, Rödl Theorem . . . . . . . . . . . . . . . . . . . . . 42 3.5 Degenerate graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 Part II Special Topics 48

4 Graphs with a Color-Critical Vertex 49 4.1 Extremal graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 4.2 Asymptotic structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 5 Graph Coloring Algorithms 67 5.1 Wilf’s algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 5.2 Coloring clique-free graphs . . . . . . . . . . . . . . . . . . . . . . . . . . 69 5.3 Random l-colorable graphs . . . . . . . . . . . . . . . . . . . . . . . . . 93 5.4 Kučera’s algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6 Sparse Graphs 111 6.1 Triangle free-graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 6.2 Cliques and other graphs . . . . . . . . . . . . . . . . . . . . . . . . . . 123

7 Induced Subgraphs 125 7.1 Extremal graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126 7.2 Asymptotic Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128 7.3 Hereditary graph properties . . . . . . . . . . . . . . . . . . . . . . . . . 137

8 Applications in Graph Theory 139 8.1 The Hajós conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 8.2 Almost all Berge graphs are perfect . . . . . . . . . . . . . . . . . . . . . 141

Appendices 169

A Some Useful Inequalities 169

B Tails of the Binomial Distribution 171

Bibliography 173

Introduction

Extremal graph theory is widely considered as one of the most elegant and deeply developed areas in all of graph theory. One of its very first roots, grown long before graph theory per se existed, is the solution to a problem raised by W. Mantel in the Dutch journal “Wiskundige Opgaven”: How many edges can a simple graph which does not contain a triangle (3-simplex or K_3) as a subgraph have? The answer, given by several people, including Mantel himself, shows that the complete bipartite graph with parts as equal as possible is extremal, i.e., is an edge maximal triangle-free graph. Mantel’s result is usually considered as a kind of forerunner to extremal graph theory. Generalizing Mantel’s observation, P. Turán, one of the famous Hungarian mathematicians of this century best known for his work in analytic number theory and real and complex analysis, characterized in 1941 the extremal graphs which do not contain the complete graph K_{l+1} on l + 1 vertices as a subgraph. Turán’s result, then, provided stimulation for a variety of problems and results, launching extremal graph theory. His theorem became the most important paradigm for one of the quintessential questions in extremal graph theory, viz. the problem of

“What does an extremal H-free graph look like?”,

i.e., how many edges can a graph have which does not contain a copy of a certain fixed graph H as a subgraph?

Random graph theory arose from the observation that simple counting arguments are often useful in tackling extremal problems in graph theory. Ramsey’s theorem, or more precisely the Erdős-Szekeres proof of this result, shows that every graph on n vertices must either contain a complete subgraph on 1/2 log n vertices or a stable set, a set of vertices not containing an edge, on 1/2 log n vertices. Erdős (1947) used a straightforward counting argument to show that for each n there is a graph on n vertices which contains neither a complete subgraph on 2 log n vertices nor a stable set on 2 log n vertices. In fact, Erdős even showed that “almost every” graph on n vertices neither contains a complete subgraph nor a stable set of that size. Usually the appearance of the seminal paper “On the evolution of random graphs” by Erdős and Rényi (1960) is considered as the birth of random graph theory. They were the first to investigate random graphs for their own sake. From then on, stimulated by the appearance of theoretical computer science with its many new graph theoretic problems, numerous results were published in this very attractive part of graph theory. Throughout, one of the leading questions in this area remained

“What does a typical graph look like?”,

i.e., what does “almost every” graph look like or which properties does a graph have with probability tending to one?

One major reason for the development and the beauty of random graph theory is the use of elements from probability theory such as martingale inequalities, discrete isoperimetric inequalities, eigenvalue techniques and rapidly mixing Markov chains, just to name a few. The application of these tools is heavily based on the fact that in most probability models used in random graph theory the edges can be chosen independently with some probability which only depends on the number of vertices of the graph. These models are no longer useful if classes of graphs are studied which are defined by, say, structural side constraints as happens quite frequently in various problems. One of the most important classes in this respect is the class of trianglefree graphs, as considered already by Mantel. Here, Erdős, Kleitman and Rothschild (1976) proved that “almost every” triangle-free graph is bipartite, or to link this result to extremal graph theory, that the structure of most of the triangle-free graphs is already determined by the extremal triangle-free graph. Surely, in contrary to the probabilistic methods mentioned before, the proof of the Erdős-Kleitman-Rothschild theorem had to use subtle enumeration techniques. In a sense, this result is the germ and the first paradigm of the theme of this thesis, viz.,

“What does a typical H-free graph look like?”,

where, again, H is an arbitrary fixed graph.

The present work is organized as follows: In Part I, we review some basic facts from random graph theory (Chapter 1), extremal graph theory (Chapter 2) and some asymptotic structure results, including a proof of the Erdős-Kleitman-Rothschild theorem (Chapter 3).

The basic question of this thesis, namely, the study of the structure of a typical H-free graph, is then tackled in Chapter 4. The Erdős-Kleitman-Rothschild theorem was substantially generalized by Kolaitis, Prömel and Rothschild (1987), who proved that a typical K_{l+1}-free graph is already l-partite, i.e. has chromatic number l. This result relates to Turán’s theorem on extremal K_{l+1}-free graphs as the Erdős-Kleitman- Rothschild theorem relates to Mantel’s observation. In Chapter 4, we first extend Turán’s result to forbidden color-critical graphs. Thereby, a graph H is called colorcritical, if there exists a vertex in H such that its deletion decreases the chromatic number. Obviously, every complete graph K_{l+1} is color-critical. Then, in the second section of Chapter 4, we prove the asymptotic counterpart to this extremal graph theorem, characterizing the structure of a typical graph which does not contain a fixed color-critical graph as a (weak) subgraph. So far, for no other graphs H is the structure of a typical H-free graph completely known.

One of the sources for many questions on random graphs as well as on the asymptotic structure of graphs is computer science, in particular the design and analysis of algorithms. One of the most intrinsic problems in this area is the graph coloring problem: Given a graph G, decide its chromatic number χ(G). Unfortunately, even deciding whether χ(G) ≤ l for some fixed l > 2 is N P-complete. The importance of this problem has led many scientists to find algorithms which are, though exponential in the worst case, at least fast on average. In Chapter 5, inter alii, the result of Chapter 4 on the structure of almost every K_{l+1}-free graph are considerably strengthened in order to design an algorithm which colors every K_{l+1}-free graph with its chromatic number of colors (which may be arbitrarily large) and which has polynomial expected running time. This result extends earlier results of Turner (1988) and Dyer and Frieze (1989). It is worthwhile noticing that the algorithm presented can easily be converted to a parallel algorithm which colors every K_{l+1}-free graph with minimal number of colors using at most polynomially many processors such that the expected running time of this algorithm is bounded by a logarithmic function in the size of the input.

In random graph theory, another basic problem dating back to Erdős and Rényi, is the study of the evolution process of random graphs. Roughly speaking, this means that starting with edge-probability p = 0 one slowly increases p and asks for every p how a typical graph with edge-probability p looks like. Of particular interest are those p at which the structure of the typical graph changes, i.e., the phase transitions. For H-free graphs, one might study the analogous problem considering the edge model instead, i.e., starting with the empty graph (without any edges) one throws in edge by edge in such a way that no H-subgraph is created and asks for every edge-number m how a typical H-free graph with m edges looks like. Whereas for general graphs the evolution process is rather well understood, not much is known about the evolution process for H-free graphs. Even in the simple case of triangle-free graphs the picture is far from being complete. In Chapter 6, we study the evolution process for triangle-free graphs and present the results known so far.

In Chapter 7, then, we change the notion of “subgraph”, switching from forbidden weak subgraphs to the less restrictive notion of forbidden induced subgraphs. Correspondingly, the notion of an extremal graph for a class of H-free graphs has to be redefined. Studying the asymptotic structure of H-free graphs where H is required to be a forbidden induced subgraph seems to be more difficult than the corresponding problem where H is supposed to be a weak subgraph. In fact, except for complete subgraphs where both notions coincide, only for the cases that H is the cycle of length 4 or the cycle of length 5 is the structure of a typical H-free graph known - the latter result has a rather nice consequence that will be discussed in Chapter 8. The main result of this chapter is a slightly weaker result, but one which applies for every graph H. We determine for every H a family of graphs such that almost every graph which does not contain H as an induced subgraph is “close” to some member of this family. This result, which is proved using a generalization of Szemerédi’s uniformity lemma for hypergraphs, corresponds to a theorem of Erdős, Frankl and Rödl (1986) for excluded weak subgraphs. We also show that, as a consequence, the growth rate of every hereditary graph property can be determined quite easily.

Graph theory has grown along some leading problems. Most notably here was the four color conjecture. In Chapter 8 we apply methods from random graph theory, and respectively asymptotic graph theory, to shed some light on two classical conjectures in graph theory. These problems have been twins in the sense that both were offsprings of the same meeting on graph theory organized by H. Grötsch in 1960. At this meeting, the Hungarian mathematician G. Hajós conjectured that the chromatic number of every graph is bounded from above by its topological clique number, whereas the French mathematician C. Berge formulated his “Strong perfect graph conjecture” saying that the class of all perfect graphs and the class of all Berge graphs coincide. Hajós’s conjecture became quite popular and stayed alive for nearly 20 years. Then, briefly after Catlin had constructed a counterexample to this conjecture, Erdős and Fajtlowicz (1981) showed that almost every graph is already a counterexample to the Hajós conjecture. This result is presented in the first section of Chapter 8. Berge’s conjecture became even more popular than Hajós’s and has already survived already more than 30 years. In the second section of this last chapter we prove that the Berge conjecture is at least almost always true. We even show something more. It is obvious that every perfect graph is a Berge graph. Moreover, firstly, by definition, every Berge graph does not contain a C_5, i.e., a cycle of length 5, as an induced subgraph and, secondly, by a theorem of Hayward (1985), every generalized split graph is perfect. We show that a typical graph which does not contain a C_5 as an induced subgraph is a generalized split graph implying that the class of perfect graphs is dense in the class of Berge graphs.

Basic Notations and Definitions

A graph G is a pair (V (G), E(G)), usually abbreviated as (V, E), such that E is a subset of the set of unordered pairs of V , i.e., E ⊆ [^V_2 ]. The set V is called the set of vertices and E the set of edges. Here we will consider only finite graphs, that is the sets V and E are always finite. We usually denote the cardinality of the vertex set V by n, and the cardinality of the edge set E by m. A vertex set of cardinality n is often denoted by V_n.

A graph H is a (weak) subgraph of G, if V (H) ⊆ V (G) and E(H) ⊆ E(G) ∩ [^{V (H)}_2 ]. If, in addition, E(H) = E(G)∩[^{V (H)}_2 ], then H is called an induced subgraph of G. Two vertices u and v are called adjacent in G, if {u, v} ∈ E(G). The set of vertices which are adjacent to a vertex v is called the neighbourhood of v, denoted by Γ(v) = {u ∈ V (G) | {u, v} ∈ E(G)}. The degree of v is d(v) = |Γ(v)|. The neighbourhood of a set X ⊆ V is the set Γ(X) = ⋃ x∈X Γ(x). The complement G of a graph G is a graph on the same vertex set given by interchanging edges and non-edges, i.e., G = (V (G), [^{V (G)}_2 ] \ E(G)).

A subset S ⊆ V (G) is stable, if E(G) ∩ [^S_2 ] = ∅. If, on the other hand, a subset X ⊆ V (G) satisfies E(G) ∩ [^X_2 ] = [^X_2 ] then X is called a clique. A clique of size l is often called an l-clique, denoted by K_l. A clique covering of size k is a partition of the vertex set V = W_1 ∪ · · · ∪ W_k, such that each of the k sets W_i induces a clique in G. The smallest natural number k for which G contains a clique covering of size k is called the clique covering number of G, denoted by σ(G).

A (proper) coloring of a graph G with l colors is a mapping Δ : V → {1, . . ., l} such that every edge {u, v} ∈ E satisfies Δ(u) ≠ Δ(v). G is called l-colorable if G has a coloring with l colors. The chromatic number of G is defined as χ(G) = min{l |G is l-colorable}. Observe that χ(G) = σ(G).

A graph G = (V, E) is l-partite graph with (color) classes V_1, . . ., V_l if V = V_1 ∪ · · · ∪ V_l, V_i ∩ V_j = ∅ for all 1 ≤ i < j ≤ l, and no edge of G joins two vertices in the same class. A complete l-partite graph is an inclusion maximal l-partite graph. The complete l-partite graph with t_i vertices in the ith class is denoted by K_l(t_1, . . . , t_l), which is abbreviated as K_l(t) if t_i ≡ t. In particular, K_l = K_l(1) = K_l(1, . . . , 1). The bipartite graphs are exactly the 2-partite (or, equivalently, the 2-colorable) graphs.

If G_1, . . . , G_l is a family of graphs then we denote by X^l_{i=1}G_i the product of the graphs G_i, that is the graph obtained by taking the disjoint union of G_1, . . . , G_l and joining any two vertices belonging to different G_i’s.

Let H be a finite graph. Then Forb_n(H) denotes the set of all graphs on n vertices which do not contain H as a (weak) subgraph. Similarly, Forb^∗_n(H) denotes the set of all graphs on n vertices which do not contain H as an induced subgraph. A graph G ∈ Forb_n(H) is called an extremal graph if G contains the maximum number of edges among all graphs in Forb_n(H). The cardinality of its edge set is denoted by ex_n(H). (For the more complicated definition of an extremal graph with respect to the class Forb^∗_n(H) we refer the reader to Chapter 7.) With Col_n(l) we denote the set of all l-colorable graphs on n vertices.

The logarithm to base 2 is denoted by log n, while ln n denotes the natural logarithm. The kth iteration of log n is denoted by log^{(k)} n, i.e. log^{(k)} n = log(log^{(k−1)} n) and log^{(1)} n = log n. Throughout this thesis we will usually omit the explicit use of the Gauß-brackets ⌊ ⌋ in denoting the cardinality of vertex sets, but instead tacitly assume them. For example, a subset W ⊆ V_n of size |W | = log n is always meant to be a subset of size |W | = ⌊log n⌋.

PART I

Basics

Chapter 1

Random Graph Theory

Nowadays, the theory of random graphs is one of the most important and frequently used areas of Discrete Mathematics. Its origin, however, dates back only less than forty years ago to the seminal work of Erdős and Rényi in the late 50s, cf. [34], [35], [36], and [37]. A wide variety of methods have been developed and used since then, ranging from the methods of moments over correlation inequalities up to the use of martingale and isoperimetric inequalities. It seems impossible, even to only outline the most important results in a reasonable amount of space. We don’t even try, but instead refer the interested reader to the excellent monograph of Bollobás [7] and to the more recent surveys [9] and [10]. Here we solely restrict out attention to the methods and results which are relevant for this thesis.

1.1 Basic models and results

The two most frequently used random graph models are the G(n, m) and the G(n, p)- models. A random graph with respect to the first model, denoted as G_{n,m}, is obtained by choosing a graph uniformly at random from the set of all (labelled) graphs on n vertices and m edges. In the second model a random graph, usually denoted as G_{n,p}, is obtained by independently choosing the edges of the complete graph on n vertices with probability p. In other words, if G is a graph on n vertices with m edges, then Prob [G_{n,p} = G] = p^m(1 − p)(^{n2})^{−m}. Typically, within the theory of random graphs, one considers only the asymptotic behaviour of G_{n,p} and G_{n,m} when n tends to infinity. In addition, the parameters m and p are usually allowed to vary as functions of n.

A fundamental problem in random graph theory is to determine (or at least to estimate) the probaility that a random graph G_{n,p} or G_{n,m} satisfies a certain property, e.g. is connected, contains a triangle, is 3-colorable. The reader is invited to observe that most naturally occuring graph properties are in some sense “monotone”: they either devolve their property upon all subgraphs or upon all supergraphs.

A property P is said to be monotone decreasing (increasing) if whenever a graph G has P all subgraphs (supergraphs) of G have P as well. A typical example of a monotone decreasing property is the property “... is H-free”. Trivially, for all

(nonempty) graphs H, the empty graph is H-free, while the complete graph is not. The following proposition establishes the intuitively obvious fact that a monotone decreasing property is more likely to hold the smaller the number m of edges / the edge probability p is.

Proposition 1.1.1 Let P be a monotone decreasing property and suppose 0 ≤ m_1 ≤ m_2 ≤ (_n 2 ) and 0 ≤ p_1 ≤ p_2 ≤ 1. Then

Prob [G_{n,m1} has property P] ≥ Prob [G_{n,m2} has property P] and Prob [G_{n,p1} has property P] ≥ Prob [G_{n,p2} has property P].

Proof. Let N_{n,m} denote the number of graphs on n vertices with m edges which have property P. By the monotonicity of P, we have N_{n,m1} ≥ (_{m2} m_1 ) · N_{n,m2} / ((n_2)_{−m1}

m_2 −m_1 ) . As Prob [G_{n,m} has property P] = N_{n,m}/

((n_2) m ) , this inequality implies the first of the two claimed inequalities. To see the second, let p = (p_2 −p_1)/(1−p_1). As p_2 = p_1 +p−p_1p, a random graph G_{n,p2} can be obtained by considering the union of a random graph G_{n,p1} and a random graph G_{n,p}. Again, the desired inequality is a consequence of the monotonicity of P. �

In a random graph G_{n,p} the expected number of edges is p (_n 2 ) . We would therefore expect that for m = p (_n 2 ) the two random graphs G_{n,p} and G_{n,m} behave very similarly.

This is in fact the case, under very weak assumptions on p and n. The resulting interchangeability of the two random graph models turned out to be extremely useful and handy in random graph theory. For our purposes, however, the above heuristic observation suffices, and we refer the interested reader to Bollobás (1985) and Łuczak (1990) for a precise statement of the equivalence of the two models.

1.2 Thresholds for existence

Given a (monotone) property P a function m^∗(n) is called a threshold function for P if m(n)/m^∗(n) → 0 implies that almost every random graph G_{n,m} has P, while for m(n)/m^∗(n) → ∞ almost no G_{n,m} has P. (In the G(n, p)-model the threshold function is defined similarly.) Already Erdős and Rényi discovered that many natural properties have a threshold function. Much later Bollobás and Thomason (1986) showed that in fact every monotone property has a threshold function.

We are mainly interested in the property of “is H-free”, for various graphs H. For “balanced” graphs H the threshold for being H-free was already determined by Erdős and Rényi (1960). (A graph H is called balanced if it contains no subgraph with higher density, i.e., if d(H) = max{(.L) | L ⊆ H}, where d(G) = |E(G)|/|V (G)| is the density of the graph G. Typical examples of balanced graphs are cliques and trees.) Only twenty years later, Bollobás determined the threshold for general graphs.

Theorem 1.2.1 [Bollobás, 1981] For every graph H let m(H) = max{^{|E(L)|}_{|V (L)|} | L ⊆ H} denote the maximum subgraph density. Then Prob [G_{n,p} ∈ Forb_n(H)] = { 1 − o(1), if np^{m(H)} = o(1), o(1), if np^{m(H)} → ∞. Proof. For a graph L we denote with X_{n,p}(L) the random variable which counts the number of copies of the graph L in the random graph G_{n,p}. Then IE[X_{n,p}(L)] = Θ(n^{|V (L)|}p^{|E(L)|}), where the hidden constant depends only on the number of vertices of L and the size of its automorphism group. Let now L_0 ⊆ H be a subgraph such that the density d(L_0)is maximal, i.e. such that d(L_0) = m(H). Then,

Prob [X_{n,p}(H) > 0] ≤ Prob [X_{n,p}(L_0) > 0] ≤ IE[X_{n,p}(L_0)] = Θ((np^{m(H)})^{|V (L0)|}),

which proves the first half of the theorem.

For the second part observe that by Chebyshev’s inequality

Prob [X_{n,p}(H) = 0] ≤

Var[X_{n,p}(H)] (IE[X_{n,p}(H)])^2 . It therefore suffices to bound Var[X_{n,p}(H)]. As X_{n,p}(H) is simply the sum of indicator variables, say I_{n,p}(H)^j, we have

Var[X_{n,p}(H)] = ∑ j,k Cov[I_{n,p}(H)^j, I_{n,p}(H)^k] = ∑ L⊆H |E(L)|>0 |{(H_1, H_2) | H_1, H_2 ⊆ K_n, H_1, H_2 ∼= H, H_1 ∩ H_2 = L}| · (p^{2|E(H)|−|E(L)|} − p^{2|E(H)|}) ≤ n^{2|V (H)|}p^{2|E(H)|} · ∑ L⊆H |E(L)|>0 n^{−|V (L)|}p^{−|E(L)|} ≤ c · (IE[X_{n,p}(H)])^2 · ∑ L⊆H |E(L)|>0 (np^{d(L)})^{−|V (L)|} ≤ c^′ · (IE[X_{n,p}(H)])^2 · (np^{m(H)})^{−1},

for appropriate constants c, c^′ > 0. �

1.3 Janson inequalities

Our next goal is to estimate the probability that a random graph G_{n,p} is H-free precisely. While it is easy to calculate the probability that G_{n,p} does not contain H on a given, fixed set of vertices of cardinality |V (H)|, this is – due to the dependence of the corresponding events – not so in general. A way around this dilemma are the so-called Janson-inequalities, which we shall prove in this section.

Let H_i ⊂ K_n, i = 1, . . ., k be a family of subgraphs of the complete graph on n vertices, and let A_i denote the event that the graph H_i occurs in the random graph G_{n,p}. The quantity we are interested in is the probability that none of the events A_i occurs. (As a possible application, and in fact the one we have in mind, consider the case that the graphs H_i enumerate all copies of a fixed graph H – the probability that none of the events A_i occurs is then exactly the probability that G_{n,p} is H-free.)

Let X_i denote the indicator random variables corresponding to the events A_i and let X = ∑_k i=1 X_i. Then Prob [ ⋂ i=1 Ā_i] = Prob [X = 0].

Let us first recall trivial lower and upper bounds. The Markov inequality gives

Prob [X = 0] ≥ 1 − IE[X].

The Chebyshev inequality on the other hand implies

Prob [X = 0] ≤

Var[X] IE[X]^2 . If the A_i are independent we can easily do better. Then

Prob [X = 0] = Prob [ ⋂ i=1 Ā_i] =^k ∏ i=1 Prob [Ā_i].

(1.3.1)

The aim of this section is to show that similar bounds also hold if the A_i are not totally independent – but not very dependent either. As a measure for the independence consider the function Δ = ∑ i∼j Prob [A_i ∧ A_j], where ∼ is the dependence relation on the events A_i, i.e., i ∼ j if and only if Prob [A_i ∧ A_j] ≠ Prob [A_i] · Prob [A_j]. Clearly, the larger the number of independent pairs the smaller Δ. In particular, the 2-wise independence of the events A_i implies that Δ is zero. As we shall see, the function Δ is a good measure for how far away from the “truth” equation (1.3.1) is. More precisely, we shall prove the following result of Svante Janson.

Theorem 1.3.1 (Janson-Inequality) Let A_i be events as defined above. Then k∏ i=1 Prob [Ā_i] ≤ Prob [ k⋂ i=1 Ā_i] ≤ e^11−α^Δ2 ·^k ∏ i=1 Prob [Ā_i],

where Δ = ∑ i∼j Prob [A_i ∧ A_j ] and α = max{Prob [A_i] | 1 ≤ i ≤ k}.

The proof we present here is due to Boppana and Spencer (1989). It makes essential use of the so-called FKG-inequality due to Fortuin, Kasteleyn and Ginibre (1971).

Theorem 1.3.2 (FKG-Inequality) Let S be a finite set and let μ, f and g be real functions defined on the power set P(S) of S such that

μ ≥ 0 and μ log-supermodular, that is μ(X) · μ(Y ) ≤ μ(X ∪ Y ) · μ(X ∩ Y ) for all X, Y ⊆ S, and f and g monotone increasing, that is f(X) ≤ f(Y ) and g(X) ≤ g(Y ) for all X ⊆ Y ⊆ S. Then ∑ X⊆S μ(X)f(X) · ∑ X⊆S μ(X)g(X) ≤ ∑ X⊆S μ(X) · ∑ X⊆S μ(X)f(X)g(X) . � Proof of Theorem 1.3.1. First we show that the FKG-inequality implies Prob [A_i | ⋂ l∈I Ā_l] ≤ Prob [A_i] for all 1 ≤ i ≤ k and I ⊆ {1, . . ., k}.

(1.3.2) and Prob [A_i | A_j ∩ ⋂ l∈I Ā_l] ≤ Prob [A_i | A_j ] for all 1 ≤ i, j ≤ k, I ⊆ {1, . . ., k}. (1.3.3)

As (1.3.2) is a special case of (1.3.3) (let A_j denote the event that the empty graph E_n is a subgraph of G_{n,p}), it suffices to show the second ineqality. To do this let S denote the edge set of the complete graph on n vertices and let for X ⊆ S μ(X) = { Prob [G_{n,p} = X], if E(H_j) ⊆ X 0, otherwise, f(X) = { 1, if E(H_i) ⊆ X 0, otherwise, g(X) = { −1, if E(H_l) \ X ≠ ∅ for all l ∈ I 0, otherwise.

One easily checks that these functions satisfy the requirements of Theorem 1.3.2, and that for them the statement of the theorem corresponds exactly to the inequality (1.3.3).

The lower bound follows now easily. Indeed, (1.3.2) together with induction on k gives

Prob [ k⋂ j=1 Ā_j] = Prob [Ā_k |^{k−1} ⋂ j=1 Ā_j ] · Prob [^{k−1} ⋂ j=1 Ā_j ]

= (1 − Prob [A_k | k−1⋂ j=1 Ā_j ]) · Prob [^{k−1} ⋂ j=1 Ā_j ]

≥ (1 − Prob [A_k]) · k−1∏ j=1 Prob [Ā_j ]

= k∏ j=1 Prob [Ā_j].

Now to the upper bound. Let 1 ≤ i ≤ k be arbitrary but fixed. We claim that Prob [A_i | Ā_1 ∩ · · · ∩ Ā_{i−1}] ≥ Prob [A_i] − ∑ j∼i j<i Prob [A_i ∩ A_j ].

(1.3.4)

To see (1.3.4) we assume without loss of generality that the ordering of the A_j is such that i ∼ j for j = 1, . . ., d and i ≁ j for j = d + 1, . . ., i − 1. Recall furthermore that for any events A, B, and C we have

Prob [A | B ∩ C] ≥ Prob [A ∩ B | C] = Prob [A | C] · Prob [B | A ∩ C]. If we now let A = A_i, B = Ā_1 ∩ · · · ∩ Ā_d and C = Ā_{d+1} ∩ · · · ∩ Ā_{i−1} we obtain Prob [A_i | Ā_1 ∩ · · · ∩ Ā_{i−1}] ≥ Prob [A_i | Ā_{d+1} ∩ · · · ∩ Ā_{i−1}] · Prob [Ā_1 ∩ · · · ∩ Ā_d | A_i ∩ (Ā_{d+1} ∩ · · · ∩ Ā_{i−1})] As i ≁ j for all j = d + 1, . . ., i − 1 we have Prob [A_i | Ā_{d+1} ∩ · · · ∩ Ā_{i−1}] = Prob [A_i].

With the help of (1.3.3) we obtain for the second factor Prob [Ā_1 ∩ · · · ∩ Ā_d | A_i ∩ (Ā_{d+1} ∩ · · · ∩ Ā_{i−1})] ≥ 1 − d∑ j=1 Prob [A_j | A_i ∩ (Ā_{d+1} ∩ · · · ∩ Ā_{i−1})]

≥ 1 − d∑ j=1 Prob [A_j | A_i],

completing the proof of (1.3.4). Next observe that (1.3.4) is equivalent to Prob [Ā_i | Ā_1 ∩ · · · ∩ Ā_{i−1}] ≤ Prob [Ā_i] + ∑ j∼i j<i Prob [A_i ∩ A_j ].

This immediately implies

Prob [Ā_i | Ā_1 ∩ · · · ∩ Ā_{i−1}] ≤ Prob [Ā_i] ( 1 + 1 1 − α ∑ j∼i j<i Prob [A_i ∩ A_j ] ) . Therefore

Prob [ k⋂ i=1 Ā_i] =^k ∏ i=1 Prob [Ā_i | Ā_1 ∩ · · · ∩ Ā_{i−1}]

≤ k∏ i=1 ( Prob [Ā_i] · ( 1 +^1_{1−α} ∑ j∼i j<i Prob [A_i ∩ A_j] ))

≤ e^{Δ2(1−α)} k∏ i=1 Prob [Ā_i],

where the last inequality follows from the fact that ln(1 + x) ≤ x for all x ≥ 0 and the definition of Δ. � Observe that for Δ ≥ −(2 − 2α) ∑_k i=1 ln(1 − Prob [A_i]) the upper bound of the Janson inequality is larger than 1 and provides no meaningful information. In this case, however, the following extension of Theorem 1.3.1 due to Spencer (1990) takes over.

Corollary 1.3.3 If Prob [A_i] ≤^1_2 for all i = 1, . . ., k and Δ >^1_2 ∑_k i=1 Prob [A_i], then k∏ i=1 Prob [Ā_i] ≤ Prob [ k⋂ i=1 Ā_i] ≤ e^{−(} ∑_k i=1 Prob [A_i])^2 /(4Δ).

Proof. We only have to show the upper bound. Using ln(1−x) ≤ −x for all 0 ≤ x ≤ 1 we easily deduce that the upper bound of Theorem 1.3.1 implies that

− ln(Prob [ k⋂ i=1 Ā_i]) ≥^k ∑ i=1 Prob [A_i] − Δ.

If we apply this inequality only to a subset I ⊆ {1, . . ., k}, we obtain similarly

− ln(Prob [ ⋂ i∈I Ā_i]) ≥ ∑ i∈I Prob [A_i] − ∑ i∼j i,j∈I Prob [A_i ∩ A_j].

Assuming, in addition, that I is a random subset with Prob [i ∈ I] = λ for all i = 1, . . ., k independently of each other (λ is a parameter to be determined later), we deduce

IE[− ln(Prob [ ⋂ i∈I Ā_i])] ≥ λ ·^k ∑ i=1 Prob [A_i] − λ^2 · Δ.

That is, if we choose λ = ∑_k i=1 Prob [A_i ]

2Δ , we get

IE[− ln(Prob [ ⋂ i∈I Ā_i])] ≥ 1 4 ( ∑_k i=1 Prob [A_i])^2 Δ , implying the existence of at least one set I_0 that satisfies

− ln(Prob [ ⋂ i∈I_0 Ā_i]) ≥ 1 4 ( ∑_k i=1 Prob [A_i])^2 Δ . As trivially

Prob [ k⋂ i=1 Ā_i] ≤ Prob [ ⋂ i∈I_o Ā_i], this concludes the proof of Corollary 1.3.3. �

1.4 Counting H-free graphs

In Section 1.2 we have seen that the property that a random graph G_{n,p} contains a copy of a fixed graph G has a threshold function. Going one step further Janson, Łuczak and Ruciński (1990) fully determined the order of magnitude of the logarithm of the probability that G_{n,p} is H-free. In this section we will prove this results and subsequently transfer it to the G(n, m)-model. This will then allow us to obtain good bounds on the number of H-free graphs with a prescribed number of edges.

Theorem 1.4.1 [Janson, Łuczak, Ruciński, 1990] For every graph H with at least one edge there exist constants c_1, c_2 > 0 such that for all p = p(n) < 1 and all n e^{− c11−p f(n,p)} ≤ Prob [G_{n,p} is H-free] ≤ e^{−c2 f(n,p)}, where f(n, p) = min{n^{|V (L)|}p^{|E(L)|} | L ⊆ H, |E(L)| > 0}. Proof. For every 0 < p < 1 and n ∈ N let H_{n,p} ⊆ H denote a subgraph of H satisfying f(n, p) = n^{|V (Hn,p)|}p^{|E(Hn,p)|}, and let X(H) and X(H_{n,p}) be the random variables counting the number of copies of H and H_{n,p} in the random graph G_{n,p}, respectively. In order to apply the Janson-inequalities of Section 1.3 we choose subgraphs H_i (and subgraphs H^′_i ) in such a way that they enumerate all copies of H (of H_{n,p}). Then IE[X(H)] = ∑_k i=1 Prob [A_i], IE[X(H_{n,p})] = ∑_k i=1 Prob [A^′_i], and, using −^x_{1−x} ≤ ln(1 − x) ≤ −x for all 0 ≤ x < 1, one easily observes that the Jansoninequalities of Theorem 1.3.1 imply e^{− 1} 1−p|E(Hn,p )| ·IE[X(H_{n,p} )] ≤ Prob [G_{n,p} is H_{n,p}-free])

(1.4.5) ≤ Prob [G_{n,p} is H-free]) ≤ e^{−IE[X(H)]+ 12(1−p) Δ}.

As IE[X(H_{n,p})] = Θ(n^{|V (Hn,p)|}p^{|E(Hn,p)|}) this proves the lower bound.

For the upper bound recall first (cf. Proposition 1.1.1) that

Prob [G_{n,p} is H-free] ≤ Prob [G_{n,p}′ is H-free] whenever p ≥ p^′.

So we may assume without loss of generality that p ≤^1_2 . Whenever Δ ≤^1_2 IE[X(H)], the desired bound is therefore a trivial consequence of (1.4.5) and the fact that IE[X(H)] = Ω(n^{|V (Hn,p)|}p^{|E(Hn,p)|}). So assume that Δ ≥^1_2 IE[X(H)]. By the definition of Δ we deduce that (in the notation of the previous section) Δ = ∑ i∼j Prob [A_i ∧ A_j ] = ∑ L⊆H |E(L)|>0 |{(H_1, H_2) | H_1, H_2 ⊆ K_n, H_1, H_2 ∼= H, H_1 ∩ H_2 = L}| · p^{2|E(H)|−|E(L)|} ≤ ∑ L⊆H |E(L)|>0 n^{2|V (H)|−|V (L)|} · p^{2|E(H)|−|E(L)|} ≤ c · (IE[X(H)])^2 · ∑ L⊆H |E(L)|>0 (IE[X(L)])^{−1}

≤ c^′ · (IE[X(H)])^2 · (IE[X(H_{n,p})])^{−1},

for appropriate constants c, c^′ > 0. As IE[X(H)] = ∑_k i=1 Prob [A_i] Corollary 1.3.3 implies that

Prob [G_{n,p} is H-free] ≤ e^{−(IE[X(H)])2/(4 Δ)} ≤ e^{− 14c′ IE[X(Hn,p )]},

concludes the proof of Theorem 1.4.1. �

The proof of Janson, Łuczak, Ruciński is fundamentally based on the independence of appropriately defined events. In the G(n, m)-model this fact is not true. Nevertheless Theorem 1.4.1 carries over to the G(n, m)-model (cf. Prömel, Steger [70]). Before we state the result, we like to recall that every G_{n,m} contains an H-subgraph whenever m > ex(n, H). (Here and in the following ex(n, H) denotes the number of edges of an extremal H-free graph, i.e. the maximum number of edges an H-free graph on n vertices may contain. For more details on extremal graph theory the reader is refered to the next chapter.) That is, for all m > ex(n, H) we trivially have Prob [G_{n,m} is H-free] = 0. Theorem 1.4.2 For every graph H with chromatic number χ(H) ≥ 3 there exist positive constants c_1 and c_2 such that for all n ∈ N and all m ≤ ex(n, H) e^{−c1 g(n,m)} ≤ Prob [G_{n,m} is H-free] ≤ e^{−c2 g(n,m)}, where g(n, m) = min{n^{|V (L)|} · (m/ (_n 2 ) )^{|E(L)|} | L ⊆ H, |E(L)| > 0}. Theorem 1.4.3 For every bipartite graph H there exist positive constants c_1, c_2 and d such that for all n ∈ N and all m ≤ d · p_0 (_n 2 ) : e^{−c1 g(n,m)} ≤ Prob [G_{n,m} is H-free] ≤ e^{−c2 g(n,m)}, where g(n, m) is the function defined in Theorem 1.4.2 and p_0 = sup{p | g(n, p (_n 2 ) ) < n^2p}.

Theorem 1.4.3 is probably not best possible. As, however, for most bipartite graphs the value – and in many cases even the order of magnitude – of ex(n, H) is not known (cf. Section 2.3), a theorem corresponding to Theorem 1.4.2 for bipartite graphs seems therefore currently out of reach.

We first prove an immediate counterpart of Theorem 1.4.1 in which additional terms in the lower and upper bounds account for the facts that every G_{n,m} contains an H-subgraph whenever m > ex(n, H), and that there are only

((n_2) m ) different graphs with m edges.

Lemma 1.4.4 For every graph H with at least one edge there exist positive constants d_1, d_2, d_3, and d_4 such that for all n, m ∈ N e −^{d1} 1−m/(n2 ) g(n,m) − e^{−d3 m} ≤ Prob [G_{n,m} is H-free] ≤ e^{−d2 g(n,m)}, where g(n, m) is the function defined in Theorem 1.4.2.

Proof. We start with some notation. Let N = (_n 2 ) , P_p := Prob [G_{n,p} is H-free]

and (for k ∈ N) Q_k := Prob [G_{n,k} is H-free].

Obviously,

P_p = N∑ k=0 ( N k ) p^k(1 − p)^{N−k}Q_k. (1.4.6)

Observe first that we may assume without loss of generality that m ≥ C for any constant C. (We henceforth tacitly assume that C is sufficiently large so that all inequalities below hold.)

As the property of being H-free is monotone decreasing, (1.4.6) implies that for all sufficiently small ϵ > 0 and all 0 < p < 1 P_p ≤ Q_{(1−ϵ)pN} · (1+ϵ)pN ∑ k=(1−ϵ)pN ( N k ) p^k(1 − p)^{N−k} + ∑ k : |k−pN|>ϵpN ( N k ) p^k(1 − p)^{N−k} ≤ Q_{(1−ϵ)pN} + Prob [||E(G_{n,p})| − pN| > ϵpN] ≤ Q_{(1−ϵ)pN} + e^{− ϵ25 pN} , where the last inequality follows from the normal approximation of the binomial distribution (cf. Corollary B.2). In particular, this shows that for m = pN we have (replace p by^p_{1−ϵ} ) Q_m ≥ P^p_{1−ϵ} − e^{− ϵ25(1−ϵ) m}.

As the function f from Theorem 1.4.1 satisfies f(n,^p_{1−ϵ} ) ≤ (_1 1−ϵ )_{|E(H)|} f(n, p) = (_1 1−ϵ )_{|E(H)|} g(n, pN), (1.4.7) this together with Theorem 1.4.1 concludes the proof of the lower bound. The upper bound follows similarly. From (1.4.6) we deduce P_p ≥ Q_{(1+ϵ)pN} · (1+ϵ)pN ∑ k=(1−ϵ)pN ( N k ) p^k(1 − p)^{N−k} ≥ Q_{(1+ϵ)pN} · (1 − Prob [||E(G_{n,p})| − pN| > ϵpN]) ≥ Q_{(1+ϵ)pN} · (1 − e^{− ϵ25 pN} ), and therefore (recall that^1_{1−x} ≤ 1 + 2x for all x ≤^1_2 )

Q_m ≤ P^p_{1+ϵ} · (1 − e^{− ϵ25(1+ϵ) m})^{−1} ≤ P^p_{1+ϵ} + 2e^{− ϵ25(1+ϵ) m}.

As f(n,^p_{1+ϵ} ) ≥ (1 −^ϵ_{1+ϵ} )^{|E(H)|}g(n, pN) (consider (1.4.7) for ”p” =^p_{1+ϵ} and ”ϵ” =^ϵ_{1+ϵ} ) and, with room to spare, g(n, m) ≤ 4m for all m and n this concludes the proof of the upper bound. � Proof of Theorem 1.4.2. The upper bound follows immediately from Lemma 1.4.4. For the proof of the lower bound observe that, trivially, all (χ(H) − 1)-partite graphs are H-free. Considering the complete (χ(H) − 1)-partite graph with classes as equal as possible and counting all subgraphs with m edges, we deduce that there are at least ( χ(H)−2 χ(H)−1 · n2 2 m ) many (χ(H) − 1)-partite graphs on n vertices with m edges. Hence,

Prob [G_{n,m} is H-free] ≥ (_{χ(H)−2} χ(H)−1 · n^2 2 m ) · ((_n 2 ) m )_{−1} ≥ e^{−c m}, for some constant c > 0 depending only on the chromatic number of H. �

Proof of Theorem 1.4.3. We again only have to prove the lower bound. Let N = (_n 2 ) and observe that the definition of p_0 implies that there exists a subgraph H^′ ⊆ H such that |E(H^′)| ≥ 2 and g(n, p_0N) = n^{|V (H′ )|}p^{|E(H′)|}_0 = n^2p_0. In particular, we therefore conclude that for every constant 0 < c ≤ 1 and m_c = cp_0N we have

g(n, m_c) ≤ n^{|V (H′ )|}(cp_0)^{|E(H′)|} ≤ c^2g(n, p_0N) = c^2p_0n^2 = (1 + o(1)) · c m_c. As p_0 = o(1) this together with Lemma 1.4.4 concludes the proof of Theorem 1.4.3. �

Let Forb_{n,m}(H) denote the class of all H-free graphs on n (labelled) vertices with m edges. As |Forb_{n,m}(H)| = Prob [G_{n,m} is H-free] · ((_n 2 ) m ) , (1.4.8)

Theorem 1.4.2 and Theorem 1.4.3 in fact determine the order of magnitude of the class Forb_{n,m}(H).

20 CHAPTER 1. RANDOM GRAPH THEORY

Chapter 2

Extremal Graph Theory

An old result of Mantel (1907) states that the complete bipartite graph is the extremal, i.e., edge-maximum, triangle-free graph. Mantel’s theorem was a kind of forerunner of extremal graph theory. Usually considered as its starting point is Turán’s celebrated generalization (Turán (1941)) of Mantel’s result, characterizing the extremal graphs on n vertices which do not contain a clique on l + 1 vertices as a subgraph. Turán’s result stimulated a variety of deep results in graph theory. The reader is referred to Bollobás (1978) and Simonovits (1983), two excellent sources on these problems. Here we can give only a short and incomplete sketch, emphasizing those problems and results which will be crucial for the remaining part of this thesis.

2.1 Turán’s Theorem

Given a family H of (finite) graphs, ex_n(H) denotes the maximum number of edges a graph G = (V_n, E) on n vertices can have without containing a subgraph from H. Usually, we will only consider the case that H contains only a single element, say H. In theses case we write simply ex_n(H) for the corresponding extremal graph problem.

Motivated by Ramsey’s problem, which asks when a graph without stable set of size t is forced to contain a clique on r vertices, Paul Turán posed the following question: “How many edges ensure that a graph contains a K_r-subgraph?” Turán’s problem has a nice solution, which he obtained shortly after posing the problem (cf. Turán [82] and [83]). Let T_n(r) denote the complete r-partite graph on n vertices with all parts as equal as possible, and let t_n(r) = |E(T_n(r))| = (1 −^1_r )^{n2}_2 + O(n).

Theorem 2.1.1 (Turán’s Theorem) For every integer r ≥ 1

ex_n(K_{r+1}) = t_n(r)

and T_n(r) is (up to isomophism) the unique K_{r+1}-free extremal graph.

Proof. We proceed by double induction on r and n. The cases r = 1 and n ≤ r are trivial. So assume that G = (V_n, E) is a K_{r+1}-free graph on n vertices with ex_n(K_{k+1}) many edges and assume without loss of generality that G contains a subgraph K = K_r. Let G^′ = G \ K. Then, by the induction hypothesis

ex_n(K_{r+1}) = |E(G)| = |E(K)| + |E(G^′)| + e(K, G^′) ≤ ( r 2 ) + ex_{n−r}(K_r) + (n − r)(r − 1) ≤ t_{n−r}(r − 1) + (r − 1)n − ( r 2 )

= t_n(r). So, all that remains to be shown is that equality holds if and only if G = T_n(r). This, however, follows immediately from the observation that e(K, G^′) = (n − r)(r − 1) if and only if G^′ = T_{n−r+1}(r) and every class of G^′ is connected to exactly r − 1 vertices of K. �

2.2 A theorem of Erdős and Stone

For many graphs H the problem of determining ex_n(H) exactly seems too difficult. As a first step one therefore tried to determine at least the order of magnitude of this function. It turned out that this problem has in fact an easy and very attractive solution: results of Erdős, Stone and Simonovits tell us that the order of magnitude of ex_n(H) depends only on the chromatic number of H. We will prove their results in this section.

Lemma 2.2.1 For every graph H, ex_n(H)/ (_n 2 ) is decreasing as n → ∞.

Proof. Choose k ≤ n arbitrarily and let G = (V_n, E) be a H-free graph on n vertices with |E| = ex_n(H) many edges. Consider all (_n k ) induced subgraphs G_1, . . ., G(n_k) of G on k vertices. Then each edge of G belongs to exactly (_{n−2} k−2 ) of these subgraphs. Hence, (_{n−2} k−2 ) · ex_n(H) =

(^n_k)∑ i=1 |E(G_i)| ≤ (_n k ) · ex_k(H). � Corollary 2.2.2 For every graph H, lim_{n→∞} ex_n(H)/n^2 exists. �

Lemma 2.2.3 [56] Let r, s be positive integers. Then

ex_n(K_{r,s}) ≤ 1 2 (s − 1)^{1r} n^{2− 1r} + O(n).

2.2. A THEOREM OF ERDŐS AND STONE 23

Proof. Let G = (V_n, E) be a graph without K_{r,s}-subgraph. Then the number of K_{1,r}-subgraphs is bounded from above by (s−1) (_n r ) . As on the other hand the number of K_{1,r}-subgraphs is given by ∑_n i=1 (deg_{(vi)} r ) this shows that

(s − 1) ( n r ) ≥ n∑ i=1 ( deg(v_i) r ) ≥ n · ( 2|E|/n r ) , from which the claimed bound follows by straightforward calculations. �

Theorem 2.2.4 [Erdős, Stone, 1946] For all integers r ≥ 2 and t ≥ 1

ex_n(K_r(t)) ≤ (1 − 1 r − 1 ) n^2 2 + o(n^2).

Proof. We proceed by induction on r. For r = 2 the theorem follows from Lemma 2.2.3. So assume now that the theorem is true for r − 1 and all t and consider an arbitrary but fixed t ∈ N. Define a constant 0 ≤ c ≤ 1 by 1 −^1_{r−1} + c = lim_{n→∞} 2ex_n(K_r(t))/n^2 (cf. Corollary 2.2.2). If c = 0 there is nothing to show, so assume c > 0. Let q = 2t^2 and choose n_0 ≥ 4q^{rt} sufficiently large so that ex_n(K_{r−1}(q)) ≤ (1 −^1_{r−1} )^{n2}_2 for all n ≥ n_0/2 (the existence of such an n_0 follows from the induction hypothesis) and ( 1 − 1 r − 1 + c(1 − 1 t(r − 1) ) · n^2 2 < ex_n(K_r(t)) < ( 1 − 1 r − 1 + c(1 + 1 t(r − 1) ) · n^2 2 for all n ≥ n_0/2.

Let G = (V_n, E) be a K_r(t)-free graph on n ≥ n_0 vertices with |E| ≥ (1 −^1_{r−1} + c(1 −^1_{2t} )) ·^{n2}_2 many edges. By the choice of n_0 we know that G contains at least one K_{r−1}(q)-subgraph. Fix one such copy, say K, and let X = {v ∈ V_n \ K | |Γ(v) ∩ K| ≥ (r − 2 + 1 2t )q}. We claim that |X| < q^{(r−1)t}. To see this we count the K_{r−1}(t)-subgraphs of K in two ways. First, every vertex in X is connected to at least one such subgraph. Second, every such subgraph can be connected to at most (t − 1) vertices in X. Therefore, |X| ≤ (t − 1) (_q t )_{r−1} ≤ q^{(r−1)t}. We now remove K and all adjacent edges from G to obtain the graph G^{(1)}. Obviously, |V (G^{(1)})| = n − (r − 1)q and |E(G^{(1)})| ≥ |E| − ( (r − 1)q 2 ) − |X|(r − 1)q − (n − (r − 1)q − |X|)(r − 2 + 1 2t )q ≥ |E| − (r − 2 + 1 t )qn.

In particular, G^{(1)} is at least as dense as G, so G^{(1)} also contains a K_{r−1}(q)-subgraph. By removing such a copy we obtain the graph G^{(2)}, and so on. Repeating this procedure cn / (r − 1)q many times, we obtain a graph G^′ ⊆ G so that |V (G^′)| = (1 − c)n and |E(G^′)| ≥ |E| − ( 1 − 1 r − 1 − 1 t(r − 1) ) · cn^2 ≥ ( 1 − 1 r − 1 + c(1 − 1 t(r − 1) ) ) · n^2 2 − ( 1 − 1 r − 1 − 1 t(r − 1) ) · cn^2 ≥ (1 − 1 r − 1 ) · (1 − c)^2n^2 2 + ( 1 + 1 t(r − 1) − c ) · cn^2 2 = (1 − 1 r − 1 ) · [(1 − c)n]^2 2 + 1 +^1_{t(r−1)(1−c)} 1 − c · c · [(1 − c)n]^2 2 . By choice of n_0 this implies that^{1+ 1t(r−1)(1−c)}_{1−c} ≤ 1 +^1_{t(r−1)} , which can only hold for c > 1. As by definition c ≤^1_{r−1} this is the desired contradiction. �

Corollary 2.2.5 [Erdős, Simonovits, 1966] For every graph H,

ex_n(H) = (1 − 1 χ(H) − 1 ) n^2 2 + o(n^2).

Proof. As H is not contained in any (χ(H) − 1)-partite graph, we have ex_n(H) ≥ t_n(χ(H) − 1), which proves the lower bound. On the other hand every H-free graph is in particular K_{χ(H)−1}(|V (H)|)-free. The Erdős-Stone Theorem 2.2.4 therefore implies the upper bound. � Similarly, we obtain that excluding a family of graphs has almost the same effect as excluding a single graph.

Corollary 2.2.6 Let H be a family of graphs with chromatic number at least three. Then there exists a graph H ∈ H such that

ex_n(H) ex_n(H)

→ 1 for n → ∞. �

Remark. In [42] Erdős and Stone proved in fact a slightly more general result than that stated in Theorem 2.2.4. Namely, they showed that for sufficiently large n every graph on n vertices with (1 −^1_r + ϵ)^{n2}_2 edges contains a K_r((ln^{(r−1)} n)^{1/2}) subgraph, for every ϵ > 0. This was later generalized, first by Bollobás, Erdős and Simonovits [12] and then by Chvátal and Szemerédi [20] (cf. also [21]), who showed that every such graph contains in fact already a K_r(log n/(500 log ϵ^{−1})) subgraph. The latter result is (up to a constant factor) essentially best possible (cf. Bollobás, Erdős [11]).

2.3. DEGENERATE GRAPHS 25

2.3 Degenerate graphs

An extremal problem is called degenerate, if the forbidden graph is bipartite, or, more general, if the set of forbidden graphs contains at least one bipartite graph. By Corollary 2.2.5 of Erdős and Simonovits we know that ex_n(H) = o(n^2) for bipartite graphs H, while all graphs of chromatic number χ(H) ≥ 3 satisfy ex_n(H) ≥^1_4 n^2. This already indicates the increasing difficulty of degenerate extremal graph problems. In fact, despite of some results for special cases (some of which we will outline below), very little progress has been achieved so far. This is reflected in the following conjectures (cf. e.g. Erdős, Simonovits [39] and Erdős [28]), which at present seem to be completely out of reach.

Conjecture 2.3.1 (Erdős, Simonovits) For every bipartite graph H there exists a rational constant α ∈ [1, 2) such that ex_n(H)/n^α converges to a positive limit.

Conjecture 2.3.2 (Erdős, Simonovits) Let H be a finite family of bipartite graphs. Then there exists an H ∈ H such that lim_{n→∞} ex_n(H) ex_n(H)

= 1.

Conjecture 2.3.3 (Erdős, Sós) For every tree T_r on r vertices

ex_n(T_r) ≤ 1 2 (r − 2)n. For paths P_r the latter conjecture was earlier proven by Erdős and Gallai (1959). For trees T_r with at least one vertex adjacent to at least^1_2 (r − 2) leaves, the conjecture was recently shown to be true by Sidorenko (1989). In general one only knows the following sightly weaker bounds.

Lemma 2.3.4 For all trees T_r on r ≥ 2 vertices 1 2 (r − 2)n − O(1) ≤ ex_n(T_r) ≤ (r − 2)n.

Proof. The lower bound is easily achieved by partitioning the vertex set into pairwise disjoint cliques of size r − 1. For the upper bound consider a graph G = (V_n, E) with at least (r − 2)n + 1 edges. Starting from G successively remove all vertices of degree at most r − 2. Observe that the condition |E| ≥ (r − 2)n + 1 implies that this process stops with a graph of minimal degree r − 1 – which obviously contains every tree on r vertices. �

Corollary 2.3.5 ex_n(H) = O(n) if and only if H is a tree.

Proof. The sufficiency follows from Lemma 2.3.4. To see the necessity consider a random graph G_{n,p} with edge probability p = log n/n and let X_r denote the random variable counting the number of edges minus the number of circuits of size at most r contained in G_{n,p}. Then

IE[X_r] = (_n 2 ) · p − r∑ i=3 (_n i ) ·^1_2 (i − 1)! · p^i = 1 2 n log n − O((log n)^r).

This shows, for every sufficiently large n, the existence of a graph with, say,^1_3 n log n edges and girth at least r + 1. Obviously, no such graph contains a subgraph on at most r vertices different from a tree. �

For even circuits the following upper bounds were obtained by Erdős (unpublished, cf. [28]; a proof of a more general result can be found in Bondy, Simonovits (1974)).

Theorem 2.3.6 For all integers k ≥ 2, ex_n(C_{2k}) = O(n^{1+ 1k} ). �

In fact, Erdős and Simonovits [41] conjectured that the bound from Theorem 2.3.6 has already the correct order of magnitude.

Conjecture 2.3.7 (Erdős, Simonovits) ex_n(C_{2k}) =^1_2 n^{1+ 1k} + o(n^{1+ 1k} ).

While for paths and trees (if the Erdős-Sós Conjecture 2.3.3 is true) it is straightforward to construct extremal graphs, this is not the case for even circuits. From Theorem 1.4.3 we deduce that ex_n(C_{2k}) ≥ Ω(n^{1+ 12k−1} ),

which is the best know lower bound for all k except k = 2, 3, 5, for which constructions giving Ω(n^{1+ 1k} ) are known (see Benson (1966) and Wenger (1991)).

2.4 Hypergraphs

An r-uniform hypergraph is a hypergraph H = (V, F ) such that all f ∈ F have cardinality exactly r. The class of 2-uniform hypergraphs corresponds therefore exactly to the class of all graphs. With K^{(r)}_l (t) we denote the complete l-partite r-uniform hypergraph where every class has size t, i.e. a hypergraph H = (V, F ) with V = A_1^.∪ · · ·^.∪ A_l, |A_i| = t, and F = {X ⊆ V | |X| = r, |X ∩ A_i| ≤ 1 for all i = 1, . . ., l}. The extremal graph problems of determining ex_n(H) generalize to hypergraphs in the natural and obvious way. The following lemma is proven in exactly the same way as the corresponding result (Corollary 2.2.2) for graphs.

Lemma 2.4.1 For every r-uniform hypergraph H, lim_{n→∞} ex_n(H)/n^r exists. �

Let H be an r-uniform hypergraph. Similar as in the graph case we call the extremal hypergraph problem for H degenerate, iff ex_n(H) = o(n^r). The following theorem will enable us to characterize those hypergraphs H, which give rise to degenerate extremal graph problems.

2.4. HYPERGRAPHS 27

Theorem 2.4.2 Let r ≥ 2, t, and n be positive integers. Then

ex_n(K^{(r)}_r (t)) ≤ n^{r− 1}t^{r−1} .

For the proof of Theorem 2.4.2 we need an additional tool.

Proposition 2.4.3 Let t, n be positive integers, and let x ≥ 1 be a real number. Then every hypergraph H = (V_n, F ) such that |F | ≥ 2 t^2x^t and ∑ f∈F |f| ≥ |F | n/x contains pairwise different edges f_1, . . ., f_t such that |f_1 ∩ · · · ∩ f_t| ≥ n 2x^t . Proof. Assume H = (V_n, F ) is a hypergraph contradicting the claim of the proposition. Then obviously ∑ X⊆F |X|≤t | ⋂ f∈X f| ≤ (_{|F |} t ) · n 2x^t + |F |^{t−1}t^2 · n < |F |^t · n 2x^t + |F |^{t−1}t^2 · n. As on the other side ∑ X⊆F |X|≤l | ⋂ f∈X f| = n∑ i=1 deg(v_i)^t ≥ n ( ∑ f∈F |f| n )_t , ≥ n ( |F | x )_t , where V_n = {v_1, . . ., v_n} and deg(v_i) = |{f ∈ F | v_i ∈ f}| denotes the degree of v_i in F , this implies |F |^t · n 2x^t + |F |^{t−1}t^2 · n > n ( |F | x )_t , contradicting the assumption |F | ≥ 2t^2x^t. � Proof of Theorem 2.4.2. For t = 1 there is nothing to be shown. So assume t ≥ 2. We proceed by induction on r. The base of the induction (r = 2) is given be Lemma 2.2.3. It therefore suffices to show the induction step from r − 1 to r. Let H = (V_n, F ) be an r-uniform hypergraph with |F | > n^{r− 1}t^{r−1} . We need to show that H contains a K^{(r)}_r (t). To do this let V_n = {v_1, . . ., v_n} and let X_i = {Y ⊆ V_n | Y ∪ {v_i} ∈ F, |Y | = r − 1}. Then_n ∑ i=1 |X_i| = r · |F | > r · n^{r− 1}t^{r−1} ≥ ( n r − 1 ) · r! n^{1− 1}t^{r−1} . An application of Proposition 2.4.3 for ”n” = (_n r−1 ) and x =^1_{r!} n^1t^{r−1} shows that we may assume without loss of generality that |X_1 ∩ · · · ∩ X_t| ≥ 1 2 ( n r − 1 ) (r!)^tn^{− 1}t^{r−2} ≥ n^{r−1− 1}t^{r−2} .

That is, there exist at least n^{r−1− 1}t^{r−2} many (r − 1)-sets, which form together with any vertex in {v_1, . . ., v_t} an edge in F . By our induction hypothesis these (r − 1)- edges contain a K^{(r−1)}_{r−1} (t)-subgraph, which together with {v_1, . . ., v_t} forms the desired K^{(r)}_r (t)-subgraph in H. �

Corollary 2.4.4 Let K be an r-uniform hypergraph. Then the extremal graph problem for K is degenerate if and only if the vertices of K can be colored by r colors in such a way that each edge gets r different colors, i.e. if K is a subgraph of K^{(r)}_r (t) for an appropriate chosen constant t ∈ N.

Proof. One direction is obvious from Theorem 2.4.2. The other follows from the fact that, if K does not have required form, then K^{(r)}_r (n/r) does not contain K as a subhypergraph and has Ω(n^r) many edges. �

Extremal problems for hypergraphs are in general very difficult. This is indicated, for example, by the fact that one of the most natural questions, the Turán problem for hypergraphs, is still unsolved, even in its easiest case. To the memory of Turán, Erdős offers $1,000 for resolving the following question.

Conjecture 2.4.5 (Erdős)

lim_{n→∞} ex_n(K^{(3)}_4 (1))/ (_n 3 )_?

=^5_9 .

Chapter 3

Asymptotic Graph Theory

A major reason for the beauty of random graph theory is the simplicity of the underlying probabilistic model: choosing edges independently of each other allows the application of a wide variety of tools and results from probability theory. Their use, however, is dramatically reduced if one moves on to more complicated combinatorial structures. A typical example for such structures are the graph classes central to this thesis, i.e., those defined by a forbidden subgraphs.

In this chapter we review some of the (few) methods and results which are known so far. The two most significant results to name here are those by Erdős, Kleitman and Rothschild (1976) and by Szemerédi (1978). The former was the first which completely determined the struture of a typical H-free graph for some graph H (namely for H = K_3). The essence of the latter is the observation that every graph in fact contains large parts which essentially behave like a random graph – allowing random graph methods to enter through the “back door”.

3.1 Almost all triangle-free graphs are bipartite

In 1976 Erdős, Kleitman and Rothschild succeeded in determining the structure of a typical triangle-free graph, i.e. of a traingle-free graph drawn uniformly at random from the class of all triangle-free graphs. While their result is nice and clear-cut, to prove it they had to substitute the probabilistic methods known from random graph theory by subtle enumeration techniques.

Theorem 3.1.1 [Erdős, Kleitman, Rothschild, 1976] Almost all triangle-free graphs are bipartite, that is

Prob [G ∈ Col_n(2) | G ∈ Forb_n(K_3)] = 1 − o(1).

The proof of Theorem 3.1.1 will consist of three parts:

I. Define sets A(n), B(n) and C(n) such that Forb_n(K_3) ⊆ Col_n(2) ∪ A(n) ∪ B(n) ∪ C(n).

II. Bound the cardinalities of the sets A(n), B(n) and C(n) in terms of those of

Forb_{n−x}(K_3) for appropriate x ∈ N.

III. Show inductively that each of the sets A(n), B(n) and C(n) is negligible compared

to Col_n(2).

Figure 3.1 outlines the desired partition of Forb_n(K_3) and indicates how the sets A(n),

B(n) and C(n) are defined. Note however, that the drawing is not according to scale.

...........................................................................

...............................

......................

..................

..............

.............

...........

.........

.........

.........

.........

..........

........

.......

......

......

.....

.....

.....

....

.... ... ... .. .. . . . . .. .. ... ... ....

....

.....

.....

......

......

.......

.......

........

.........

.........

..........

.........

..........

...........

.............

...............

.................

......................

..............................

..................................................................................................................................................................................

.......................

..................

...............

............

...........

..........

..........

........

.........

........

.........

.......

.......

......

......

.....

.....

....

.... ... ... .. .. .. . . . .. .. .. ... .... .... ..... ..... ...... ...... ....... .......

.........

.........

..........

.........

.........

.........

...........

..............

...............

.................

......................

...............................

...........................................................................

.....................

.........................

..............................

........................................

...............................................................

.....................................................................................................................................................................................................

........................................

...............................

..........................

...................... .. Coln(2)

Forbn(K_3) A(n)

s v pppp pppp ppp pppp ppp ...........................................

|Γ(v)| ≤^1_{100} n

B(n)

sppp ppp ppp ppp ppp p ppp ppp ppp ppp ppp p .................................. |Q| = log n

..................................................................

|Γ(Q)| ≤^{499}_{1000} n C(n)

s x ppp ppp ppp ppp ppp p ppp ppp ppp ppp p .................................Qx

................................................................... s y ppp ppp ppp ppp p ppp ppp ppp ppp p ................................. Qy

...................................................................

|Γ(Qx) ∩ Γ(Qy)| ≥^1_{100} n

..................

...........

.........

.........

......

......

.....

.....

.....

.... ... ... .. .. .. . .. . . . . . . . . . . . . . . . . . . . . . . .

..................................

..........

.......

........

.......

......

....

.... ... ... .. .. .. . .. . .. . . . . . . . . . . . . . . . . . . . .

.............................

.........................................

......................................................................

............................................................................................. ....................................................

......................................................

......................................................

............................

Figure 3.1: Partition of the set Forb_n(K_3)

Part I. The three sets A(n), B(n) and C(n) will reflect properties which hold almost

surely in a (random) bipartite graph on n vertices. As we shall see in the proof of

III, the color classes in a random bipartite graph are of approximately the same size.

For the time being it therefore suffices to view a random bipartite graph as a bipartite

graph with color classes as equal as possible, in which the edges are inserted randomly

with probability 1/2. It should be intuitively clear that with very high probability in

such a graph every vertex as degree at least, say, log n, and that every set of size log n

has at least, say, (^1_2 −^1_{1000})n neighbors. The definition of A(n) and B(n) captures

these two properties, while the definition of C(n) reflects the property that in bipartite

graphs all edges {x, y} satisfy Γ(Γ(x)) ∩ Γ(Γ(y)) = ∅. Let

A(n) denote the set of all graphs in Forb_n(K_3) which contain a vertex v such that |Γ(v)| ≤ log n, B(n) denote the set of all graphs in Forb_n(K_3) \ A(n) which contain a vertex v and

a set Q ⊆ Γ(v) of size log n such that |Γ(Q)| ≤ (^1_2 −^1_{1000})n, and

C(n) denote the set of all graphs in Forb_n(K_3) \ [A(n) ∪ B(n)] which contain an edge {x, y} and sets Q_x ⊆ Γ(x) and Q_y ⊆ Γ(y) of size |Q_x| = |Q_y| = log n such that |Γ(Q_x) ∩ Γ(Q_y)| ≥^1_{100} n.

It is not difficult to show that these sets have the required properties. Lemma 3.1.2 Forb_n(K_3) ⊆ Col_n(2) ∪ A(n) ∪ B(n) ∪ C(n). Proof. Let G = (V_n, E) be an arbitrary but fixed graph in Forb_n(K_3)\[A(n)∪B(n)∪ C(n)]. We need do show that G ∈ Col_n(2). To see this fix for every vertex v ∈ V_n a set Q_v ⊆ Γ(v) of size log n and let R_v = Γ(Q_v). Observe that by the definition of the set A(n) such sets Q_v exist and that by the definition of B(n) the sets R_v satisfy |R_v| ≥ (^1_2 −^1_{1000} )n. Furthermore, by the definition of the set C(n), we have |R_x ∩ R_y| ≤^1_{100} for all {x, y} ∈ E. One easily checks that this implies that G can neither contain a C_5 nor a C_7 or C_9.

Choose now an arbitrary edge {x, y} ∈ E. As G contains no C_5 we conclude that R_x and R_y are stable sets and that R_x ∩ R_y = ∅. Let S = V_n \ (Q_x ∪ Q_y ∪ R_x ∪ R_y) and S_x = {v ∈ S | R_v ∩ R_x ≠ ∅} and S_y = {v ∈ S | R_v ∩ R_y ≠ ∅}. Observe that certainly S_x ∪ S_y = S and that, as G contains no C_7 or C_9, we also know that R_x ∪ S_x and R_y ∪ S_y are stable and S_x ∩ S_y = ∅. At this point a proper two coloring of G is easily defined (cf. Figure 3.2). �

............................

..........

......

.... . ... ......

.........

...................

.........................................

.........

......

.... . ... .......

..........

............................. . . . . .

. . . . . .

. . . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

......

........

.....

......

......

......

......

.......

......

......

......

......

.....

.....

....

....... p p p p p p S_x Sy

s x^p ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp pp

ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp

......

...................................................

.....

....................................................

. ...... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..... . Q_x

.....

.........

...........................

.........................................................

..........

.....

....

.........

........................

..............................................................

.........

.... R_x

s y^{pp} ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp p

ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp ppp

......

...................................................

.....

................................................... . Q_y

....

.........

...........................

.........................................................

..........

.....

....

..........

........................

..............................................................

..........

.... ... .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ............. Ry. .. .. .. .. .. .. .

. . . . .. .. .. .. .. .. ..

. . . .

Figure 3.2: 2-coloring of a graph G in G ∈ Forb_n(K_3) \ [A(n) ∪ B(n) ∪ C(n)]

Part II. We now bound the cardinalities of the sets A(n), B(n) and C(n) in terms of those of Forb_{n−x}(K_3) for an appropriate x ∈ N. This is done by first closing an appropriate subset of the vertex set, in case of A(n), for example, the vertex v, a K_3-free graph on the remaining vertices and then connecting the vertices of the special set with the remaining vertices.

Lemma 3.1.3 For all sufficiently large n log |A(n)| |Forb_{n−1}(K_3)| ≤ 2(log n)^2.

Proof. Construct all graphs in A(n) as follows. First choose the vertex v and a triangle-free graph on V_n \ {v} (in at most n · |Forb_{n−1}(K_3)| ways). Then choose the set Γ(v). As there are exactly log n∑

i=0 ( n − 1 i ) ≤ n^{log n}

ways to do this, the desired bound follows immediately. �

Lemma 3.1.4 For all sufficiently large n log |B(n)| |Forb_{n−logn}(K_3)| ≤ ( 1 2 − 1 2000 )n log n. Proof. Construct all graphs in B(n) as follows. First choose the set Q and a trianglefree graph on V_n \ Q (in at most (_n log n ) · |Forb_{n−logn}(K_3)| ways). Then choose the set R = Γ(Q) (less than 2^n ways) and connect Q to the set R (at most 2^{|Q|·|R|} ≤ 2^{log n·( 12 − 11000 )n} ways). Together this gives log |B(n)| |Forb_{n−logn}(K_3)| ≤ (log n)^2 + n + ( 1 2 − 1 1000

)n log n ≤ ( 1 2 − 1 2000 )n log n, for n sufficiently large. � Remark. Observe that in the proof of Lemma 3.1.4 we did not use the fact that the set Q is a subset of the neighbourhood of some vertex v. That is, we could also have let B(n) denote the (larger) set of all graphs in Forb_n(K_3) which contain a set Q ⊆ Γ(v) of size log n such that |Γ(Q)| ≤ (^1_2 −^1_{1000})n.

Lemma 3.1.5 For all sufficiently large n log |C(n)| |Forb_{n−2}(K_3)| ≤ (1 − 1 2000 )n. Proof. Construct all graphs in C(n) as follows. First choose the two vertices x and y, a triangle-free graph on V_n \ {x, y}, and appropriate sets Q_x, Q_y (in less than n^2 · |Forb_{n−2}(K_3)| · n^{2 log n} ways). Let for conciseness of notation R_x = Γ(Q_x) and R_y = Γ(Q_y) and observe that R_x and R_y are determined by the choice of Q_x and Q_y. Finally, connect x and y to V_n \ {x, y}. As no vertex in R_x (R_y) may be connected to

3.1. ALMOST ALL TRIANGLE-FREE GRAPHS ARE BIPARTITE 33

y (x) and no vertex in V_n \ (R_x ∪ R_y) may be connect to both x and y there are at most 2^{|Rx \Ry |+|Ry \Rx|} · 3^{n−|Rx∪Ry |} ≤ 2^{74 n− 34 (|Rx|+|Ry |)− 14 |Rx ∩Ry |} ≤ 2^{n− 11000 n}. ways to do this (recall that by definition of B(n) we have |R_x|, |R_y| ≥ (^1_2 −^1_{1000})n and that by assumption |R_x ∩ R_y| ≥^1_{100}n). Together this gives log |C(n)| |Forb_{n−2}(K_3)| ≤ 2 log n + 2(log n)^2 + n − 1 1000 n ≤ (1 − 1 2000 )n, for n sufficiently large. � Part III. To show inductively that the sets A(n), B(n) and C(n) are negligible compared to Col_n(2) we first establish bounds on the size of the set Col_n(2).

Lemma 3.1.6 For all sufficiently large n

2^{n24 +n−log n} ≤ |Col_n(2)| ≤ 2^{n24 +n}.

Proof. The upper bound follows immediately from the fact that there are at most 2^n ways to partition the vertex set in two classes and that for each such partition there are at most 2^{n2/4} ways to choose edges between these classes.

For the lower bound we count only those partitions which split the vertex set in two classes of size ⌈^n_2 ⌉ and ⌊^n_2 ⌋, respectively. Observe that this counts all connected graphs at most once. To make up for those graphs which are counted more than once, we subtract all bipartite graphs with at least two components. Together with the upper bound on |Col_n(2)| this gives

|Col_n(2)| ≥ ( n ⌊^n_2 ⌋ ) · 2^{⌈ n2 ⌉·⌊ n2 ⌋} − ⌊n/2⌋∑

i=1 ( n i ) · |Col_i(2)| · |Col_{n−i}(2)|

≥ 2^n √ n · 2^{n24 − 14} − n/2∑ i=1 n^i · 2^{i24 +i} · 2^{(n−i)24 +n−i}

≥ 2^n √ n · 2^{n24 − 14} − 2^{n24 +n} n/2∑ i=1 2^{i log n− i n2}

= o(2^{− log n}) ,

which concludes the proof of Lemma 3.1.6. �

Remark. With some more care in the calculations it is in fact not too difficult to show that |Col_n(2)| = (1 + o(1)) · 2^{14 n2+n− 12 log n}. We will prove this asymptotic – in a more general setting – in Chapter 5.

Corollary 3.1.7 For all sufficiently large n log |Col_{n−1}(2)| |Col_n(2)| ≤ − 1 2 n + log n for all n ∈ N. �

Proof of Theorem 3.1.1. Since Col_n(2) ⊆ Forb_n(K_3) it suffices to show that there exist constants c ≥ 0 and γ > 1 such that |Forb_n(K_3)| ≤ (1 + cγ^{−n})|Col_n(2)| (∗) holds for all n ∈ N. Let γ = 2^{− 13000} and choose n_0 large enough so that all lemmas above hold for all n ≥ n_0 and such that for all n ≥ n_0:

max {2^{− 12 n+3(log n)2} , 2^{− 12000 n log n+2(log n)2} , 2^{− 12000 n+3 log n} } ≤ γ^{−n}.

Subsequently, choose c ≥ 1 such that (∗) holds for all n ≤ n_0. We conclude the proof by induction on n. So assume (∗) holds for some n − 1 ≥ n_0. By Lemma 3.1.2 we conclude that |Forb_n(K_3)| ≤ |A(n)| + |B(n)| + |C(n)| + |Col_n(2)|. Hence, it suffices to show that the ratio of each of the set A(n), B(n) and C(n) with Col_n(2) is at most^c_3 γ^{−n}. By Lemma 3.1.3, induction hypothesis, and Corollary 3.1.7 we conclude |A(n)| |Col_n(2)| ≤ |A(n)| |Forb_{n−1}(K_3)| · |Forb_{n−1}(K_3)| |Col_{n−1}(2)| · |Col_{n−1}(2)| |Col_n(2)| ≤ 2^{2(log n)2} · (1 + cγ^{−n+1}) ≤ 2c ·2^{− 12 n+log n} ≤ c 3 · 2^{− 12 n+3(log n)2} ≤ c 3 γ^{−n},

by choice of γ. Similarly, we obtain |B(n)| |Col_n(2)| ≤ |B(n)| |Forb_{n−logn}(K_3)| · |Forb_{n−logn}(K_3)| |Col_{n−log n}(2)| · log n∏

i=1 |Col_{n−i}(2)| |Col_{n−i+1}(2)| ≤ 2^{( 12 − 12000 )n log n} · (1 + cγ^{−n+log n}) · 2

∑_{log n}

i=1 (−^1_2 (n−i)+log(n−i)) ≤ c 3 · 2^{− 12000 n log n+2(log n)2} ≤ c 3 γ^{−n} and |C(n)| |Col_n(2)| ≤ |C(n)| |Forb_{n−2}(K_3)| · |Forb_{n−2}(K_3)| |Col_{n−2}(2)| · |Col_{n−2}(2)| |Col_{n−1}(2)| · |Col_{n−1}(2)| |Col_n(2)| ≤ 2^{(1− 12000 )n} · (1 + cγ^{−n+2}) · 2^{−n+2 log n+ 12} ≤ c 3 · 2^{− 12000 n+3 log n} ≤ c 3 γ^{−n} �

3.2. EXCLUDING CLIQUES – A FIRST STEP 35

3.2 Excluding cliques – a first step

Comparing Theorem 3.1.1 with Theorem 2.1.1 one is tempted to speculate that in fact the following generalization might me true: For every integer l ≥ 2 almost all K_{l+1}-free graphs are l-colorable. As it turned out, this is indeed this case. Theorem 3.2.1 [Kolaitis, Prömel, Rothschild, 1987] For every integer l ≥ 2 Prob [G ∈ Col_l(n) | G ∈ Forb_n(K_{l+1})] = 1 − o(1). The proof of Theorem 3.2.1 is quite lengthy and we postpone it to Section 4.2, where will obtain it as a corollary of a more general result. Here we instead only prove the following, slightly weaker result of Erdős, Kleitman, Rothschild (1976). Theorem 3.2.2 For every integer l ≥ 2

Forb_n(K_{l+1}) = 2^{(1− 1l ) n22 +o(n2 )}.

Theorem 3.2.2 is an immediate consequence of the following lemma, which bounds the number of graphs containg not “too many” (l + 1)-cliques.

Lemma 3.2.3 For all integers l ≥ 1 let F_l(n, ϵ) denote the class of graphs on n vertices containing at most ϵn^{l+1} many (l+1)-cliques. Then there exist functions ξ_l(ϵ) and ζ_l(ϵ) with lim_{ϵ→0} ξ_l(ϵ) = 0 such that for all n ∈ N: F_l(n, ϵ) ≤ 2^{(1− 1l +ξl(ϵ)) n22 +ζl (ϵ)}. (3.2.1)

Proof of Theorem 3.2.2. Trivially, |Forb_n(K_{l+1})| ≥ 2^{exn(Kl+1 )} = 2^{(1− 1l ) n22 −O(n)}. This shows the lower bound. The upper bound follows from Lemma 3.2.3 by letting ϵ → 0. � Proof of Lemma 3.2.3. We proceed by double induction on l and n. The case l = 1 follows easily from the fact that for all sufficiently large n: |F_1(n, ϵ)| = ϵn^2∑

i=0 ((_n 2 ) i ) ≤ 2^{−(ϵ log ϵ−(1−ϵ) log(1−ϵ)) n22} .

For the induction step choose n_0 = n_0(l, ϵ) sufficiently large so that

ζ_{l−1}(c) + ln <^1_{4l(l−1)} n^2 − 1 and lt log n +^1_2 l^2t^2 < n log l

for all n ≥ n_0. Subsequently, choose ζ_l(ϵ) > 0 in such a way that (3.2.1) holds for all n ≤ n_0. Assume n ≥ n_0 and let 0 < ϵ <^1_2 be arbitrary, but fixed. Let A_l(n, ϵ) denote the subset of all those graphs in F_l(n, ϵ) containing at most cn^l many l-cliques, where 0 < c <^1_2 is a constant such that ξ_{l−1}(c) ≤^1_{2l(l−1)} , and let

B_l(n, ϵ) denote the subset of all those graphs in F_l(n, ϵ) containing a K_l(t)-subgraph K so that less than αn of the remaining vertices have a neighbor in each of the l classes of K, where t = 2ϵ^{−1/(l+1)} and α = 4(l + 1)t^lϵ/c.

We claim that for all sufficiently large n: F_l(n, ϵ) = A_l(n, ϵ) ∪ B_l(n, ϵ). (3.2.2)

To see this, assume there exists a graph G ∈ F_l(n, ϵ) \ [A_l(n, ϵ) ∪ B_l(n, ϵ)]. Then G contains at least cn^l many l-cliques. Consider these as the edges of a l-uniform hypergraph H. By Theorem 2.4.2 this hypergraph contains a K^{(l)}_l (t)-subgraph K, whenever n is sufficiently large. Viewed as a subgraph in G this graph forms a K_l(t)- subgraph K. As G ∉ B_l(n, ϵ) there exist at least αn many vertices outside of K that are connected (in G) to at least one vertex in each class of K. By averaging this implies that G contains a l-clique which is contained in at least αn/t^l many (l + 1)-cliques. Remove this clique from H and repeat the above argument.^1_2 cn^l iterations of this procedure guarantee the existence of 1 l+1 ·^1_2 cn^l · αn/t^l ≥ 2ϵn^{l+1} many (l + 1)-cliques in G (note that every (l + 1)-clique may be counted at most l + 1 times and recall the choice of α) — contradicting the definition of F_l(n, ϵ).

Observe now, that (3.2.2), the fact that |F_l(n, ϵ)| ≥ 2^{exn(Kl+1)} ≥ 2^{(1− 1l ) n22 −ln}, the induction hypothesis on l − 1, and the choice of c imply |F_l(n, ϵ)| ≤ |A_l(n, ϵ)| + |B_l(n, ϵ)| (3.2.3) ≤ |F_{l−1}(n, c)| + |B_l(n, ϵ)| ≤ 2^{(1− 1l−1 +ξl−1 (c)) n22 +ζl−1 (c)} · |F_l(n, ϵ)| · 2^{−(1− 1l ) n22 +ln} + |B_l(n, ϵ)| ≤^1_2 |F_l(n, ϵ)| + |B_l(n, ϵ)|. On the other hand, by the definition of B_l(n, ϵ) and induction hypothesis (on n): |B_l(n, ϵ)| ≤ (_n t )_l · |F_l(n − lt, ϵ)| · αn∑ i=0 (_n i ) 2^{lti} · l^{n−i}2^{(l−1)t(n−i)} ≤ n^{lt} · 2^{(1− 1l +ξl (ϵ)) (n−lt)22 +ζl(ϵ)} · 2^n · l^n2^{ltn−t(1−α)n} ≤ 2^{(1− 1l +ξl(ϵ)) n22 +ζl(ϵ)} · n^{lt}2^{12 l2 t2} · 2^{−(lt·ξl(ϵ)−αt−log l−1)n} Letting ξ_l(ϵ) = (αt + 3 log l)/(lt), this together with (3.2.3) concludes the proof of Lemma 3.2.3. (Note that ξ_l(ϵ) → 0 for ϵ → 0 is satisfied by the choice of α and t). �

3.3 Szemerédi’s Uniformity Lemma

In 1978 E. Szemerédi published a theorem, which since then has found numerous applications in various branches of graph theory and combinatorics. It became known as the “Uniformity Lemma”. Very roughly, it states that every graph can be partitioned into a (small) number of classes such that the arising bipartite graphs between these classes essentially behave like random (bipartite) graphs. To state it precisely we, need some definitions.

Let G = (V, E) be a graph and A, B ⊆ V be pairwise disjoint nonempty vertex sets. The density d(A, B) is defined by d(A, B) =^{e(A,B)}_{|A|·|B|} , where e(A, B) denotes the number of edges between A and B. The pair (A, B) is called ϵ-regular, if all A^′ ⊆ A and B^′ ⊆ B with |A^′| ≥ ϵ|A| and |B^′| ≥ ϵ|B| satisfy |d(A^′, B^′) − d(A, B)| < ϵ. A pair (A, B) which is not ϵ-regular is called ϵ-irregular. A partition V = A_0 ∪ A_1 ∪ . . . ∪ A_k is called ϵ-uniform, if |A_0| < ϵ|V |, |A_1| = . . . = |A_k| and at most ϵk^2 of the tuples (A_i, A_j), 1 ≤ i < j ≤ k, are ϵ-irregular.

Theorem 3.3.1 (Szemerédi’s Uniformity Lemma) For every ϵ > 0 and l ∈ N there exist positive integers n_0 = n_0(ϵ, l) and m = m(ϵ, l) such that every graph on n ≥ n_0 vertices has an ϵ-uniform partition V = A_0 ∪ A_1 ∪ . . . ∪ A_k, where l ≤ k ≤ m.

For a direct proof of Theorem 3.3.1 we defer the reader to Szemerédi [ 81]. Here we will prove a generalization of the Uniformity Lemma to hypergraphs, which was independently proven by Steger (1990), Chung (1991), and Frankl and Rödl (1992). To state it we need some straightforward extensions of the notions introduced above.

Let H = (V, F ) be an r-uniform hypergraph and let A_1, . . . , A_r ⊆ V be pairwise disjoint nonempty vertex sets. The density d(A_1, . . ., A_r) is defined by d(A_1, . . . , A_r) = e(A_1, . . . , A_r) |A_1| · . . . · |A_r| , where e(A_1, . . . , A_r) = |{f ∈ F : |f ∩ A_i| = 1 for all i = 1, . . . , r}| . The tuple (A_1, . . . , A_r) is called ϵ-regular, if for all tuples A^′_i ⊆ A_i, i = 1, . . . , r with |A^′_i| ≥ ϵ|A_i| one has |d(A^′_1, . . . , A^′_r) − d(A_1, . . . , A_r)| < ϵ. A tuple (A_1, . . . , A_r) which is not ϵ-regular is called ϵ-irregular. A partition V = A_0 ∪ A_1 ∪ . . . ∪ A_k is called ϵ-uniform, if |A_0| < ϵ|V |, |A_1| = . . . = |A_k| and at most ϵk^r of the tuples (A_{i1} , . . . , A_{ir} ), 1 ≤ i_1 < . . . < i_r ≤ k, are ϵ-irregular. Note that in the case r = 2 these definitions correspond exactly to the graph-theoretic notions introduced above.

Theorem 3.3.2 For every ϵ > 0 and l, r ∈ N, there exist positive integers n_0 = n_0(ϵ, l, r) and m = m(ϵ, l, r) such that every r-regular hypergraph H = (V_n, F ) on n ≥ n_0 vertices has an ϵ-uniform partition V_n = A_0 ∪ A_1 ∪ ... ∪ A_k, where l ≤ k ≤ m.

Define an index of a partition V = A_0 ∪ A_1 ∪ ... ∪ A_k into k + 1 classes with exceptional class A_0 as follows:

ind((A_i)_{i=1,...,k}) = 1 k^r ∑ 1≤i_1<...<i_r≤k d(A_{i1} , ..., A_{ir})^2.

Note that we have ind((A_i)_{i=1,...,k}) <^1_{r!} .

The core of the proof of Theorem 3.3.2 is the following lemma, which shows that every partition with at least ϵk^r many ϵ-irregular tuples can be refined in such a way that the index increases by a fixed amount.

Lemma 3.3.3 Let ϵ > 0 and k ∈ N be given such that 2^{−kr−1} ≤^{ϵ2}_{10 4r+1} . Let H = (V_n, F ) be a r-regular hypergraph on n vertices with n ≥^{400 k 4kr−1+k+r}_{ϵr+3(1−ϵ)} and let V_n = A_0 ∪ A_1 ∪ · · · ∪ A_k be a partition with |A_0| < ϵn and |A_1| = . . . . = |A_k|, for which at least ϵk^r many tuples (A_{i1} , . . ., A_{ir} ), 1 ≤ i_1 < · · · < i_r ≤ k, are ϵ-irregular. Then there exists a partition V = B_0 ∪ B_1 ∪ · · · ∪ B_{k4}kr−1 such that (1) |B_0| ≤ |A_0| + ϵ^{r+3 n}_{4k} , (2) |B_1| = · · · = |B_{k4}kr−1 |, (3) the partition (B_0, . . ., B_{k4}kr−1 ) is a refinement of the partition (A_0, . . ., A_k), i.e., A_0 ⊆ B_0, and for each 1 ≤ i ≤ k4^{kr−1} there exists a 1 ≤ j ≤ k, such that B_i ⊆ A_j, and (4) ind((B_i)_{i=1,...,k4}kr−1 ) ≥ ind((A_i)_{i=1,...,k}) +^{ϵr+3}_{20} .

Proof. For every ϵ−irregular tuple (A_{i1} , . . ., A_{ir} ) with 1 ≤ i_1 < · · · < i_r ≤ k choose subsets X_j ⊆ A_{ij} , 1 ≤ j ≤ r, which demonstrate that (A_{i1} , . . ., A_{ir} ) is not ϵ-regular, i.e. which satisfy (3.3.4) |X_j| ≥ ϵ|A_{ij} | for all j = 1, . . ., r and |d(X_1, . . ., X_r) − d(A_{i1} , . . ., A_{ir} )| ≥ ϵ. These sets X_j decompose every set A_i into at most 2(^{k−1r−1}) ≤ 2^{kr−1} many classes. Therefore we may find in every A_i sets B_{(i−1)4}kr−1_{+1}, . . ., B_{i4}kr−1 in such a way that (3.3.5) |B_i| = ⌊^{|A1|}_{4k}r−1 ⌋ for all i = 1, . . ., k4^{kr−1} and

(3.3.6) every set X_j contains at least^{|Xj |}_{|B1|} − 2^{kr−1} many sets B_i.

With B_0 = V \ k4^{kr−1}⋃

i=1 B_i, we have that B_0, B_1, . . ., B_{k4}kr−1 form a partition of V, which satisfies conditions (2) and (3). To see that (1) holds observe that

|B_0| ≤ |A_0| + k · 4^{kr−1} ≤ |A_0| + ϵ^{r+3} n 4^k by the assumption on n.

We adopt the following notation:

b := |B_1| = ⌊ |A_1| 4^{kr−1} ⌋ , q := 4^{kr−1} and A^j_i := B_{(i−1)q+j} for 1 ≤ i ≤ k and 1 ≤ j ≤ q.

To verify (4) we show in a first step that all tuples (A_{i1} , . . ., A_{ir} ) satisfy: 1 q^r · q∑ j_1=1 · · · q∑ j_r =1 d(A^{j1}_{i1} , . . ., A^{jr}_{ir} )^2 ≥ d(A_{i1} , . . ., A_{ir} )^2 − ϵ^{r+3} 50 . (3.3.7)

Without loss of generality we consider only the tupel (A_1, . . ., A_r). Let A^∗_i := q⋃ j=1 A^j_i . We then have |A_i| − |A^∗_i | ≤ q and therefore by choice of n also |A^∗_i | ≥ |A_i|(1 − q |A_i| ) ≥ |A_i|(1 − kq (1 − ϵ)n ) ≥ |A_i|(1 − ϵ^{r+3} 100 · 4^{r+1} ). For i = 1, . . ., r choose 0 ≤ d_i ≤^{ϵr+3}_{100·4r+1} such that |A^∗_i | = |A_i|(1 − d_i). With C^0_i = A^∗_i and C^1_i = A_i \ A^∗_i we observe: |d(A_1, . . ., A_r) − d(A^∗_1, . . ., A^∗_r)| (3.3.8)

= | r∏ i=1 (1 − d_i) · ∑ δ_i ∈{0,1} e(C^{δ1}_1 , . . ., C^{δr}_r ) − e(C^0_1 , . . ., C^0_r )| r∏ i=1 (1 − d_i)|A_i|

≤

∑ δi∈{0,1} ∑_{δi>0} (^r∏ i=1 d^{δi}_i ) e(A_1, . . ., A_r) + ∑ δi∈{0,1} ∑_{δi>0} e(C^{δ1}_1 , . . ., C^{δr}_r ) r∏ i=1 (1 − d_i)|A_i|

≤

∑ δi∈{0,1} ∑_{δi>0} r∏ i=1 d^{δi}_i + ∑ δi∈{0,1} ∑_{δi>0} (^r∏ i=1 (1 − d_i)^{1−δi} d^{δi}_i )

r∏ i=1 (1 − d_i) ≤ 2^{r+1} · max_{1≤i≤r} d_i (_1 2 )_r

≤ ϵ^{r+3} 100 and hence |d(A_1, . . ., A_r)^2 − d(A^∗_1, . . ., A^∗_r)^2| (3.3.9) = |d(A_1, . . ., A_r) + d(A^∗_1, . . ., A^∗_r )| · |d(A_1, . . ., A_r) − d(A^∗_1, . . ., A^∗_r)|

≤ ϵ^{r+3} 50 . Using the Cauchy-Schwarz inequality, i.e. that ∑_n i=1 a^2_i ≥^1_n ( ∑_n i=1 a_i)^2 for real numbers a_i, this implies 1 q^r q∑ j_1=1 · · · q∑ j_r =1

d(A^{j1}_1 , . . ., A^{jr}_r )^2 = 1 q^r · b^{2r} q∑ j_1=1 · · · q∑ j_r =1

e(A^{j1}_1 , . . ., A^{jr}_r )^2

≥ 1 q^{2r}b^{2r} (^q∑ j_1=1 · · · q∑ j_r =1 e(A^{j1}_1 , . . ., A^{jr}_r ) )_2

= d(A^∗_1, . . ., A^∗_r )^2 ≥ d(A_1, . . ., A_r)^2 − ϵ^{r+3} 50 and hence (3.3.7).

In a second step we show that every ϵ-irregular tuple (A_{i1} , . . ., A_{ir} ) satisfies: 1 q^r q∑ j_1=1 · · · q∑ j_r=1 d(A^{j1}_{i1} , . . ., A^{jr}_{ir} )^2 ≥ d(A_{i1} , . . ., A_{ir} )^2 − ϵ^{r+3} 50 + ϵ^{r+2} 8 . (3.3.10)

Again we assume without loss of generality that (A_1, . . ., A_r) is ϵ-irregular and show (3.3.10) for this tuple. Consider the sets X_1, . . ., X_r chosen for this tuple. By (3.3.6) we have for X^∗_i := ⋃ {A^j_i |1 ≤ j ≤ q, A^j_i ⊆ X_i} |X^∗_i | ≥ |X_i| − 2^{kr−1} b ≥ |X_i| − 2^{−kr−1} |A_i|. Since |X_i| ≥ ϵ|A_i| (cf. (3.3.4)) this implies using the assumptions on ϵ and k : |X^∗_i | ≥ |X_i| ( 1 − 1 ϵ 2^{−kr−1} ) ≥ |X_i| ( 1 − ϵ 10 · 4^{r+1} ) . As in the proof of (3.3.8) we can conclude that |d(X_1, . . ., X_r) − d(X^∗_1 , . . ., X^∗_r )| ≤ ϵ 10 and hence because of (3.3.4) and (3.3.8) also |d(X^∗_1 , . . ., X^∗_r ) − d(A^∗_1, . . ., A^∗_r )| > ϵ 2 . Let x_i =^{|X∗i |}_b and δ = d(X^∗_1 , . . ., X^∗_r ) − d(A^∗_1, . . ., A^∗_r) and assume without loss of

generality that X^∗_i = x_i⋃

j=1 A^j_i for all i = 1, . . ., r. This implies

x_1∑

j_1=1 · · · x_r∑

j_r =1 e(A^{j1}_1 , . . ., A^{jr}_r ) = (^r∏ i=1 x_i ) b^rd(X^∗_1 , . . ., X^∗_r )

= (^r∏ i=1 x_i ) b^r(d(A^∗_1, . . ., A^∗_r) + δ)

= r∏ i=1 x_i q^r q∑ j_1=1 · · · q∑ j_r=1 e(A^{j1}_1 , . . ., A^{jr}_r ) + δb^r · r∏ i=1 x_i. We now need the defect form of the Cauchy-Schwarz inequality (cf. Appendix A), i.e. if m ≤ n and ∑_m i=1 a_i =^m_n ∑_n i=1 a_i + δ then ∑_m i=1 a^2_i ≥^1_n ( ∑_n i=1 a_i)^2 +^{δ2 n}_{m(n−m)} . From this we deduce 1 q^r q∑ j_1=1 · · · q∑ j_r =1 d(A^{j1}_1 , ..., A^{jr}_r )^2

= 1 q^r b^{2r} q∑ j_1=1 · · · q∑ j_r=1 e(A^{j1}_1 , ..., A^{jr}_r )^2

≥ 1 q^r b^{2r} x_1∑

j_1=1 · · · x_r∑

j_r=1 e(A^{j1}_1 , ..., A^{jr}_r )^2

≥ 1 q^r b^{2r} [ 1 q^r (^q∑ j_1=1 · · · q∑ j_r =1 e(A^{j1}_1 , ..., A^{jr}_r ) )_2 + δ^2b^{2r}q^r r∏ i=1 x_i q^r − r∏ i=1 x_i ]

= d(A^∗_1, ..., A^∗_r)^2 + δ^2 r∏ i=1 x_i q^r − r∏ i=1 x_i .

Using that x_i =^{|X∗i |}_b ≥^{|Xi |}_b ( 1 −^ϵ_{10·4r+1} ) ≥^ϵ_b ( 1 −^1_{4r+1} ) |A_1|, that |δ| ≥^ϵ_2 and that therefore δ^2 r∏ i=1 x_i q^r − r∏ i=1 x_i ≥ δ^2 q^r r∏ i=1 x_i ≥ ϵ^{r+2} 4 ( 1 − 1 4^{r+1} )_r |A_1|r (qb)^r ≥ ϵ^{r+2} 8

this together with (3.3.9) implies (3.3.10).

Finally, (3.3.7) and (3.3.10) and the assumption that at least ϵk^r many tuples are ϵ-irregular conclude the proof of the lemma as follows: ind ( (B_i)_{i=1,...,kq} ) = 1 k^r q^r ∑ 1≤i_1<···<i_r ≤kq d(B_{i1} , . . ., B_{ir} )^2

≥ 1 k^r q^r ∑ 1≤i_1<···<i_r≤k q∑ j_1=1 · · · q∑ j_r =1 d(A^{j1}_{i1} , . . ., A^{jr}_{ir} )^2

≥ 1 k^r ∑ 1≤i_1<···<i_r ≤k d(A_{i1} , . . ., A_{ir} )^2 − 1 k^r ( k r ) ϵ^{r+3} 50 + ϵ ϵ^{r+2} 8 ≥ ind ( (A_i)_{i=1,...,k} ) + ϵ^{r+3} 20 . � Proof of Theorem 3.3.2. Choose l_0 ≥ l in such a way that 2^{−lr−10} ≤^{ϵ2}_{10·4r+1} . The index of every partition is less that^1_{r!} . Lemma 3.3.3 therefore guarantees that starting from an arbitrary partition V = A_0 ∪ A_1 ∪ · · · ∪ A_{l0} in l_0 + 1 classes we reach a uniform partition after at most 20ϵ^{−r−3} many refinements — if n = |V | is sufficiently large. More precisely, consider the function f defined by f(0) = l_0 and f(t+1) = f(t)·4^{f(t)r−1} and set

n_0 = 400f(⌈20ϵ^{−r−3}⌉) · 4^{f(⌈20ϵ−r−3⌉−1)} · 4^r ϵ^{r+3}(1 − ϵ) and m = f(⌈20ϵ^{−r−3}⌉). Starting from a sufficiently large partition V = A_0 ∪ A_1 ∪ · · · ∪ A_{l0} with |A_1| = · · · = |A_{l0} | = ⌊^n_{l0} ⌋ we reach an ϵ-uniform partition V = B_0 ∪ B_1 ∪ · · · ∪ B_k with l_0 ≤ k ≤ m

and |B_0| ≤ |A_0| + ∞∑ i=l_0 ϵ^{r+3} n 4^i

≤ l_0 + 1 3 ϵ^{r+3}n ≤ ϵ^{r+3}n. �

3.4 The Erdős, Frankl, Rödl Theorem

A consequence of the Erdős, Stone Theorem is that the number of edges of an extremal graph is essentially determined by the chromatic number of the forbidden graph (cf. Corollary 2.2.5). The aim of this section is to show that a similar result is true, if one considers the number of H-free graphs instead of the number of edges of an extremal graph.

Theorem 3.4.1 [Erdős, Frankl, Rödl, 1986] Let H be a finite graph. Then |Forb_n(H)| = 2^{(1− 1χ(H)−1 ) n22 +o(n2)}. The main idea of the proof of Theorem 3.4.1 is to show that every H-free graph can be made K_{χ(H)}-free by deleting at most o(n^2) edges. The key tools for achieving this are the Uniformity Lemma of the previous section and the following result.

Lemma 3.4.2 For all r, t ∈ N there exists 0 < ϵ_0 <^1_2 such that for all ϵ ≤ ϵ_0 there exists n_0 = n_0(ϵ) so that for all n ≥ n_0 the following is true. If G = ( ⋃_r i=1 A_i, E) is an r-partite graph with parts |A_1| = · · · = |A_r| = n such that for all 1 ≤ i < j ≤ r the pair (A_i, A_j) is ϵ^{rt}-regular and has density at least 2ϵ, then G contains a K_r(t).

3.4. THE ERDŐS, FRANKL, RÖDL THEOREM 43

Proof. Let ϵ_0 = 1/r and n_0(ϵ) = ϵ^{−rt} for all ϵ ≤ ϵ_0, and assume that G is an rpartite graph satisfying the assumptions of the lemma with respect to some ϵ ≤ ϵ_0 and n ≥ n_0(ϵ). First observe that the assumption on the regularity and the density of the pairs (A_i, A_j) implies:

(∗) If 1 ≤ s < rt is an integer and X ⊆ A_i and Y ⊆ A_j are two sets such that |X| ≥ ϵ^sn and |Y | ≥ ϵ^sn, then the set X^′ := {v ∈ X | |Γ(v) ∩ Y | < ϵ|Y |} satisfies |X^′| ≤ ϵ|X|. Let v_1, . . ., v_k be the longest sequence of at most rt pairwise different vertices such that the following properties are satisfied simultaneoulsy

(i) v_i ∈ A_{⌈i/t⌉} for all 1 ≤ i ≤ k, (ii) {v_i, v_j} ∈ E(G) for all 1 ≤ i < j ≤ k with ⌈i/t⌉ < ⌈j/t⌉, and (iii) for all 2 ≤ j ≤ r: | ⋂ 1≤i≤k ⌈i/t⌉<j Γ(v_i) ∩ A_j| ≥ ϵ^k|A_j|

Clearly, if k = r · t, then the vertices v_i induce the desired K_r(t). So assume k < r · t and let j_0 = ⌈(k + 1)/j⌉ and

A^′_j := ⋂ 1≤i≤k ⌈i/t⌉<j Γ(v_i) ∩ A_j

for all 1 ≤ j ≤ r. Then, by assumption (iii), all pairs (A^′_{j0} , A^′_j), j_0 < j ≤ r, are ϵ^{rt−k}- regular. By (∗) and choice of ϵ_0 and n_0(ϵ) there therefore exists a vertex v_{k+1} ∈ A^′_{j0} such that |Γ(v_{k+1}) ∩ A^′_j | ≥ ϵ|A^′_j | for all j_0 < j ≤ r, contradicting the maximality of k. � Proof of Theorem 3.4.1. Let 0 < δ <^1_2 be an arbitrary but fixed constant, let ϵ_0 be the constant from Lemma 3.4.2 with respect to r = χ(H) and t = |V (H)|, and let 0 < ϵ ≤ min{δ, ϵ_0} be a constant such that n (_n 2ϵn ) < 2^{2δn} for all sufficiently large n. Let ϵ^′ = ϵ^{χ(H)·t}, l = ⌈δ^{−1}⌉ and m = m(ϵ^′, l) denote the constant from Theorem 3.3.1. By Theorem 3.3.1 we know that for n sufficiently large all graphs on n vertices have an ϵ^′- uniform partition. We can therefore construct all graphs in Forb_n(H) as follows. First we choose a partition V_n = A_0 ∪A_1 ∪...∪A_k of V_n with |A_0| < ϵ^′n, |A_1| = ... = |A_k| and l ≤ k ≤ m. This can be done in at most n^n different ways. Then we choose the edges which are completely contained in some class A_i, 1 ≤ i ≤ k, and connect the vertices in A_0 to all other vertices. This can be done in at most 2^{k·}(^{|A1|2} ) · 2^{|A0|·n} ≤ 2^{n22k +ϵ′ n2} ways. Next we decide for every pair (A_i, A_j), 1 ≤ i < j ≤ k whether it is ϵ^′-irregular, ϵ^′-regular with density less than 2ϵ, or ϵ^′-regular with density at least 2ϵ. There are 3(^{k2}) < 2^{k2} ways to do this.

By Theorem 3.3.1 we know that there are at most ϵ^′k^2 many ϵ^′-irregular pairs. Therefore all edges which are contained in ϵ^′-irregular pairs can be inserted in at most

2^{|A1|2ϵ′k2} ≤ 2^{ϵ′n2} different ways. For a sparse ϵ^′-regular pair there are (by choice of ϵ), at most ∑_{2ϵ|A1|}2 i=1 (_{|A1|}2 i ) < 2^{2δ n2}k^2 ways to choose the edges contained in this pair. Therefore there are at most 2^{δn2} ways to insert all edges contained in some sparse ϵ^′-regular pair. Finally, we conclude from Lemma 3.4.2 that for any χ(H) sets A_i the remaining ϵ^′-regular pairs cannot contain all (_{χ(H)} 2 ) pairs between these sets. In particular this shows that the edges of G contained in dense ϵ^′-regular pairs may not contain a K_{χ(H)}. That is, there are at most F orb_n(K_{χ(H)}) ways to insert these edges. Therefore, together with Theorem 3.2.2, for sufficiently large n

F orb_n(H) ≤ n^n · 2^{n22k +ϵ′n2} · 2^{k2} · 2^{ϵ′n2} · 2^{δn2} · F orb_n(K_{χ(H)}) ≤ 2^{(1− 1χ(H)−1 ) n22 +4δn2} .

Since δ was chosen arbitrarily this implies that

F orb_n(H) ≤ 2^{(1− 1χ(H)−1 ) n22 +o(n2 )}.

As on the other hand the definition of an extremal graph implies that F orb_n(H) ≥ 2^{ex(n,H)} this together with Corollary 2.2.5 concludes the proof of Theorem 3.4.1. �

Corollary 3.4.3 Let H be a finite graph with chromatic number χ(H) ≥ 3. Then

log |Forb_n(H)| = (1 + o(1)) · ex_n(H). �

3.5 Degenerate graphs

While Theorem 3.4.1 nicely determinates the order of magnitude of the class Forb_H(n) whenever χ(H) ≥ 3, it degenerates to |Forb_n(H)| = 2^{o(n2)}, whenever H is bipartite. One also easily checks, that in fact Corollary 3.4.3 does not hold for bipartite graphs in general.

Lemma 3.5.1 Let H = T_r be a tree on r vertices. Then there exists a constant c > 0 such that for all sufficiently large n: |Forb_n(T_r)| > 2^{exn (Tr)·c log n}. Proof. From Lemma 2.3.4 we know that ex_n(T_r) ≤ (r − 2)n. On the other hand every partition of V_n into pairwise disjoint cliques of size at most r − 1 forms a T_r-free graph. Therefore, (with r^′ = n − ⌊^n_{r−1} ⌋ · (r − 1)) |Forb_n(T_r)| ≥ ( n r − 1, . . ., r − 1, r^′ ) = 2^{Ω(n log n)}. � Nevertheless it is believed that also for bipartite graphs (different from trees) the subgraphs of the extremal graph(s) already represent “most” H-free graphs. More precisely, Erdős (cf. e.g. [29]) conjectured:

3.5. DEGENERATE GRAPHS 45

Conjecture 3.5.2 (Erdős) If H is bipartite and not a tree then |Forb_n(H)| = 2^{exn (H)·(1+o(1))}. At present this conjecture seems to be rather intractable. It is not even known for special cases. Even for the simplest case, a cycle of length four, the best known upper bound is 2^{cn3/2} with c ≈ 1.08 due to Kleitman and Winston (1982). Theorem 3.5.3 The number of C_4-free graphs on n vertices satisfies: 2^{12 n3/2+o(n3/2 )} ≤ |Forb_n(C_4)| ≤ 2^{1.08n3/2}. �

46 CHAPTER 3. ASYMPTOTIC GRAPH THEORY

PART II

Special Topics

Chapter 4

Graphs with a Color-Critical Vertex

Given a graph H, what is the structure of a typical, i.e., random, H-free graph? For triangle-free graphs this question was answered by Erdős, Kleitman and Rothschild (1976), cf. Theorem 3.1.1. In the following years, a sequence of results shed more and more light on the general picture: among these are Lamken, Rothschild (1984), who solved the problem for odd circuits, Kolaitis, Prömel and Rothschild (1987), who answered the question for all cliques K_l of a fixed size, and Prömel (1990) and Prömel, Steger (1993), who gave a complete answer for all graphs containing a color-critical edge. A consequence common to these results was the following: in all these cases the structure of a typical H-free graph is essentially given by the extremal H-free graph! While the exact statement of the results differ from case to case (cf. Section 4.2), one can summarize these results as follows: in all the considered cases the structure of a typical H-free graph is essentially given by the extremal H-free graph.

In this chapter we completely solve the problem for all graphs H containing a color-critical vertex. (A vertex v of a graph H is called color-critical if the deletion of v from H decreases the chromatic number.) While this result subsumes all the results mentioned above, its relatively short proof is self-contained. Before we present it, in Section 4.2, we turn our attention to the related question about extremal graphs.

4.1 Extremal graphs

A strengthening of Turán’s theorem is Simonovits’s inverse extremal theorem [ 77] which gives a complete characterization of those graphs H sharing the property that T_n(l) is the extremal graph in Forb_n(H). To formulate it, we need the notion of a color-critical edge. An edge e of H is called color-critical if the deletion of e from H decreases the chromatic number. Obviously, if H contains a critical edge then it also contains a color-critical vertex. Moreover, observe that trivially each clique K_l contains a color-critical edge.

Theorem 4.1.1 Let l > 1 and let H be a graph of chromatic number l + 1. Then the Turán graph T_n(l) is an extremal graph in Forb_n(H) if and only if H contains a color-critical edge. �

Another extension of Turán’s theorem, also due to Simonovits (1968), gives a characterization of the extremal graphs for certain graphs containing a color-critical vertex.

Theorem 4.1.2 Let l > 1, 1 ≤ r_1 ≤ . . . ≤ r_l and n be sufficiently large. If G is an

extremal graph in Forb_n(K_{l+1}(1, r_1, . . . , r_l)) then G admits a representation as l X_{i=1}^Gi

where

(1) |V (G_i)| =^n_l + o(n), for each i = 1, . . . , l, and

(2) G_i is an extremal graph in Forb_n(K_2(1, r_1)) for each i = 1, . . . , l. � This result was later generalized by Erdős and Simonovits (1971) to excluded complete graphs K_{l+1}(r_0, r_1, . . . , r_l) with min_{0≤i≤l} r_i ≤ 3.

Here we will prove a different generalization of Theorem 4.1.2. Let H be a vertexcritical graph and let v be a critical vertex in H. We say that v has criticallity d, iff there exist d edges e_1, . . ., e_d incident to v such that H \ (e_1 + · · · + e_d) has chromatic number l, and d is minimal with respect to this property. Let t_n(p) denote the number of edges of a complete p-partite graph on n vertices with parts as equal as possible.

Theorem 4.1.3 Let d, k, p be integers such that 1 ≤ d ≤ k and p ≥ 2, and let H be a (p+1)-partite graph with parts H_0, . . ., H_p such that H_0 = {v_0}, |H_1| = · · · = |H_p| = k, |Γ(v_0) ∩ H_1| = d, H_1 ∪ · · · ∪ H_p form a complete p-partite graph, and v_0 is completely connected to H_2 ∪ · · · ∪ H_p. Then for n sufficiently large

ex_n(H) ≤ t_n(p) + 1 2 n(d − 1) and ex_n(H) = t_n(p) +^1_2 n(d − 1) implies that every extremal H-free graph is the union of the Turán-graph T_n(p) and a graph with maximal degree d − 1.

Proof. Let t = (3d + 4)pk and recall that for sufficiently large n, say for n ≥ n_0, by the Erdős-Stone Theorem 2.2.4 every graph on n vertices and t_n(p) edges contains a K_p(t), i.e. a complete p-partite graph with t vertices in every class, as a subgraph.

Define Δ_n(H) as Δ_n(H) = ex_n(H) − (t_n(p) +^1_2 n(d − 1)). We need to show that Δ_n(H) ≤ 0 whenever n is sufficiently large. To proof this it obviously suffices to show that for all n ≥ n_0 either Δ_n(H) ≤ 0 or Δ_n(H) ≤ Δ_{n−pt}(H) − ptk.

Fix n ≥ n_0 and let G be an extremal H-free graph, that is let G be an H-free graph with |E(G)| = ex_n(H). If |E(G)| ≤ t_n(p) there is nothing to be shown. So assume not. Then G contains a K_p(t) as a subgraph. Let K_1, . . ., K_p denote its parts and set K = K_1 ∪ · · · ∪ K_p. We partition V (G) \ K as follows: X = {v ∈ V (G) \ K | ∃ i < j s.t. |Γ(v) ∩ K_i| ≤ k − 1 and |Γ(v) ∩ K_j| ≤ k − 1}, Y = {v ∈ V (G) \ (X ∪ K) | ∃ i ≠ j s.t. |Γ(v) ∩ K_i| ≤ t − 3pk and |Γ(v) ∩ K_j| ≤ d − 1}, and for i = 1, . . ., p let V_i = {v ∈ V (G) \ (X ∪ Y ∪ K) | |Γ(v) ∩ K_i| ≤ d − 1 but |Γ(v) ∩ K_j | ≥ t − 3pk for all j ≠ i}. As G is H-free, one easily observes that indeed V (G) = K ∪ X ∪ Y ∪ p⋃ i=1 V_i. Observe that the definition of these sets and the fact that G is H-free implies that

|Γ(v) ∩ (K_i ∪ V_i)| < d for all v ∈ K_i ∪ V_i and all i = 1, . . ., p.

So we have the following inequalities: e(X, K) ≤ [(p − 2)t + 2(k − 1)] · |X| ≤ [(p − 1)t − 2pk] · |X| e(Y, K) ≤ [(p − 1)t − (3pk − d + 1)] · |Y | ≤ [(p − 1)t − 2pk] · |Y | e(G[K_i]) + e(K_i, V_i) ≤ t(d − 1) for all i = 1, . . ., p e(G[K_i ∪ V_i]) ≤ 1 2 (t + |V_i|)(d − 1) for all i = 1, . . ., p p∑ i=1 e(K_i, ⋃ 1≤j≤p j≠i V_j) ≤ t(p − 1)(n − pt − |X| − Y |).

Hence,

ex_n(H) ≤ ex_{n−pt}(H) + ( p 2 ) t^2 + e(X, K) + e(Y, K) + p∑ i=1 e(G[K_i]) + e(K_i, V_i) + e(K_i, ⋃ 1≤j≤p j≠i V_j) ,

that is Δ_n(H) ≤ Δ_{n−pt}(H) − t_n(p) − 1 2 n(d − 1) + t_{n−pt}(p) + 1 2 (n − pt)(d − 1)

+ ( p 2 ) t^2 + [(p − 1)t − 2pk](|X| + |Y |) + pt(d − 1) + t(p − 1)(n − pt − |X| − |Y |). After some straightforward calculations this yields Δ_n(H) ≤ Δ_{n−pt}(H) − 2pk(|X| + |Y |) + 1 2 pt(d − 1). If |X| + |Y | ≥ t we are home. We therefore assume that |X| + |Y | < t. To simplify the subsequent calculations we would also like to assume that the cardinality of Z = X ∪ Y is a multiple of p. We can achieve this by moving at most p − 1 vertices from ⋃ V_i to Z and replacing the inequality e(X ∪ Y, K) ≤ [(p − 1)t − 2pk] · |X ∪ Y | by e(Z, K) ≤ [(p − 1)t − k] · |Z|. We therefore assume without loss of generality that |Z| = pz, where z ≤ t. Then

ex_n(H) = ( p 2 ) t^2 + e(Z, K) + e(Z, p⋃ i=1 V_i) + e(G[Z])

+ p∑ i=1 e(G[Ki ∪ Vi]) + e(Ki, ⋃ 1≤j≤p j≠i V_j) + 1 2 e(V_i, ⋃ 1≤j≤p j≠i V_j)

≤ ( p 2 ) t^2 + [(p − 1)t − k] · pz + e(Z, p⋃ i=1 V_i) + e(G[Z]) + 1 2 (n − pz)(d − 1) + (p − 1)t(n − p(t + z)) + 1 2 p∑ i=1 e(V_i, ⋃ 1≤j≤p j≠i V_j)

≤ 1 2 n(d − 1) + (p − 1)tn − ( p 2 ) t^2 − [k + 1 2 (d − 1)] · pz + e(G[Z]) + e(Z, p⋃ i=1 V_i) + 1 2 p∑ i=1 e(V_i, ⋃ 1≤j≤p j≠i V_j)

Using t_n(p) = t_{n−p(t+z)}(p) + (p − 1)(t + z)n − (_p 2 ) (t + z)^2 this implies

ex_n(H) ≤ t_n(p) + 1 2 n(d − 1) − t_{n−p(t+z)}(p) − (p − 1)z(n − pt) + ( p 2 ) z^2 (∗) − [k + 1 2 (d − 1)] · pz + e(G[Z]) + e(Z, p⋃ i=1 V_i) + 1 2 p∑ i=1 e(V_i, ⋃ 1≤j≤p j≠i V_j).

Recall now that if x_1, . . ., x_p are integers such that ∑_p i=1 x_i = n and x_1 = ⌈^n_p ⌉ + δ for some δ ≥ 0 that then ∑ i<j x_ix_j ≤ t_n(p) −^1_2 δ^2. If we let δ = max_{1≤i≤p} |V_i| − ⌈^{n−p(t+z)}_p ⌉ we therefore obtain

ex_n(H) ≤ t_n(p) + 1 2 n(d − 1) − 1 2 δ^2 − (p − 1)z(n − pt) + ( p 2 ) z^2 (∗∗) − [k + 1 2 (d − 1)] · pz + e(G[Z]) + e(Z, p⋃ i=1 V_i). This implies in particular that

ex_n(H) ≤ t_n(p) + 1 2 n(d − 1) + zn − 1 2 δ^2,

from which we immediately deduce that we may assume without loss of generality that δ ≤ √ 2zn. Next we further partition the sets V_i. Let c_0 = 8t^2p^4 and set V^′_i = {v ∈ V_i | |Γ(v) ∩ V_j| ≥ |V_j| − c_0 for all j ≠ i} and let V^{′′}_i = V_i \ V^′_i . Then (∗∗) implies

ex_n(H) ≤ t_n(p) + 1 2 n(d − 1) + zn − 1 2 p∑ i=1 c_0|V^{′′}_i | and we may therefore assume without loss of generality that ∑_p i=1 |V^{′′}_i | ≤^{2z}_{c0} n ≤^1_{4tp4} n.

Observe that if a vertex z ∈ Z satisfies |Γ(z) ∩ V^′_i | ≥ d for some 1 ≤ i ≤ p, then there has to exist a j ≠ i such that |Γ(z)∩V^′_j | ≤ c_0(d+(p−2)k)+k −1, as otherwise G would contain a copy of the excluded subgraph H. Therefore, assuming without loss of generality that |V^′_1 | ≤ · · · ≤ |V^′_p | and using that |V^′_1 | = |V_1|−|V^{′′}_1 | ≥ ⌊^{n−p(t+z)}_p ⌋−δ−|V^{′′}_1 |, we obtain |Γ(z) ∩ p⋃ i=1 V^′_i | ≤ max{n − p(t + z) − |V^′_1 | + d − 1, n − p(t + z) − |V^′_1 | − |V^′_2 | + 2c_0(d + pk)} ≤ p − 1 p (n − p(t + z)) + δ + |V^{′′}_1 | + d,

for n sufficiently large. Using (∗∗) once more, this implies

ex_n(H) ≤ t_n(p) + 1 2 n(d − 1) − (p − 1)z(n − pt) + ( p 2 ) z^2 − [k + 1 2 (d − 1)]pz + ( pz 2 ) + pz · [ p − 1 p (n − p(t + z)) + δ + |V^{′′}_1 | + d] − 1 2 δ^2 − 1 2 c_0 p∑ i=1 |V^{′′}_i | ≤ t_n(p) + 1 2 n(d − 1) + 1 2 pz(z − 1) − [k − 1 2 (d + 1)]pz + pzδ − 1 2 δ^2 − ( 1 2 c_0 − pz) p∑ i=1 |V^{′′}_i |

≤ t_n(p) + 1 2 n(d − 1) + 1 2 pt^2 + ptδ − 1 2 δ^2 − ( 1 2 c_0 − pt) p∑ i=1 |V^{′′}_i |, from which we conclude (recall that c_0 = 8t^2p^4) that we may assume that ∑_p i=1 |V^{′′}_i | = 0. In a last step we partition the set Z. Let Z_i = {v ∈ Z \ ⋃ i^′<i Z_i′ | |Γ(v) ∩ V_j| ≥ |V_j| − c_0 for all j ≠ i} and set Z_0 = Z \ ⋃_p i=1 Z_i. As before we deduce that for each 1 ≤ i ≤ p the graph induced by Z_i ∪ V_i has maximal degree d − 1. Furthermore, every vertex v ∈ Z_0 either has at most d − 1 neigbours in some set V_i and at most |V_j| − c_0 neighbours in some other set V_j, j ≠ i, or there exits i ≠ j such that v has at most c_0(d + pt) neighbors in V_i as well as in V_j. This implies in particular that the following inequality is valid: e(Z_0, p⋃ i=1 (Z_i ∪ V_i)) + 1 2 p∑ i=1 e(Z_i ∪ V_i, ⋃ 1≤j≤p j≠i (Z_j ∪ V_j) ≤ t_{n−pt}(p) − (c_0 − d + 1)|Z_0|. Using (∗) we obtain (recall that |Γ(v) ∩ V_i| ≤ d − 1 for all v ∈ Z_i)

ex_n(H) ≤ t_n(p) + 1 2 n(d − 1) − t_{n−p(t+z)}(p) − (p − 1)z(n − pt) + ( p 2 ) z^2 − [k + 1 2 (d − 1)]pz + e(G[Z_0]) + e(Z_0, p⋃ i=1 (Z_i ∪ V_i))

+ p∑ i=1 e(G[Z_i]) + e(Z_i, V_i) + 1 2 e(Z_i ∪ V_i, ⋃ 1≤j≤p j≠i (Z_j ∪ V_j))

≤ t_n(p) + 1 2 n(d − 1) + t_{n−pt}(p) − t_{n−p(t+z)}(p) − (p − 1)z(n − pt) + ( p 2 ) z^2 − [k + 1 2 (d − 1)]pz + |Z_0|^2 + (pz − |Z_0|)(d − 1) − (c_0 − d + 1)|Z_0|

≤ t_n(p) + 1 2 n(d − 1) − 1 2 kpz. Hence, either ex_n(H) < t_n(p)+^1_2 n(d−1) or Z = ∅ and G is a union of the Turán-graph T_n(p) and a graph with maximal degree d − 1. � Remark. One easily observes that Theorem 4.1.3 in fact implies that all graphs H which contain a color-critical vertex satisfy

t_n(χ(H) − 1) ≤ ex_n(H) ≤ t_n(χ(H) − 1) + O(n).

For the graphs H of Theorem 4.1.3 one can also quite easily show that all graphs obtained as a union of the Turán-graph T_n(p) and a graph with maximal degree d − 1 not containg a K_3 or C_4 are in fact H-free – implying slightly stronger bounds on ex_n(H) for those graphs.

4.2 Asymptotic structure

In Section 3.1 we have seen that a typical triangle-free graph is bipartite, i.e., is twocolorable. Answering a question of Paul Erdős, a counterpart to Simonovits’ inverse extremal theorem (Theorem 4.1.1) was proved in Prömel, Steger (1992c).

Theorem 4.2.1 Let l > 1 and let H be a graph of chromatic number l + 1. Then |Forb_n(H)| = (1 + o(1)) · |Col_l(n)| if and only if H contains a color-critical edge. �

In particular, choosing H = K_3, one gets as a corollary the result of Erdős, Kleitman and Rothschild that almost every triangle-free graph is two-colorable. Another special case is the result of Kolaitis, Prömel and Rothschild (1987) stating that almost every K_{l+1}-free graph is l-colorable.

The aim of this section is to prove a generalization of Theorem 4.2.1 to all graphs H containing a color-critical vertex due to Hundack, Prömel, Steger (1993). Recall that a color-critical vertex v has criticallity d, if there exist d edges e_1, . . ., e_d incident to v such that H \(e_1 +· · ·+e_d) has chromatic number l, and d is minimal with respect to this property. Furthermore we denote by P_n(l, d) the class of graphs on n vertices which can be represented as a product of l graphs each of which has maximal degree at most d, i.e., P_n(l, d) := {G = (V_n, E) | G ⊆ l X_{i=1}^Gi^{, l∑}_{i=1}^{|V (G}i^{)| = n, Δ(G}i^{) ≤ d ∀ i = 1, . . ., l}.} Theorem 4.2.2 If H has chromatic number l + 1 and contains a color-critical vertex v_0 with criticallity d, then |Forb_n(H)| = (1 + o(2^{−c n})) · |Forb_n(H) ∩ P_n(l, d − 1)|, for some constant c > 0.

The key idea of the proof of Theorem 4.2.2 is to partition the class Forb_n(H) into a finite number of subclasses and to show that all but one of these subclasses are asymptotically negligible — a technique which we have already used in the proof of Theorem 3.1.1. In fact a similar approach was first used by Kleitman and Rothschild [53] to count asymptotically partially ordered sets. The following Theorem gives this method a formal framework (cf.Steger (1990)).

Theorem 4.2.3 (Kleitman-Rothschild Method) Let k be a positive integer, let E(n) ⊆ F(n) and Z_i(n), i = 1, . . ., k be k + 2 families of graphs on n vertices and let α, β > 0 be reals such that for all sufficiently large n: log |E(n)| |E(n + 1)| ≤ −α · n + β √ n, and (1)

F(n) ⊆ E(n) ∪ k⋃ i=1 Z_i(n). (2) Moreover, let z_i = z_i(n) be a positive integral functions such that z_i = o(n) and let ϵ_i > 0 be constants such that for all sufficiently large n we have that log |Z_i(n)| |F(n − z_i)| ≤ (α − ϵ_i) · z_in for every i = 1, . . . , k. (3) Then there exist c ≥ 1 and γ > 1 such that the following inequality holds for every n ∈ N:_{|F(n)| ≤ (1 + c · γ−n) · |E(n)|.} Proof. Let ϵ = min_{1≤i≤k} ϵ_i, γ = 2^{ϵ/2} and choose n_0 sufficiently large such that (1) - (3) of the theorem and^ϵ_2 n − αz_i − β √ n ≥ 1 is fulfilled for all n ≥ n_0. Finally, choose c ≥ 1 sufficiently large such that the claim of Theorem 4.2.3 hold for all n ≤ n_0. We proceed by induction on n. Using (2) we conclude that it suffices to show that |Z_i(n)| |E(n)| ≤ c k · γ^{−n} for every i = 1, . . ., k. (4.2.1)

Using (3), the induction hypothesis, and (1) we obtain that |Z_i(n)| |E(n)| ≤ |Z_i(n)| |F(n − z_i)| · |F(n − z_i)| |E(n − z_i)| · z_i∏

j=1 |E(n − j)| |E(n + 1 − j)| ≤ 2^{(α−ϵ)·zi n} · (1 + cγ^{−(n−zi)}) · 2 ∑_{zi} j=1 (−α·(n−j)+β √ n−j). (4.2.1) follows now by straightforward calculations, similar to the one in the proof of Theorem 3.1.1. � The proof of Theorem 4.2.2 will be an application of Theorem 4.2.3. In particular, we let E(n) = Forb_n(H) ∩ P_n(l, d − 1) and F(n) = Forb_n(H). First we determine the constants α and β such that (1) of Theorem 4.2.3 is satisfied.

Lemma 4.2.4 There exists a constant D > 0 such that for all sufficiently large n: log |Forb_n(H) ∩ P_n(l, d − 1)| |Forb_{n+1}(H) ∩ P_{n+1}(l, d − 1)| ≤ − l − 1 l · n + D √ n. Proof. Let E(n) = Forb_n(H) ∩ P_n(l, d − 1), let Col_n(l) denote the set of all l-colorable graphs on n vertices, and let X_n(d) denote the set of all graphs with maximal degree at most d. Then obviously |Col_n(l)| ≤ |E(n)| ≤ |Col_n(l)| · |X_n(d − 1)|. It is well-known (compare also Section 5.3, where a much more general result is proven) that the number of l-colorable graphs satisfies |Col_n(l)| = Θ ( 2^{l−12l ·n2+n·log l− l−12 ·log n} ) .

Furthermore, we easily obtain the following crude bound for X_n(d): |X_n(d)| ≤ 2^{dn log n}. We need some more notations. Let Q be a property which a l-colorable graph may have. (For example the existence of a color-critical vertex is such a property.) Let

C_n(Q) = {G ∈ Col_n(l) | G_2 has property Q} and E_n(Q) = {G ∈ Forb_n(H) | G = G_1∪G_2, G_1 ∈ X_n(d−1), G_2 ∈ Col_n(l), G_2 has property Q}.

Obviously for all such properties Q: |E_n(Q)| ≤ |C_n(Q)| · |X_n(d − 1)| ≤ |C_n(Q)| · 2^{dn log n}. That is, if |C_n(Q)| = o(2^{−dn log n}) · |Col_n(l)| (∗) then |E_n(Q)| = o(|E(n)|). We will consider the following two properties:

Q_1 = there exists a coloring with color classes V_1, . . ., V_l such that min_{1≤i≤l} |V_i| ≤^n_{2l} , and Q_2 = for all colorings with color classes V_1, . . ., V_l such that |V_1| = min_{1≤i≤l} |V_i| ≥^n_{2l} there exist sets A_{ij}, 1 ≤ i ≤ √ n, 2 ≤ j ≤ l such that · A_{ij} ⊆ V_j, |A_{ij}| = |V (H)|, · A_{i1j} ∩ A_{i2j} = ∅ for all i_1 ≠ i_2, and · |{v ∈ V_1 | ⋃ 2≤j≤l Aij ⊆ Γ(v)}| ≤ |V (H)| for all 1 ≤ i ≤ √ n. One easily checks that Q_1 as well as Q_2 satisfy inequality (∗). (Overestimate the number of graphs contained in C_n(Q_i) by first choosing appropriate color classes (less than l^n ways), the sets A_{ij} (less than (_n |V (H)| )_{(l−1)}^√_n ways), and then choosing the edges between the color classes.) More precisely,

|C_n(Q_1)| ≤ l^n · 2^{n2l (n− n2l )+}(^{l−12} )^{( n−} n 2l l−1 )^2 = o(2−dn log n) · |Col n(l)| and (here we let h = |V (H)|) |C_n(Q_2)| ≤ l^n · (_n h )_{(l−1)}^√_n · 2(^{l−12} )^{( n−|V1 |l−1 )2+|V1|·(n−|V1|−(l−1)h√n)} · [_h ∑ i=0 ( |V_1| i )]^√_n · (2^{(l−1)h} − 1)^{|V1|√n} ≤ 2(^{l2})^{n2+n log l− 1}2^{l·h}·l^{n√n}

= o(2^{−dn log n}) · |Col_n(l)|. The cardinality of E(n + 1) can now be bounded as follows. Fix an arbitrary vertex v_0 ∈ V_{n+1}. We claim that are at least 2^{l−1l (n−l |V (H)|√n)} possibilities to connect v_0 to any graph G ∈ E_n(Q̄_1 ∧ Q̄_2) induced on V_{n+1} \ v_0. Indeed, by the definition of Q_1 and Q_2 every graph G ∈ E_n(Q̄_1 ∧ Q̄_2) may be written as G = G_1 ∪ G_2 with G_2 ∈ C_n(Q̄_1 ∧ Q̄_2). Let |V_1| ≤ · · · ≤ |V_l| be the color classes of an appropriate coloring of G. Then |V_1| ≥^n_{2l} and for i = 2, . . ., l there exist sets S_i ⊆ V_i of size |S_i| = √ n · |V (H)| such that any tuple (X_2, . . ., X_l) with X_i ⊆ V_i \ S_i and |X_i| = |V (H)| has the property that ⋃ 2≤i≤l Xi has at least |V (H) many neighbors in V1. In particular, this implies that v0

may be connected to ⋃_l i=2(V_i \ S_i) in an arbitrary way without generating a copy of the forbidden subgraph H. Therefore E(n + 1) ≥ |E_n(Q̄_1 ∧ Q̄_2)| · 2^{l−1l (n−l |V (H)|√n)} ≥ (|E(n)| − |E_n(Q_1)| − |E_n(Q_2)|) · 2^{l−1l (n−l |V (H)|√n)} ≥ (1 − o(1)) · |E(n)| · 2^{l−1l (n−l |V (H)|√n)}, from which the desired inequality follows easily. �

For the rest of this section fix integers l ≥ 2 and 1 ≤ d ≤ k and let H be an arbitrary but fixed (l + 1)-partite graph containing a color-critical vertex of criticality d. The main part of the proof is devoted to defining appropriate sets Z_i(n).

We proceed with some definitions. Throughout the rest of this section we fix ϵ_l := 1/(2^{3d+8} · l^3) and an ϵ_0 > 0 such that

−(ϵ_0 log ϵ_0 + (1 − ϵ_0) log(1 − ϵ_0)) = 1 5 ϵ_l. Observe that this implies n^2 · (_n ϵ_0n ) < 2^{14 ϵln} for n sufficiently large.

For 0 ≤ k < l let f_k denote the integral function

f_k(n) = ⌈log^{(k2−k+2)} n⌉.

A p_k-set is an ordered set P = {v_1, . . ., v_{kfk(n)}} ⊆ V_n such that for the sets P_i = {v_{(i−1)fk(n)+1}, . . ., v_{ifk(n)}}, i = 1, . . . , k, the following conditions are satisfied:

(1) P_i ∩ P_j = ∅ for every 1 ≤ i < j ≤ k,

(2) |P_i| = f_k(n) for every 1 ≤ i ≤ k and

(3) P_i and P_j are completely connected for every pair 1 ≤ i < j ≤ k.

For a p_k-set P = ⋃_k i=1 P_i we denote by T_k(P ) = T_k(P_1, . . ., P_k) the set T_k(P ) = {v ∈ V_n \ k⋃ i=1 P_i | |Γ(v) ∩ P_i| ≥ ϵ_0|P_i| for every i = 1, . . . , k}.

Observe that, by definition, a p_0-set is empty and T_0(∅) = V_n. For simplicity a p_{l−1}-set Q is also called a q-set. The corresponding set T_{l−1}(Q) is also denoted by R(Q) and called the r-set of Q. In addition we let q denote the size of a q-set , i.e. q = (l−1)f_{l−1}. A q-set of a vertex v is a q-set contained in the neighborhood Γ(v) of v. Lemma 4.2.5 Let 1 ≤ k ≤ l − 1 be an integer and let A_k(n) denote the set of all graphs G ∈ Forb_n(H) that contain a p_k-set P such that the set |T_k(P )| ≤ ( l − k l − ϵ_l)n. Then log |A_k(n)| |Forb_{n−kfk}(H)| ≤ ( l − 1 l − 1 2k ϵ_l)kf_kn for all sufficiently large n.

Proof. Construct all graphs in A_k(n) as follows. First choose the p_k-set P = ⋃_k i=1 P_i and an H-free graph on V_n \ P (at most n^{kfk} · |Forb_{n−kfk}(H)| ways). Then choose edges inside P (less than 2^{12 (kfk)2} ways), choose the set T_k(P ) (less than 2^n ways) and connect P to T_k(P ) (at most 2^{kfk|Tk(P )|} ways). Finally, connect P to V_n \ (P ∪ T_k(P )). Do this by first choosing for each v ∈ V_n \ (P ∪ T_k(P )) an index i, 1 ≤ i ≤ k, so that v has less than ϵ_0f_k neighbors in P_i. In this way the total number of ways to connect P to V_n \ (P ∪ T_k(P )) can, for n sufficiently large, obviously be bounded by k · ϵ_0f_k∑

j=0 ( f_k j ) · 2^{(k−1)fk} n−|T_k(P )| ≤ 2^{( 14 ϵlfk+(k−1)fk)·(n−|Tk(P )|)}. Together this gives log |A_k(n)| |Forb_{n−kfk}(H)| ≤ kf_k log n + 1 2 (kf_k)^2 + n + kf_k|T_k(P )| + ( 1 4 ϵ_lf_k + (k − 1)f_k) · (n − |T_k(P )|)

≤ (k − 1 + l − k l − ϵ_l + 1 2 ϵ_l) · f_kn ≤ ( l − 1 l − 1 2k ϵ_l) · kf_kn for n sufficiently large. �

Lemma 4.2.6 Let 0 ≤ k ≤ l − 2 be an integer and let B_k(n) denote the set of all graphs G ∈ Forb_n(H) that contain a vertex v and a p_k-set P contained in Γ(v) such that |T_k(P )| ≥ ( 2 l − ϵ_l)n and |Γ(v) ∩ T_k(P )| ≤ f_k(n). Then log |B_k(n)| |Forb_{n−1}(H)| ≤ ( l − 1 l − 1 2l )n for all sufficiently large n.

Proof. Construct all graphs in B_k(n) as follows. First choose the vertex v and an H-free graph on V_n \ v (at most n · |Forb_{n−1}(H)| ways). Then choose the p_k-set P (less than n^{kfk} ways) — observe that this implicitly defines the set T_k(P ). Next connect v with T_k(P ) (less than ∑_{fk} i=0 (_n i ) ≤ 2^{fk log n} ways) and with V_n \ (P ∪ T_k(P )) (less than 2^{n−|Tk(P )|} ways). Together this gives log |B_k(n)| |Forb_{n−1}(H)| ≤ log n + kf_k log n + f_k log n + n − |T_k(P )| ≤ (1 − 2 l + 2ϵ_l)n ≤ ( l − 1 l − 1 2l )n for n sufficiently large. �

Lemma 4.2.7 For n sufficiently large, every graph G = (V_n, E) in Forb_n(H)\ ( ⋃_{l−2} k=1 A_k(n)∪ ⋃_{l−2} k=0 B_k(n) ) has the following property: the neighbourhood Γ(v) of every vertex v ∈ V_n contains a q-set Q.

The proof of this lemma is analogous to the proof of a similar result in Kolaitis, Prömel, Rothschild [55]. In particular we need the following lemma from [55], which generalizes a result of Bollobás and Erdős [11].

Lemma 4.2.8 [Kolaitis, Prömel, Rothschild, 1987] Let 0 < ϵ < 1 and k ∈ N be given. Then there exists N_0 = N_0(ϵ, k) such that the following is true. Let G be a graph with vertex set A_0 ∪ · · · ∪ A_k, where the A_i are pairwise disjoint sets each of size N ≥ N_0, and suppose that |Γ(v) ∩ A_i| ≥ ϵN for all v ∈ A_0 and all 1 ≤ i ≤ k. Then there exist sets A^′_i ⊆ A_i, 0 ≤ i ≤ k, such that |A^′_i| = ⌈log^{(2k)} N⌉ for each i = 0, . . ., k and such that ⋃_k i=1 A^′_i ⊆ Γ(v) for all v ∈ A^′_0. �

Proof of Lemma 4.2.7. Let v be an arbitrary vertex of G. By definition of the set B_0(n) we observe that Γ(v) contains a set P_{11} of size f_1(n). We conclude the proof by induction on k. Suppose for some k, 1 ≤ k ≤ l − 2, there exist sets P_{k1}, . . ., P_{kk} satisfying the following two conditions:

i) the P_{ki}, 1 ≤ i ≤ k are pairwise disjoint, and ii) P_{k1} ∪ · · · ∪ P_{kk} form a p_k-set contained in Γ(v).

As G is neither contained in A_k(n) nor in B_k(n) we know that |Γ(v) ∩ T_k(P_{k1} ∪ · · · ∪ P_{kk})| > f_k(n). Let P̃ be an arbitrary subset of Γ(v) ∩ T_k(P_{k1} ∪ · · · ∪ P_{kk}) of size f_k(n). Apply Lemma 4.2.8 to A_0 = P̃ , and A_i = P_{ki}, 1 ≤ i ≤ k to obtain sets P_{k+1,1}, . . .P_{k+1,k+1} satisfying the conditions i) and ii) for k + 1. Inductively we thus obtain sets P_{l−1,1}, . . ., P_{l−1,l−1} which form a q-set contained in Γ(v). �

Observe also that another immediate consequence of Lemma 4.2.8 is that a vertex may not have many neighbours in the r-set of a q-set contained in its neighbourhood.

Corollary 4.2.9 For all sufficiently large n every graph G = (V_n, E) in Forb_n(H) has the following property: if v ∈ V_n is a vertex with q-set Q, then |Γ(v) ∩ R(Q)| ≤ q. � Lemma 4.2.10 Let C(n) denote the set of all graphs G ∈ Forb_n(H) that contain a vertex v with q-set Q such that |R(Q)| ≥ ( 1 l + ϵ_l)n. Then log |C(n)| |Forb_{n−1}(H)| ≤ ( l − 1 l − 1 2 ϵ_l )n for all sufficiently large n.

Proof. Construct all graphs in C(n) as follows. First choose the vertex v and an H-free graph on V_n \v (at most n·|Forb_{n−1}(H)| ways). Then choose the q-set Q in V_n \v (less than n^q ways) and connect v to V_n \ R(Q) (less than 2^{n−|R(Q)|} ways). Finally connect v to R(Q). Observe that by Corollary 4.2.9 there are at most q∑ i=0 ( n i ) ≤ 2^{q log n}

ways to do this. Together this gives log |C(n)| |Forb_{n−1}(H)| ≤ log n + q log n + n − |R(Q)| + q log n ≤ ( l − 1 l − 1 2 ϵ_l )n for n sufficiently large. �

Corollary 4.2.11 For n sufficiently large, every graph G = (V_n, E) in Forb_n(H) \ ( A_{l−1}(n)∪ C(n) ) has the following property: if v is a vertex with q-set Q then ( 1 l − ϵ_l)n ≤ |R(Q)| ≤ ( 1 l + ϵ_l)n. � Lemma 4.2.12 Let 0 ≤ k ≤ l − 2 and m ∈ {2, d + 1} be a integers, and let D_{k,m}(n) denote the set of all graphs G ∈ Forb_n(H) that contain distinct vertices v_1, . . ., v_m with q-sets Q_1, . . ., Q_m, respectively, and a p_k-set P contained in ⋂_m i=1 Γ(v_i) such that the following properties are satisfied simultaneously: |T_k(P )| ≥ ( 2 l − ϵ_l)n, | m⋂ i=1 Γ(v_i) ∩ T_k(P )| ≤ f_k(n),

|R(Q_1) ∩ m⋂ i=2 R(Q_i)| ≥ 2^{3d+6}ϵ_ln, | m⋂ i=2 R(Q_i)| ≥ ( 1 l − 2^{d+4}ϵ_l)n, and ( 1 l − ϵ_l)n ≤ |R(Q_i)| ≤ ( 1 l + ϵ_l)n for i = 1, . . ., m. Then log |D_{k,m}(n)| |Forb_{n−m}(H)| ≤ ( l − 1 l − ϵ_l m )mn for all sufficiently large n.

Proof. Similarly as in Lemma 4.2.6 we construct all graphs in D_{k,m}(n) as follows. We first choose the vertices v_1, . . ., v_m, an H-free graph on V_n \ {v_1, . . ., v_m}, choose the qsets Q_1, . . ., Q_m, and the p_k-set P (less than n^m ·|Forb_{n−m}(H)|·n^{mq} ·n^{kfk} ways). Then we choose the edges among the v_i (less than 2^{m2} ways), connect v_1 to R_1 := R(Q_1) and the v_i, i ≥ 2, to R̃ := ⋂_m i=2 R(Q_i) (less than 2^{m·q log n} ways, cf. Corollary 4.2.9), connect v_i, i ≥ 2, to R_1 \R̃ and v_1 to R̃\R_1 (less than 2^{(m−1)(|R1|−|R̃∩R1|)} ·2^{|R̃|−|R̃∩R1 |} ways), and connect v_i, i ≥ 1, to V_n \ (R̃ ∪ R_1 ∪ T_k(P )) (less than 2^{m(n−|Tk(P )\(R̃∪R1 )|−|R̃|−|R1|+|R̃∩R1|)} ways). Finally, we connect the v_i, i ≥ 1, to T_k(P ) \ (R̃ ∪ R_1). This can be done by choosing first the at most f_k(n) many vertices of T_k(P ) \ (R̃ ∪ R_1) connected to all the v_i and then connecting the remaining vertices to at most m − 1 of the v_i. That is, there are at most f_k∑

j=0 ( n j ) · (2^m − 1)^{|Tk(P )\(R̃∪R1 )|} ≤ 2^{fk log n+(m− 1}2^{m+1 )|Tk(P )\(R̃∪R1 )|}

ways to connect the v_i to T_k(P ) \ (R̃ ∪ R_1). Together this gives log |D_{k,m}(n)| |Forb_{n−m}(H)| ≤ m log n + mq log n + kf_k log n + m^2 + mq log n + (m − 1)|R_1| + |R̃| + m · (n − |T_k(P ) \ (R̃ ∪ R_1)| − |R̃| − |R_1|) + f_k log n + (m − 1 2^{m+1}

)|T_k(P ) \ (R̃ ∪ R_1)| ≤ mn − 1 2^{m+1} |T_k(P ) \ (R̃ ∪ R_1)| − (m − 1)|R̃| − |R_1| + 1 2^{m+1} ϵ_ln ≤ l − 1 l · mn − ( 2^{3d+6} − 3 2^{m+1} ϵ_l − d2^{d+4}ϵ_l − ϵ_l − 1 2^{m+1} ϵ_l) ≥ ϵ_l ·n for n sufficiently large. �

The following corollaries can be proved in exactly the same way as Corollary 4.2.7, if one uses the D_{k,m}(n)-sets instead of the B_k(n)-sets.

Corollary 4.2.13 For n sufficiently large, every graph G = (V_n, E) in Forb_n(H)\ ( ⋃_{l−1} k=1 A_k(n)∪ ⋃_{l−2} k=0 B_k(n) ∪ C(n) ∪ ⋃_{l−2} k=0 D_{k,2}(n) ) has the following property: for every two vertices v_1, v_2 ∈ V_n which have q-sets Q_1 and Q_2, such that |R(Q_1) ∩ R(Q_2)| ≥ 2^{3d+6}ϵ_ln there exists a q-set Q contained in Γ(v_1) ∩ Γ(v_2). �

Corollary 4.2.14 For n sufficiently large, every graph G = (V_n, E) in Forb_n(H) \ (⋃_{l−1} k=1 A_k(n) ∪ ⋃_{l−2} k=0 B_k(n) ∪ C(n) ∪ ⋃_{l−2} k=0 D_{k,d+1}(n) ) has the following property: for every d + 1 vertices v_1, . . ., v_{d+1} which have q-sets Q_1, . . ., Q_{d+1}, respectively, such that | ⋂_{d+1} i=1 R(Q_i)| ≥ (^1_l − 2^{d+4}ϵ_l )n there exists a q-set Q contained in ⋂_{d+1} i=1 Γ(v_i). �

Lemma 4.2.15 Let E(n) denote the set of all graphs G ∈ Forb_n(H) that contain a vertex v with two q-sets Q_1 and Q_2 such that the following two properties are satisfied simultaneously: |R(Q_1)| ≥ ( 1 l − ϵ_l)n and |R(Q_2) \ R(Q_1)| ≥ 4ϵ_ln.

Then log |E(n)| |Forb_{n−1}(H)| ≤ ( l − 1 l − 24ϵ_l)n for all sufficiently large n.

Proof. Construct all graphs in E(n) as follows. First choose the vertex v and an H-free graph on V_n \ v (at most n · |Forb_{n−1}(H)| ways). Then choose the q-sets Q_1 and Q_2 (less than n^{2q} ways) and connect v with V_n \ (R(Q_1) ∪ R(Q_2)) (less than 2^{n−|R(Q1)|−|R(Q2)\R(Q1 )|} ways). Finally connect v to R(Q_1) ∪ R(Q_2). Observe that by Corollary 4.2.9 there are at most 2^{2q log n} ways to do this. Together this gives log |E(n)| |Forb_{n−1}(H)| ≤ log n + 2q log n + n − |R(Q_1)| − |R(Q_2) \ R(Q_1)| + 2q log n ≤ ( l − 1 l − 2ϵ_l)n for n sufficiently large. �

Corollary 4.2.16 For n sufficiently large, every graph G = (V_n, E) in Forb_n(H)\ (⋃_{l−1} k=1 A_k(n) ∪ ⋃_{l−2} k=0 B_k(n) ∪ C(n) ∪ ⋃_{l−2} k=0 D_{k,2}(n) ∪ E(n) ) has the following property: If v_1, v_2 are two vertices with q-sets Q_1 and Q_2, resp., then the corresponding r-sets either “coincide” or are “disjoint”, that is either

|R(Q_1) ∩ R(Q_2)| ≥ ( 1 l − 9ϵ_l)n or |R(Q_1) ∩ R(Q_2)| ≤ 2^{3d+6}ϵ_ln.

Proof. Let v_1 and v_2 be two vertices with q-sets Q_1 and Q_2, respectively. Assume that |R(Q_1) ∩ R(Q_2)| ≥ 2^{3d+6}ϵ_l n. According to Corollary 4.2.13 there exists a q-set Q_{12}, which is a q-set of v_1 as well as of v_2. As G is not in E(n) this implies that

|R(Q_1) \ R(Q_{12})| ≤ 4ϵ_ln and |R(Q_{12}) \ R(Q_2)| ≤ 4ϵ_ln.

Therefore,

|R(Q_1) ∩ R(Q_2)| ≥ |R(Q_1) ∩ R(Q_{12}) ∩ R(Q_2)| ≥ |R(Q_1)| − |R(Q_1) \ R(Q_{12})| − |R(Q_{12}) \ R(Q_2))| ≥ ≥ ( 1 l − 9ϵ_l)n. � Corollary 4.2.17 For n sufficiently large, Forb_n(H) \ (_{l−1} ⋃ k=1 A_k(n) ∪ l−2⋃ k=0 B_k(n) ∪ C(n) ∪ l−2⋃ k=0 (D_{k,2}(n) ∪ D_{k,d+1}(n)) ∪ E(n) )

⊆ Forb_n(H) ∩ P_n(l, d − 1). Proof. Let G = (V_n, E) be a graph contained in the set on the left hand side and assume n is so large that all of the above lemmas and corollaries hold. We now construct a partition V_n = ⋃ i X_i and show that it has the desired properties.

By Lemma 4.2.7 the neighbourhood of every vertex v ∈ V_n contains at least one qset. For every vertex v fix one such q-set, lets call it Q_v, and denote the corresponding r-set by R_v = R(Q_v). Choose a maximum number of vertices v_1, . . ., v_s ∈ V_n such that

|R_{vi} ∩ R_{vj} | ≤ 2^{3d+6}ϵ_ln for all pairs 1 ≤ i < j ≤ s

and let X_i := {x ∈ V_n | |R_x ∩ R_{vi} | ≥ 2 3 n l }. Claim 1: The sets X_i partition the set V_n.

Choose x ∈ V_n \{v_1, . . ., v_s} arbitrarily. By the maximality of the set {v_1, . . ., v_s} there has to exist at least one v_i such that |R_x ∩ R_{vi} | > 2^{3d+6}ϵ_ln. By Corollary 4.2.16 this implies |R_x ∩ R_{vi} | ≥^2_3^n_l , that is x ∈ X_i. Assume now there also exists an 1 ≤ j ≤ s, j ≠ i, such that x ∈ X_j . Then 4 3 n l ≤ |R_x ∩ R_{vi} | + |R_x ∩ R_{vj} | ≤ |R_x| + |R_{vi} ∩ R_{vj} | ≤ ( 1 l + ϵ_l + 2^{3d+6}ϵ_l)n.

Contradiction.

Claim 2: G[X_i] has maximal degree at most d − 1, for all i = 1, . . ., s. Assume there exist 1 ≤ i_0 ≤ s and vertices x_0, x_1, . . ., x_d ∈ X_{i0} such that x_0 is connected to all vertices x_1, . . ., x_d. Then the definition of X_{i0} and Corollaries 4.2.11 and 4.2.16 imply |R_{xi} ∩ R_{xj} | ≥ ( 1 l − 9ϵ_l)n for all 0 ≤ i < j ≤ d.

Therefore |R_{xi} \ R_{xj} | ≤ 10ϵ_ln for all 0 ≤ i < j ≤ d and | d⋂ i=0 R_{xi} | ≥ |R_{x0} | − d∑ i=1 |R_{x0} \ R_{xi} | ≥ ( 1 l − ϵ_l − 10dϵ_l)n ≥ ( 1 l − 2^{d+4}ϵ_l)n.

By Corollary 4.2.14 we know that therefore there exists a q-set Q̃ = ⋃_{l−1} i=1 Q̃_i contained in ⋂_d i=0 Γ(x_i). Recall now that the definition of the r-set together with Lemma 4.2.8 implies that there exist sets H_1 ⊆ R(Q̃) and H_{i+1} ⊆ Q̃_i, i = 1, . . ., l − 1 so that {x_0}, H_1 ∪ {x_1, . . ., x_d}, H_2, . . ., H_l form the parts of the forbidden subgraph H. Contradiction. Claim 3: s = l.

By Claim 2 at most d − 1 vertices of Q_{v1} can belong to X_1. Similarly, we observe that the l − 1 parts of Q_{v1} must belong to different sets X_i. This shows s ≥ l. As on the other hand n ≥ | s⋃ i=1 R_{vi} | ≥ s∑ i=1 |R_{vi} | − ∑ i<j |R_{vi} ∩ R_{vj} | ≥ s( 1 l − ϵ_l)n − ( s 2 ) 2^{3d+6}ϵ_ln,

we immediately observe that also s ≤ l, that is s = l. �

This completes the proof of Theorem 4.2.2.

66 CHAPTER 4. GRAPHS WITH A COLOR-CRITICAL VERTEX

Chapter 5

Graph Coloring Algorithms

One of the most intrinsic problems in graph theory is the graph-coloring problem: given a graph G = (V, E), decide its chromatic number χ(G). Unfortunately, even the question of whether χ(G) ≤ l for some fixed l ≥ 3 is NP -complete. The importance of the problem has led many researchers to find algorithms which are - though exponential in the worst case - at least fast “on average”.

Considering average-case complexity, Wilf (1984) observed that there exists an algorithm which decides the question whether χ(G) ≤ l in constant expected time, assuming equal distribution on all graphs. We describe a simplified version of his algorithm in Section 5.1.

If we restrict consideration to the “small” class of K_{l+1}-free graphs, the problem becomes much more difficult. Though it is known that almost all K_{l+1}-free graphs are l-colorable, it is not difficult to see that the fraction of those K_{l+1}-free graphs which are not l-colorable grows at least as 2^{−Θ(n)}. Since there is no coloring algorithm of subexponential complexity known for this class, one needs more structural properties to design an algorithm which colors every K_{l+1}-free graph with a minimal number of colors in polynomial expected time. In Section 5.2 we prove such a structural result and exhibit an algorithm which colors every K_{l+1}-free graph G with χ(G) colors in O(n^2) expected time.

Restricting the class under consideration even further, Turner (1988) had earlier been able to exhibit a polynomial time algorithm which finds a proper coloring for almost every l-colorable graph. His result was strengthened by Dyer and Frieze (1989) (for constant l) and by Kučera (1989) (for all l ≤ √ n/(28 log n)) who proposed an algorithm which colors every l-colorable graph on n vertices properly in O(n^2) expected time. All these algorithms are based on the fact that for l ≤ √ n/(28 log n) almost all l-colorable graphs are uniquely l-colorable. In Section 5.3 we generalize this result considerably by showing that not only does there exist a threshold function l = l(n) for the property of being uniquely l-colorable, but that this threshold corresponds to the chromatic number of a random graph.

5.1 Wilf’s algorithm

In 1984 H. Wilf published an algorithm which decides in constant expected time, whether a given graph (randomly drawn from the set of all graphs) has chromatic number at most l. The reason for this at first sight very surprising result is simply that almost every graph contains many cliques of size l + 1, thus is in particular not l-colorable. Even more is true: with high probability a graph contains a clique of size l + 1 already on an initial piece of constant length. In these cases the algorithm just says ”no”. For the K_{l+1}-free graphs on the other hand the algorithm decides the l-colorability simply by complete enumeration. Since the fraction of these graphs is sufficiently small, this does not destroy the constant expected time.

In the following we state a simplified version (cf. [48]) of Wilf’s algorithm. Assume that Exact-Color(G) is an algorithm which determines the chromatic number of a graph G exactly. We denote its worst-case running time on graphs with n vertices by run_C (n). For any integer k ≤ |V (G)| let G[1, k] denote the subgraph of G induced by the first k vertices.

Algorithm Test-Colorability_l(G) Input: Graph G with n vertices;

Output: True if G has chromatic number χ(G) ≤ l, False otherwise. begin

k := 1;

while k ≤ n do begin

if G[1, k] contains a K_{l+1}-subgraph then return False else k := k + 1;

end while return (Exact-Color(G) ≤ l);

end.

The correctness of the algorithm is immediate. To bound the average running time we first state two observations which are easily seen to be true.

· If Test-Colorability stops with k = t, then O(t^{l+1} ) is a crude upper bound for the running time of Test-Colorability in this case.

· The number of graphs on n vertices for which Test-Colorability completes at least t passes of the while-loop is exactly |Forb_t(K_{l+1})| · 2(^{n2})^−(^{t2}).

Let ave_T (n) denote the average running time of the algorithm Test-Colorability on graphs with n vertices, assuming that every graph is equally likely. An upper bound for ave_T (n) is then easily derived:

ave_T (n) ≤ 2^−(^{n2}) · (_n ∑ t=1 O(t^{l+1}) · |Forb_t(K_{l+1})| · 2(^{n2})^−(^{t2}) + run_C (n) · |Forb_n(K_{l+1})| ) . As, trivially, run_C (n) ≤ n^n and, according to Theorem 3.2.2, we also know that |Forb_n(K_{l+1})| = 2^{(1− 1l )}(^{n2})^{+o(n2 )}, this immediately implies the following theorem.

Theorem 5.1.1 For every fixed l ≥ 3 the algorithm Test-Colorabilty_l(G) decides in O(1) expected time, whether χ(G) ≤ l. �

Observe, that one could even demand that the algorithm should output a proper coloring with χ(G) colors, whenever χ(G) ≤ l, without spoiling the constant expected running time!

5.2 Coloring clique-free graphs

In 1989 Dyer and Frieze described an algorithm which colors every l-colorable graph (here l is a fixed constant!) in O(n^2) expected time. Following Prömel, Steger (1992) we extend this considerably by exhibiting an algorithm which colors every K_{l+1}-free graph G with χ(G) colors in O(n^2) expected time, regardless what the value of χ(G) is. Observing that almost every K_{l+1}-free graph has Ω(n^2) edges, this means that the complexity of the algorithm presented is in fact linear. Moreover, since the class of l-colorable graphs is dense in the class of K_{l+1}-free graphs, the algorithm in particular colors l-colorable graphs in linear expected time. This result heavily relies on a structural result, which allows to estimate precisely the number of graphs with certain properties. As a consequence we obtain, for example, that the portion of K_{l+1}-free graphs on n vertices with chromatic number larger than h(n), where h(n) ≥ l, is at most 2^{−Ω(n·h(n))}, hence, in particular, the fraction of K_{l+1}-free graphs which are not l-colorable, is logarithmically small.

5.2.1 The algorithm

The key idea of the algorithm is to partition the class Forb_n(K_{l+1}) of K_{ℓ+1}-free graphs into subclasses. The first and largest subclass H_n consists of l-colorable graphs which satisfy some additional structural requirements so that they can be l-colored using an O(n^2) algorithm. Unfortunately, there are too many graphs left in Forb_n(K_{l+1}) \ H_n, to color all of them by complete enumeration without spoiling the linear expected running time. Therefore, in a next step, we therefore split off a ”big” subclass I_n of K_{ℓ+1}-free graphs from these remaining graphs which still satisfy some structural requirements. These properties of the graphs in I_n will enable us to color every graph in this class in subexponential time, provided its chromatic number is sufficiently small. The remaining step, then, is to show that the number of graphs in I_n having a big chromatic number and the number of graphs outside of H_n ∪ I_n is sufficiently small such that an optimal coloring of them can be determined by complete enumeration.

In order to make this procedure more precise, we start with some notations and definitions. In all probabilistic statements in this section we assume uniform distribution on the class Forb_n(K_{l+1}). In particular this implies that P rob[A(n)] = |A(n)|/|Forb_n(K_{l+1})| for every set A(n) ⊆ Forb_n(K_{l+1}). We say that a graph G = (V_n, E) has the clique property, if for every k, 1 ≤ k ≤ l−1 every k-clique S_k satisfies that {v ∈ V_n | S_k ⊆ Γ(v)} ≠ ∅.

Two vertices v and x of G are connected via a spindle, if there are vertices w_1, . . . , w_{l−1} such that v and x are different from the w_i’s, the w_i’s form a clique of size l − 1 and they are as well in the neighborhood of v as in the neighborhood of x. Observe that in any l-coloring of G the vertices v and x have to be colored the same.

If S_l = {v_1, . . . , v_l} is an l-clique in G then we denote by SP (v_i) the set of all vertices x ∈ V_n which are connected to v_i via a spindle. G is said to be forcible lcolorable if for every l-clique S_l = {v_1, . . . , v_l} we have that ⋃_l i=1 SP (v_i) = V_n, that SP (v_i) ∩ SP (v_j) = ∅ for every pair 1 ≤ i < j ≤ l, and that SP (v_i) is stable for every i = 1, . . . , l. Thus, in a forcible l-colorable graph G the spindle sets SP (v_i) are exactly the color–classes of the uniquely l-colorable graph G.

Observe that a graph which has the clique-property and which is forcible l-colorable can be l-colored in polynomial time: simply choose any vertex, extend it to an lclique, and determine the spindle sets of this l-clique by enumerating all subsets of size l − 1. While, according to our assumption that l is fixed, this procedure requires only polynomially many steps, we would like to speed it up to an O(n^2) algorithm. For this purpose we need more structural information of the graph.

We say that G is linearly forcible l-colorable if it is forcible l-colorable and, in addition, for every pair of vertices x, y which are contained in the same color–class every k-clique S_k, for 0 ≤ k ≤ l − 2, which is contained in Γ(x) ∩ Γ(y) can be extended to a k + 1-clique in Γ(x) ∩ Γ(y), i.e. if {v ∈ V_n | v ∈ Γ(x) ∩ Γ(y) and S_k ⊆ Γ(v)} ≠ ∅. Observe that a linearly forcible l-colorable graph which has the clique property can really be colored in O(n^2) many steps.

Let g(n) be a positive integral function and G = (V_n, E) be a uniquely l- colorable graph. We say that G has the g(n)-intersection property if every pair of sets S and T , sharing the properties that each set is completely contained in one color–class and each set is of size at least g(n), satisfies Γ(S) ∩ T ≠ ∅. Observe that the smaller g(n) the stronger the g(n)-intersection property.

The following structure theorem for K_{l+1}-free graphs exhibits the connections between the properties discussed above and the fraction of K_{l+1}-free graphs which do not have these properties.

Theorem 5.2.1 Let f(n) and g(n) be integral functions such that for all n which are sufficiently large we have that 1 ≤ f(n) ≤ n/(log n)^3 and that n/log^{(l2+1)}n ≤ g(n) ≤ n/(l^42^l). Then there exists X_n(f, g) ⊆ Forb_n(K_{l+1}) such that P rob[X_n(f, g)] = 2^{−Ω(f(n)g(n))} and every G = (V_n, E) in Forb_n(K_{l+1}) \ X_n(f, g) has the following property:

There exists a set X ⊆ V_n of size |X| ≤ f(n) − 1 such that

· G[V_n \ X] has the clique property,

· G[V_n \ X] is linearly forcible l-colorable, and

· G[V_n \ X] has the g(n)-intersection property.

Note that choosing g(n) =^1_{l4 2l} · n and f(n) ≡ 1 we obtain in particular that almost every K_{l+1}-free graph is uniquely l-colorable. In fact we get even more, viz. that the fraction of K_{l+1}-free graphs which are not l-colorable is logarithmically small.

While Theorem 5.2.1 is essential for proving the linear running time of our algorithm, we defer its proof to the next section. In the remaining part of this section we will describe the algorithm and deduce that its expected running time is linear.

By H_n we denote the set of all graphs in Forb_n(K_{l+1}) which have the clique property and which are linearly forcible l-colorable. As already outlined above, it is not difficult to design a procedure COLORH which colors every graph in H_n with l colors and whose running time is bounded by O(n^2). Observe that from Theorem 5.2.1 we obtain immediately the following fact.

Corollary 5.2.2 Prob [G ∉ H_n] = 2^{−Ω(n)}. �

By I_n we denote the set of all those graphs G ∈ Forb_n(K_{l+1}) \ H_n for which there exists a set X(G) ⊆ V_n of ”bad” vertices of size at most log n − 1 such that G[V_n \ X(G)] has the clique property, is linearly forcible l-colorable and has the ⌈^n_{log(l}2_{+1) n} ⌉- intersection property. We will design a procedure ST RUCT URE which decides for every G ∈ Forb_n(K_{l+1}) \ H_n whether it has these structural properties and which has a running time bounded by 2^{o(n)}. Again using Theorem 5.2.1, we obtain the following bound on the size of Forb_n(K_{l+1}) \ (H_n ∪ I_n). For notational convenience we put from now on q = l^2 + 1.

Corollary 5.2.3 Prob [G ∉ (H_n ∪ I_n)] = 2^{−Ω} (_{n·log n} log(q) n ) . � It is not difficult to design an algorithm COLORF which colors every graph in Forb_n(K_{l+1}) with its chromatic number of colors - in fact even every graph on n vertices - and which has a running time that is exponentially bounded. For example, Lawler (1976) described such an algorithm having running time O(n^3 · 2.445^n). Hence, every graph in Forb_n(K_{l+1}) \ (H_n ∪ I_n) can be colored by COLORF without spoiling the linear expected running time.

In order to be able to color the graphs in I_n sufficiently fast, we have to split this class into two subclasses, say J_n and K_n, where

J_n = {G ∈ I_n | χ(G) ≤ log^{(q+2)} n} K_n = I_n \ J_n.

We will exhibit a procedure COLORJ which colors every graph in J_n with its chromatic number of colors and which has running time 2^{o(n)}. Recalling Corollary 5.2.2, this is obviously sufficiently fast. Then, concerning the class K_n, it will be shown that this class is subexponentially small, i.e. the following corollary:

Corollary 5.2.4 Prob [G ∈ K_n] = 2^{−Ω(n·log(q+2) n)}. �

Thus, every graph in K_n can be colored by COLORF without destroying the linear expected running time. In order to verify Corollary 5.2.4 we prove the following more general consequence of Theorem 5.2.1.

Lemma 5.2.5 Let h(n) be a function such that h(n) ≥ l for every n and let G ∈ Forb_n(K_{l+1}). Then we have that P rob[χ(G) > h(n)] = 2^{−Ω(n·h(n))}. Proof. Let g(n) = n/(l^42^l) and f(n) = h(n) − l + 1. Then by Theorem 5.2.1 there exists a subset X_n(f, g) ⊆ Forb_n(K_{l+1}) such that P rob[X_n(f, g)] = 2^{−Ω(n·f(n))} and such that every graph in Forb_n(K_{l+1}) \ X_n(f, g) has chromatic number at most l + f(n) − 1 = h(n). Obviously, this proves Lemma 2.5 and hence Corollary 5.2.4. �

Before we will start discussing the procedures COLORH, ST RUCT URE and COLORJ in detail, we briefly summarize the algorithm COLOR which finds an optimal coloring for every K_{ℓ+1}-free graph.

ALGORITHM COLOR Input: a graph G ∈ Forb_n(K_{l+1}); Output: a coloring of G with χ(G) colors; begin COLORH(G); if COLORH(G) fails then ST RU CT U RE(G); if ST RU CT U RE(G) successful then COLORJ (G); if COLORJ (G) fails then COLORF(G); end if else COLORF(G); end if end if end.

The key for the linear expected running time of the algorithm COLOR is that either the whole graph (in H_n) or at least a big portion (in J_n) is linearly forcible lcolorable. Let G ∈ Forb_n(K_{l+1}), Y ⊆ V_n be a set of vertices and S_l = {x_1, . . . , x_l} be an l-clique in V_n \Y . A family SP (x_i) ⊆ V_n \Y , i = 1, . . . , l, such that for every i every y ∈ SP (x_i) is connected to x_i via a spindle through V_n \ Y , that ⋃_l i=1 SP (x_i) = V_n \ Y , that each SP (x_i) is stable, and that for each pair 1 ≤ i < j ≤ l we have that SP (x_i) ∩ SP (x_j) = ∅, is called a S_l-spindle family for G[V_n \ Y ].

Of course, every spindle family for G[V_n \ Y ] yields a proper l-coloring of G[V_n \ Y ]. The following procedure SP INDLE is designed to find spindle families.

5.2. COLORING CLIQUE-FREE GRAPHS 73

PROCEDURE SPINDLE Input: a graph G ∈ Forb_n(K_{l+1}), a subset Y ⊆ V_n, and an l-clique S_l = {x_1, . . . , x_l} in V_n \ Y ;

Output: either an S_l-spindle family for G[V_n \ Y ]

or SP IN DLE stops with failure; begin

for every vertex x ∈ S_l do SP (x) := ∅; for every vertex y ∈ V_n \ (Y ∪ Γ(x)) do if there exists z ∈ (Γ(x) ∩ Γ(y)) \ Y then Cl := {z}; for every w ∈ V_n do if w is connected to all v ∈ Cl ∪ {x, y} then Cl := Cl ∪ {w}; end if end for end if if Cl is an (l − 1)-clique then SP (x) := SP (x) ∪ {y}; end if end for end for if each SP (x_i), i = 1, . . . , l, is stable and SP (x_i) ∩ SP (x_j ) = ∅ for every pair 1 ≤ i < j ≤ l, and ⋃_l i=1 SP (x_i) = V_n \ Y then output SP (x_i), i = 1, . . . , l, stop else stop with failure; end if end.

The following observation is straightforward.

Lemma 5.2.6 The procedure SP INDLE terminates successfully whenever G[V_n \ Y ] is linearly forcible l-colorable. The complexity of the procedure SP INDLE is bounded by O(n^2). �

We will use procedure SP INDLE as a subroutine to l-color every graph in H_n.

PROCEDURE COLORH Input: a graph G ∈ Forb_n(K_{l+1});

Output: either an l-coloring of G or COLORH stops with failure; begin

choose v ∈ V_n, Cl := {v}; for every vertex w ∈ V_n do

if w is connected to all x ∈ Cl then Cl := Cl ∪ {w}; end if end for

74 CHAPTER 5. GRAPH COLORING ALGORITHMS

if Cl is an l-clique then SP IN DLE(G, ∅, Cl); if SP IN DLE(G, ∅, Cl) terminates successfully then output spindle family as l-coloring of G, stop;

else stop with failure; else stop with failure; end if end.

The following lemma is obvious by definition of H_n and by Lemma 5.2.6.

Lemma 5.2.7 The procedure COLORH terminates successfully for every graph G in H_n. The complexity of COLORH is bounded by O(n^2). �

Let G ∈ I_n. Then there exists a set X(G) ⊆ V_n of ”bad” vertices of size at most log n − 1 such that the graph G[V_n \ X(G)] has the clique property, is linearly forcible l-colorable and has the ⌈^n_{log(q) n} ⌉-intersection property. The procedure ST RUCT URE simply checks for all potentially ”bad” sets X ⊆ V_n whether G \ X has the desired properties.

PROCEDURE STRUCTURE Input: a graph G ∈ Forb_n(K_{l+1} ) \ H_n; Output: either a set X ⊆ V_n of size at most log n − 1, a clique S_l = {x_1, . . . , x_l} in V_n \ X, and an S_l-spindle family SP (x_i), i = 1, . . . , l for G[V_n \ X] with ⌈^n_{log(q) n} ⌉-intersection property or ST RU CT U RE stops with failure;

begin

for every X ⊆ V_n of size at most log n − 1 do choose w ∈ V_n \ X; Cl := {w}; for every x ∈ V_n \ X do

if x is connected to all y ∈ Cl then Cl := Cl ∪ {x}; end if end for if Cl is an l-clique then SP IN DLE(G, X, Cl); if SP IN DLE(G, X, Cl) terminates successfully with Cl-spindle family SP (x_i), i = 1, . . . , l then if for every pair 1 ≤ i < j ≤ l and for every pair S ⊆ SP (x_i) and T ⊆ SP (x_j ) with |S|, |T | = ⌈^n_{log(q) n} ⌉ it is true that Γ(S) ∩ T ≠ ∅ then

output set X, l-clique Cl = {x_i, . . . , x_l}, Cl-spindle family SP (x_i), i = 1, . . . , l, stop;

end if end if end for stop with failure;

end.

The following lemma is obvious by the definition of the class I_n and the construction of algorithm ST RUCT URE. Lemma 5.2.8 The procedure ST RUCT URE terminates successfully for every graph in I_n. �

In the next lemma, which bounds the complexity of the procedure ST RUCT URE, we will use the following elementary inequality. Let k be a positive integer and n be sufficiently large, then n log^{(k)} n · ( n_n log^{(k)} n ) < 2^{n/ log(k+1) n} .

This inequality will tacitly be used several times in this paper.

Lemma 5.2.9 The complexity of the procedure ST RUCT URE is bounded by 2^{o(n)}.

Proof. There are at most

log n · ( n log n ) ≤ 2^{(log n)2}

many sets X to consider. For each such set the number of steps for finding a clique is at most O(n). Then procedure SP INDLE is performed once, which takes at most O(n^2) many steps. Finally, it is checked whether the spindle family obtained by procedure SP INDLE has the ⌈^n_{log(q) n} ⌉- intersection property. This requires at most ( n ⌈_n log^{(q)} n ⌉ )_2 · n · ⌈ n log^{(q)} n ⌉ = 2^{O( nlog(q+1) n )}

many steps. Together this shows that the complexity of ST RUCT URE is bounded by 2^{o(n)}. �

The next step is to color every graph in J_n properly, i.e. to color every graph for which the procedure ST RUCT URE has terminated successfully and which in addition has chromatic number at most log^{(q+2)} n. The procedure COLORJ is straightforward and its efficiency is based on the fact that every graph G ∈ J_n has the ⌈^n_{log(q) n} ⌉- intersection property. This implies that in every proper coloring of G every color cannot be used more than ⌈^n_{log(q) n} ⌉ many times in more than one of the spindle sets. So COLORJ just enumerates all such potential colorings by testing all possible assignments of ”major” colors to spindle sets, all colorings of vertices by ”minor” colors, and all colorings of the vertices in X. We omit a detailed description of this procedure.

Lemma 5.2.10 The procedure COLORJ terminates successfully for every graph in J_n. �

Lemma 5.2.11 The complexity of procedure COLORJ is bounded by 2^{o(n)}.

Proof. There are at most (l+1)^{log(q+2) n} possibilities to associate ”major” colors to the spindle sets. Moreover, the number of possible families of ”minor” colors is bounded from above by (⌈ n log^{(q)} n ⌉ · ( n ⌈^n_{log(q) n} ⌉

))_{l·log}(q+2)_n = 2^{O( n·log}

(q+2) n

log(q+1) n ) . Finally, the number of possible colorings of X is at most

(log^{(q+2)} n)^{log n−1}.

Having chosen such a partial coloring the number of steps to check whether it can be extended to a proper coloring is easily seen to be bounded from above by O(n^2). Together we get that the complexity of COLORJ is bounded by 2^{o(n)}. �

Theorem 5.2.12 The algorithm COLOR determines for every G ∈ Forb_n(K_{l+1}) a coloring with χ(G) colors. The expected running time of the algorithm COLOR is O(n^2).

Proof. The first part of Theorem 5.2.12 follows immediately from Lemma 5.2.7, Lemma 5.2.10 and the definition of the algorithm COLOR.

In order to verify the second part, let R_{exp}(COLOR) denote the expected running time of COLOR and for an algorithm A let R_{max}(A) denote the worst case running time of A. Then R_{exp}(COLOR) can obviously be bounded from above by R_{exp}(COLOR) ≤ R_{max}(COLORH) +(R_{max}(ST RUCT URE) + R_{max}(COLORJ )) · P rob[G ∉ H_n] +R_{max}(COLORF)(P rob[G ∈ K_n] + P rob[G ∉ H_n ∪ I_n]). By Lemma 2.7 we know that the first summand is bounded by O(n^2). From Lemma 5.2.9, Lemma 5.2.11 and Corollary 5.2.2 we derive that the second summand tends to 0. Finally, from Corollary 5.2.3, Corollary 5.2.4 together with the observation that the running time of COLORF can be bounded by O(n^3 · 2.445^n) it follows that the third summand vanishes as well. Hence, R_{exp}(COLOR) = O(n^2) completing the proof of Theorem 5.2.12. �

It is worthwhile to observe that the algorithm COLOR can easily be converted to a parallel algorithm which colors every K_{l+1}-free graph with a minimum number of colors, which uses only polynomially many processors, and has an expected running time which is bounded by a polynomial in the logarithm of the size of the graph.

5.2.2 Proof of the structure theorem The proof of the Structure Theorem 5.2.1 is based on the Kleitman-Rothschild method (cf. Theorem 4.2.3). Here we need a slight generalization.

Theorem 5.2.13 (The Kleitman-Rothschild Method – Version II) Let k be a positive integer, let E(n) and F(n) and Z_i(n), i = 1, . . ., k be k+2 families of graphs on n vertices and let α, β > 0 be reals such that for all n sufficiently large we have that log |F(n)| |F(n + 1)| ≤ −α · n + β, and (1) F(n) ⊆ E(n) ∪ k⋃ i=1 Z_i(n). (2) Moreover, let x_i(n), y_i(n) for i = 1, . . . , k be positive monotone ascending functions satisfying 1/x_i(n) = o(1) such that for n sufficiently large we have that 1 ≤ y_i(n) ≤ x_i(n)/2α ≤ n (3) [1ex] log |Z_i(n)| |F(n − y_i(n))| ≤ (α · n − x_i(n)) · y_i(n) for every i = 1, . . . , k. (4) Then there exist c ≥ 1 and γ > 1 such that the following inequality holds for every n ∈ N: (_{1 − c · γ−x(n)·y(n)})_{· |F(n)| ≤ |E(n)| ,} where x(n) = min{ x_i(n)| i = 1, . . . , k} and y(n) = min{ y_i(n)| i = 1, . . . , k}. Before showing how this result can be used to derive Theorem 5.2.1 we prove Theorem 5.2.13.

Proof of Theorem 5.2.13. Put γ =^3 √ 2 > 1 and choose n_0 sufficiently large such that (1) - (4) are fulfilled for all n ≥ n_0. Let n_1 ≥ n_0 be such that − x_i(n) 4 + α 2 + β ≤ 0 for every i = 1, . . . , k and for every n ≥ n_1 and 2^{−x(n)·y(n)/2} ≤ 1 k · 2^{−x(n)·y(n)/3} for every n ≥ n_1.

Finally, choose c ≥ 1 sufficiently large such that ( 1 − c · γ^{−x(n)·y(n)} ) · |F(n)| ≤ |E(n)| for every n ≤ n_1. By (2) we know that |F(n)| − k∑ i=1 |Z_i(n)| ≤ |E(n)|.

Thus, it suffices to show that |Z_i(n)| |F(n)| ≤ c k · γ^{−x(n)·y(n)} for every i. Using (4) and (1) we obtain that |Z_i(n)| |F(n)| = |Z_i(n)| |F(n − y_i(n))| · y_i(n)∏

j=1 |F(n − j)| |F(n + 1 − j)| ≤ 2^{(α·n−xi(n))·yi(n)} · 2 ∑_{yi(n)} j=1 (−α·(n−j)+β). Using (3) we obtain that 2 ∑_{yi (n)} j=1 (−α·(n−j)+β) ≤ 2−α·n·y_i(n)+(x_i(n)/4+α/2+β)·y_i(n). Hence, we get for every n ≥ n_1 : |Z_i(n)| |F(n)| ≤ 2^{−xi(n)·yi(n)/2} · 2^{(−xi(n)/4+α/2+β)·yi(n)} ≤ 2^{−x(n)·y(n)/2} ≤ 1 k · γ^{−x(n)·y(n)} ≤ c k · γ^{−x(n)·y(n)}. � Proof of Theorem 5.2.1. Fix two functions f(n) and g(n) which satisfy the conditions of Theorem 5.2.1 and let h(n) be the largest integral function such that 2^{6·l} ·(h(n)−1)+ 1 ≤ f(n). We will define sets Z_i(n) = Z_i(n, g, h) ⊆ Forb_n(K_{l+1}) for i = 1, . . . , 4l − 2, functions x_i(n) and y_i(n), i = 1, . . . , 4l − 2, and reals α, β > 0 satisfying the assumptions of Theorem 5.2.13, provided that the set Forb_n(K_{l+1}) of K_{l+1}-free graphs plays the role of F(n) and E(n) ⊆ Forb_n(K_{l+1}) denotes the set of those K_{l+1}-free graphs G = (V_n, E) which satisfy the conditions of Theorem 5.2.1. Then observing that x(n) = Θ(g(n)) and y(n) = Θ(h(n)) = Θ(f(n)) obviously suffices to prove Theorem 5.2.1.

As a first step we determine the constants α and β in Theorem 5.2.13.

Lemma 5.2.14 There exists a constant D > 0 such that for all sufficiently large n we have that log |Forb_n(K_{l+1})| |Forb_{n+1}(K_{l+1})| ≤ − l − 1 l · n + D. Proof. The number of l-colorable graphs satisfies (cf. e.g. Section 5.3) |Col_l(n)| = Θ ( 2^{l−12l ·n2+n·log l− l−12 ·log n} ) .

Moreover from the Kolaitis, Prömel and Rothschild result Theorem 3.2.1 (cf. also Theorem 4.2.2) we know that lim_{n→∞} |Col_l(n)| |Forb_n(K_{l+1})| = 1.

Hence, combining these results we obtain the desired inequality. � We proceed with some definitions. For 0 ≤ k < l let f_k denote the integral function

f_k(n) = ⌈log^{(k2−k+2)} n⌉.

A Q_k-set is an ordered set Q = {v_1, . . ., v_{kfk(n)}} ⊆ V_n such that for the sets P_i = {v_{(i−1)fk(n)+1}, · · · , v_{ifk(n)}}, i = 1, . . . , k, the following conditions are satisfied:

(1) P_i ∩ P_j = ∅ for every 1 ≤ i < j ≤ k,

(2) |P_i| = f_k(n) for every 1 ≤ i ≤ k and

(3) P_i and P_j are completely connected for every pair 1 ≤ i < j ≤ k.

For a Q_k-set Q = ⋃_k i=1 P_i we denote by T_k(Q) = T_k(P_1, . . ., P_k) the set T_k(Q) = {v ∈ V_n \ k⋃ i=1 P_i | |Γ(v) ∩ P_i| ≥ ⌈ f_k(n) log f_k(n) ⌉ for every i = 1, . . . , k}.

Observe that, by definition, a Q_0-set is empty and T_0(∅) = V_n. For simplicity a Q_{l−1}- set Q is also called a Q-set. The corresponding set T_{l−1}(Q) is also denoted by R(Q) and called the R-set of Q.

A Q-set of a vertex v is a Q-set contained in the neighborhood Γ(v) of v. Now we start defining, step by step, the sets Z_i and the functions x_i(n), y_i(n) resp., and prove that they have the required properties.

Lemma 5.2.15 Let 1 ≤ k ≤ l − 1 be an integer, let x(n) = x_A(n) be a function satisfying n = o(x(n) · log^{(2)} f_k(n)) and let y(n) = y_A(n) be an integral function such that for all sufficiently large n the following inequality is valid: 1 ≤ y(n) ≤ n/ log n. Let A = A(n, k, x, y) denote the set of all graphs G ∈ Forb_n(K_{l+1}) that contain y(n) pairwise disjoint Q_k-sets Q(i), i = 1, . . . , y(n), such that for all i = 1, . . . , y(n) the sets T_k(Q(i)) satisfy |T_k(Q(i))| ≤ l − k l n − x(n). Then the following inequality is valid for all sufficiently large n: log |A| |Forb_{n−ky(n)fk(n)}(K_{l+1})| ≤ ( l − 1 l · n − x(n) 2k ) · k · y(n) · f_k(n).

Proof. Construct all graphs G ∈ A as follows. First choose y(n) pairwise disjoint sets Q(i) = ⋃_k j=1 P_j(i) ⊆ V_n and edges therein. For this one has at most ( n f_k(n) )_{k·y(n)} · 2(^{fk(n)2} )^{·k·y(n)} < 2^{k·y(n)·fk(n) log n+k·y(n)·fk(n)2} possibilities. Then choose an appropriate K_{l+1}-free graph on the remaining vertices (in at most |Forb_{n−ky(n)fk(n)}(K_{l+1})| ways). Next we connect every Q(i), i = 1, . . . , y(n), with the remaining vertices. First choose the set T_k(Q(i)) and connect Q(i) with T_k(Q(i)) (in at most 2^n · 2^{k·fk(n)·|Tk(Q(i))|} many ways). Finally, to connect Q(i) with V_n \ (Q(i) ∪ T_k(Q(i))) we choose for every x ∈ V_n \ (Q(i) ∪ T_k(Q(i)) a set P_{j0} (i) which contains less than ⌈_{fk(n)} log f_k(n) ⌉ neighbors of x. Then connect x to the remaining P_j(i) arbitrarily. Hence, there are at most [ k · f_k(n) log f_k(n) · ( f_k(n) f_k(n) log f_k(n) ) · 2^{(k−1)·fk(n)} ]_{(n−|Tk(Q(i))|−k·fk(n))}

many possibilities to connect Q(i) to V_n \ (Q(i) ∪ T_k(Q(i))). Putting things together and using the abbreviation |T | = max{|T_k(Q(i))| | i = 1, . . . , y(n)} we get for all sufficiently large n: log |A| |Forb_{n−ky(n)fk(n)}(K_{l+1})| ≤ k · y(n) · f_k(n) · log n + k · y(n) · f_k(n)^2 + y(n) · [ n + k · f_k(n) · |T | +(log k + f_k(n) log^{(2)} f_k(n) + (k − 1) · f_k(n)) · (n − |T | − k · f_k(n)) ]

≤ y(n) · [ n · (k − 1) · f_k(n) + |T | · f_k(n) + 1 2 · x(n) · f_k(n) ]

≤ y(n) · f_k(n) · [ n · (k − 1) + l − k l · n − 1 2 · x(n) ]

≤ ( l − 1 l · k · n − 1 2 · x(n) ) · y(n) · f_k(n). � Put x_A(n) = 1/3 · g(n) and y_A(n) = ⌈h(n)/f_k(n)⌉. Then by choice of g(n) and h(n) these functions fulfill the requirements of Lemma 5.2.15. Now define Z_{2k}(n), x_{2k}(n) and y_{2k}(n) for k = 1, . . . , l − 1 as follows: Z_{2k}(n) = A (n, k, x_A(n), y_A(n)) x_{2k}(n) = 1 2k · x_A(n) y_{2k}(n) = k · f_k(n) · y_A(n)

Obviously, x_{2k}(n) = Θ(g(n)), y_{2k}(n) = Θ(h(n)) for every k = 1, . . . , l−1, and condition (3) and condition (4) of Theorem 5.2.13 are fulfilled.

Lemma 5.2.16 Let 0 ≤ k ≤ l − 1 be an integer, let x = x_B be a function and let y = y_B be a positive integral function satisfying y(n) = o ( x(n) f_k(n) · log n ) . Let B = B(n, k, x, y) denote the set of all graphs G ∈ Forb_n(K_{l+1}) that contain y(n) pairwise distinct vertices v_1, . . ., v_{y(n)} such that there exist Q_k-sets Q(i), i = 1, . . . , y(n), so that for every i = 1, . . . , y(n) the set T_k(Q(i)) satisfies |T_k(Q(i))| ≥ 1 l · n + x(n) and |T_k(Q(i)) ∩ Γ(v_i)| ≤ f_k(n) · (1 + y(n)).

Then the following inequality is valid for all sufficiently large n: log |B| |Forb_{n−y(n)}(K_{l+1})| ≤ ( l − 1 l · n − x(n) 2 ) · y(n). Proof. Construct all graphs G ∈ B as follows. Choose vertices v_1, . . ., v_{y(n)} and a suitable graph on V_n \ {v_1, . . ., v_{y(n)}} (in at most n^{y(n)} · |Forb_{n−y(n)}(K_{l+1})| ways). For each i = 1, . . ., y(n) then choose the set Q(i) (in at most n^{kfk(n)} ways) and connect v_i with T_k(Q(i)). For this one has at most

f_k(n) · (1 + y(n)) · ( n f_k(n)(1 + y(n)) ) ≤ n^{fk (n)·(1+y(n))} possibilities. Finally one has to connect v_i with V_n \ T_k(Q(i)) . This can be done in at most 2^{n−|Tk(Q(i))|} ways.

Putting things together and abbreviating min{|T_k(Q(i))| | i = 1, . . . , y(n)} by |T | we get for all n sufficiently large: log |B| |Forb_{n−y(n)}(K_{l+1})| ≤ y(n) · log n + y(n) · [ k · f_k(n) · log n + f_k(n) · (1 + y(n)) · log n +n − |T | ]

≤ y(n) · [ l − 1 l · n + log n + (k + 1) · f_k(n) · log n

+y(n) · f_k(n) · log n − x(n) ]

≤ ( l − 1 l · n − x(n) 2 ) · y(n). � Put x_B(n) = g(n)/3 and y_B(n) = h(n). Then by choice of g(n) and h(n) these functions fulfill the requirements of Lemma 5.2.16. We define Z_{2k+1}, x_{2k+1} and y_{2k+1} for k = 0, . . . , l − 1 as follows: Z_{2k+1}(n) = B(n, k, x_B(n), y_B(n)) x_{2k+1}(n) = 1 2 · x_B(n) y_{2k+1}(n) = y_B(n)

Obviously, x_{2k+1}(n) = Θ(g(n)), y_{2k+1} = Θ(h(n)) for every k = 0, . . . , l − 1, and condition (3) and condition (4) of Theorem 5.2.13 are fulfilled. Next we derive some properties of graphs not contained in ⋃_{2l−1} i=1 Z_i(n). So let G ∈ Forb_n(K_{l+1}) \ ⋃_{2l−1} i=1 Z_i(n). Then by definition of Z_1(n) there are at most h(n) − 1 vertices which satisfy the definition of the corresponding B-set, i.e. which have at most f_0(n) · (1 + h(n)) many neighbors. We denote these ”bad” vertices by B_1(G) ⊆ V (G). Similarly, by the definition of Z_2(n) there are at most ⌈_{h(n)} f_1(n) ⌉ −1 many pairwise disjoint Q_1-sets in G which satisfy the conditions of the corresponding A-set. We denote the vertices which are contained in these ”bad” Q_1-sets by A_2(G) ⊆ V (G). Then |A_2(G)| ≤ (⌈_{h(n)} f_1(n) ⌉ − 1 ) · f_1(n) < h(n) and hence, recalling that h(n) is an integral function, |A_2(G)| ≤ h(n) − 1. Continuing this in this way gives sets B_1, B_3, . . . , B_{2l−1} and A_2, A_4, . . . , A_{2l−2} each of size at most h(n) − 1. Now let A(G) = ⋃_{l−1} i=1 A_{2i}(G) and B(G) = ⋃_{l−1} i=0 B_{2i+1}(G) and put X_B(G) = A(G) ∪ B(G). Then obviously |X_B(G)| ≤ (2l − 1) · (h(n) − 1). Note that X_B(G) is not necessarily uniquely defined. Let Q = ⋃_{l−1} i=1 P_i be a Q-set. Recall that the R-set of Q is defined as R(Q) = T_{l−1}(Q) and that Q ⊆ Γ(v), if Q is a Q-set of a vertex v.

Corollary 5.2.17 Let G ∈ Forb_n(K_{l+1}) \ ⋃_{2l−1} i=1 Z_i(n) and let v ∈ V_n \ X_B(G) be a vertex with Q-set Q ⊆ V_n \ X_B(G). Then we have for all sufficiently large n the following inequality: n l − g(n) 3 ≤ |R(Q)| ≤ n l + g(n) 3 . Proof. The assertion follows immediately from the facts that G ∉ Z_{2l−2}(n)∪Z_{2l−1}(n), that Q is disjoint from A_{2l−2} and from B_{2l−1}, and that v cannot be connected to any vertex in R(Q). �

Let z(n, t) denote the maximal number of edges a bipartite graph on n × n vertices can have without containing a complete bipartite graph on t×t vertices as a subgraph.

Znám [1963] proved that for every t = 2, . . . , n − 1 z(n, t) ≤ (t − 1)^{1/t} · n^{2−1/t} + t − 1 2 · n. For a proof and for more background on these Zarankiewicz–numbers see, e.g., Bollobás [1978].

Lemma 5.2.18 Let h be given. Then there exists a positive integer n such that the following is true: let G be a graph with vertex–set P_0 ∪ P_1 ∪ . . . ∪ P_h where the P_i are mutually disjoint sets and |P_0| = . . . = |P_h| = n. Suppose that for i = 1, . . . , h and each v ∈ P_0 we have |Γ(v) ∩ P_i| ≥ ⌈ n log n ⌉ . Then there are subsets P^′_i ⊆ P_i, for every i = 0, . . . , h, each of size ⌈ log^{(2h)} n ⌉ such that every vertex v ∈ P^′_0 is connected to every vertex in ⋃_h i=1 P^′_i .

The proof relies on the following two facts.

Proposition 5.2.19 z ( n, 2 log^{(2)} n ) < n^{2− 14 log(2) n} ,

for n sufficiently large. �

Proposition 5.2.20 Let j ≥ 0 be an integer and ϵ > 0 be sufficiently small. Let B be a set of size n and A be a set of size n^{1−jϵ} such that every a ∈ A has at least^n_{log n} many neighbors in B. Then there exist sets A^′ ⊂ A of size |A^′| ≥ n^{1−(j+1)ϵ} and B^′ ⊂ B of size |B^′| = log log n such that for every a ∈ A^′ we have that |Γ(a) ∩ B^′| ≥ log log n log^{(3)} n . Proof. In fact we will show that subsets B^′ ⊆ B of size log log n have on average n^{1−(j+1)ϵ} many vertices a ∈ A such that |Γ(a) ∩ B^′ | ≥ log log n/ log^{(3)} n. Abbreviating put x := log log n/ log^{(3)} n and let a ∈ A. Then there are at least (_n log n x ) · ( n − x log log n − x ) · ( log log n x )_{−1}

many sets B^′ ⊆ B of size log log n which intersect the neighborhood of a in at least x vertices. Hence, on average a set B^′ ⊆ B of size log log n intersects at least n^{1−jϵ} · (_n log n x ) · ( n − x log log n − x ) · ( log log n x )_{−1} · ( n log log n )_{−1} many neighborhoods of vertices a ∈ A each in at least x vertices. A straightforward calculation shows that this expression is at least n^{1−(j+1)ϵ}, provided that n was chosen sufficiently large. This proves Proposition 5.2.20. �

Using these two facts we prove Lemma 5.2.18 as follows.

Proof of Lemma 5.2.18. For some j < h let P^′_0 ⊆ P_0, . . . , P^′_j ⊆ P_j, . . . , P^′_h ⊆ P_h be sets each of size log^{(2j)} n such that firstly every vertex v ∈ P^′_0 is connected to every vertex in ⋃_j i=1 P^′_i and secondly for every i = j + 1, . . . , h every vertex v ∈ P^′_0 is connected to at least^{log(2j) n}_{log(2j+1) n} vertices in P^′_i .

Observe that for j = 0 this assumption is fulfilled by the requirements of the lemma. So assume it to be true for some 0 ≤ j < h.

Applying Proposition 5.2.20 successively to A = P^′_0 and B = P^′_{j+2}, . . . , B = P^′_h gives some P^{′′}_0 ⊆ P^′_0 of size

s := ( log^{(2j)} n )_{1−(h−j−1)ϵ}

and P^{′′}_{j+2} ⊆ P^′_{j+2}, . . . , P^{′′}_h ⊆ P^′_h each of size log^{(2j+2)} n such that for every v ∈ P^{′′}_0 and every i = j + 2, . . . , h we have that | | |Γ(v) ∩ P^{′′}_i | | | ≥ log^{(2j+2)} n log^{(2j+3)} n . Next observe that by averaging one easily obtains a subset P^{′′}_{j+1} ⊆ P^′_{j+1} of size s such that there are at least^{s2}_{log(2j+1) n} many edges between P^{′′}_0 and P^{′′}_{j+1}. Since s^2 log^{(2j+1)} n

≥ s^{2−1/(4 log(2) s)},

we can use Proposition 5.2.19 to find subsets P^{′′′}_{j+1} ⊆ P^{′′}_{j+1} and P^{′′′}_0 ⊆ P^{′′}_0 satisfying |P^{′′′}_{j+1}| = |P^{′′′}_0 | = 2 log^{(2)} s such that P^{′′′}_{j+1} and P^{′′′}_0 induce a complete bipartite graph. Observing that 2 log^{(2)} s ≥ log^{(2j+2)} n

for n sufficiently large and induction on j completes the proof of Lemma 5.2.18. �

Corollary 5.2.21 Let G ∈ Forb_n(K_{l+1}) \ ⋃_{2l−1} i=1 Z_i(n), let Y ⊆ V_n \ X_B(G) be an arbitrary set of size at most ( 2^{6·l} − (2l − 1) ) · (h(n) − 1), and let n be sufficiently large.

Then for every v ∈ V_n \ (X_B(G) ∪ Y ) the set Γ(v) \ (X_B(G) ∪ Y ) contains a Q-set Q.

Proof. Let v ∈ V_n \ X_B(G). Since G ∉ Z_1(n) and recalling that |X_B(G) ∪ Y | ≤ 2^{6·l} · (h(n)−1) we know that Γ(v)\(X_B(G)∪Y ) contains a set P_{11} of size f_1(n) = ⌈ log^{(2)} n ⌉ . We continue by induction on k. Assume that for some positive integer k ≤ l − 2 there exist sets P_{k1}, ..., P_{kk} which satisfy the following four conditions:

(1) P_{ki} ∩ P_{kj} = ∅ for every 1 ≤ i < j ≤ k,

(2) k⋃ i=1 P_{ki} ⊆ Γ(v) \ (X_B(G) ∪ Y ), (3) |P_{ki}| = f_k(n) for every 1 ≤ i ≤ k and

(4) P_i and P_j are completely connected for every pair 1 ≤ i < j ≤ k.

Since G /∈ Z_{2k}(n) and ⋃_k i=1 P_{ki} ∩ (X_B(G) ∪ Y ) = ∅ we have that |T_k(P_{k1}, ..., P_{kk})| > l − k l · n − 1 3 · g(n). Since G /∈ Z_{2k+1}(n) and v /∈ X_B(G) we get from this, provided that n was chosen sufficiently large, |T_k(P_{k1}, ..., P_{kk}) ∩ Γ(v)| > f_k(n) · (1 + h(n)). Thus, let P ⊆ T_k(P_{k1}, ..., P_{kk}) ∩ Γ(v) \ (X_B(G) ∪ Y ) be a set of size f_k(n). Applying Lemma 5.2.18 to P_0 = P and P_1 = P_{k1}, . . . , P_k = P_{kk} gives sets P_{k+1 1}, ..., P_{k+1k+1}, each of size ⌈ log^{(2k)}(f_k(n)) ⌉ = ⌈ log^{(2k)} (⌈ log^{(k2−k+2)} n ⌉)⌉ ≥ ⌈ log^{((k+1)2−(k+1)+2)} n ⌉ = f_{k+1}(n),

obviously satisfying conditions (1) to (4). In this way we get finally l − 1 sets P_{l−1 1}, ..., P_{l−1 l−1}, each of size f_{l−1}(n) which form a Q–set in Γ(v) \ (X_B(G) ∪ Y ). �

Lemma 5.2.22 Let 1 ≤ k ≤ l be an integer, let x = x_C be a function having the property that for all sufficiently large n n log f_{l−1}(n) ≤ x(n) and let y = y_C be a positive integral function satisfying for all sufficiently large n y(n) ≤ n (log n)^2 . Let C = C(n, k, x, y) denote the set of all graphs G ∈ Forb_n(K_{l+1}) that contain y(n) pairwise disjoint k-cliques S_i = {v_{i1}, . . ., v_{ik}}, such that for every i = 1, . . . , y(n) (1) S_i is contained in at most 2^{6·l} · l · y(n) many k + 1-cliques,

(2) for every vertex v_{ij} there exists a Q-set Q_{ij} in the neighborhood of v_{ij} such that R(Q_{ij}) satisfies |R(Q_{ij})| ≥ n l − x(n)

(3) and the set T_i = {v ∈ V_n\S_i | v ∉ k⋃ j=1 R(Q_{ij})} satisfies |T_i| ≥ 3k · 2^k · x(n). Then the following inequality is valid for all sufficiently large n: log |C| |Forb_{n−ky(n)}(K_{l+1})| ≤ ( l − 1 l · n − x(n) k ) · k · y(n).

Proof. Construct all graphs G ∈ C as follows. First choose y(n) cliques S_i = {v_{i1}, . . . , v_{ik}} (in at most n^{ky(n)} ways). Then impose a suitable graph on the remaining vertices (in at most |Forb_{n−ky(n)}(K_{l+1})| ways).

For every i = 1, . . . , y(n) we now have to connect S_i = {v_{i1}, . . . , v_{ik}} with V_n \ {v_{i1}, . . . , v_{ik}}. First choose Q-sets Q_{i1}, . . . , Q_{ik} (in at most (_n f_{l−1} (n) )_{(l−1)k} ≤ n^{(l−1)fl−1 (n)k}) ways). Next we connect S_i with ⋃_k h=1 R(Q_{ih}). Observe that v_{ij} cannot be connected to R(Q_{ij}) because this would give an (l + 1)-clique. For each h = 1, . . . , k and each choice of 1 ≤ j_1 < . . . < j_h ≤ k let T_{j1,... ,jh} (i) = ⋂ j∈{j_1,... ,j_h} R(Q_{ij}) ∩ ⋂ j∉{j_1,... ,j_h} (V_n \ R(Q_{ij})).

Note that

T_i = V_n\ ⋃ h ⋃ j_1,... ,j_h T_{j1,... ,jh} (i) .

Now the number of ways to connect S_i to ⋃_k h=1 R(Q_{ih}) is at most 2 ∑_k h=1 ∑ j1 ,... ,jh |Tj1,... ,jh (i)|(k−h). The sum in the exponent can be bounded as follows: k∑ h=1 ∑ j_1,... ,j_h |T_{j1,... ,jh} (i)| · (k − h)

= k · (n − |T_i|) − k∑ j=1 |R(Q_{ij})| ≤ k · n − k · |T_i| − k · ( n l − x(n) )

= l − 1 l · n · k − k · (|T_i| − x(n)) .

Finally, we have to connect S_i with T_i. This can be done by first choosing a set of at most 2^{6·l} · l · y(n) many vertices from T_i which we connect completely with S_i and then connecting the remaining vertices of T_i to S_i arbitrarily. For this one has at most 2^{6·l} · l · y(n) · ( n 2^{6·l} · l · y(n) ) · ( 2^k − 1 )_{|Ti|}

many possibilities.

Putting things together and abbreviating min{|T_i| | i = 1, . . . , y(n)} by |T | we get for all sufficiently large n: log |C| |Forb_{n−ky(n)}(K_{l+1})| ≤ k · y(n) · log n + y(n) · [ (l − 1) · k · f_{l−1}(n) · log n + l − 1 l · n · k −k · |T | + k · x(n) + 2^{6·l} · l · y(n) · log n + ( k − 1 2^k ) · |T | ]

≤ ( l − 1 l · n − x(n) k ) · k · y(n). � Put x_C(n) = g(n)/3 and y_C (n) = ⌈_{h(n)} k ⌉ . Then by choice of g(n) and h(n) these functions fulfill the requirements of Lemma 5.2.22. We define Z_{2l−1+k}, x_{2l−1+k} and y_{2l−1+k} for k = 1, . . . , l as follows: Z_{2l−1+k}(n) = C(n, k, x_C(n), y_C(n)) x_{2l−1+k}(n) = 1 k · x_C(n) y_{2l−1+k}(n) = k · y_C (n)

Obviously x_{2l−1+k}(n) = Θ(g(n)), y_{2l−1+k}(n) = Θ(h(n)) for every k = 1, . . . , l and condition (3) and condition (4) of Theorem 5.2.13 are fulfilled. Next we exhibit properties of graphs which are not contained in ⋃_{3l−1} i=1 Z_i(n). So let G ∈ Forb_n(K_{l+1}) \ ⋃_{3l−1} i=1 Z_i(n). Then by definition of Z_{2l−1+k} there are at most ⌈_{h(n)} k ⌉ − 1 many pairwise disjoint k-cliques in G which satisfy conditions (1) to (3) of Lemma 5.2.22. We denote the vertices contained in these ”bad” k-cliques by C_k(G) ⊆ V_n. Obviously, |C_k(G)| ≤ (⌈_{h(n)} k ⌉ − 1 ) · k ≤ h(n) − 1 for every k = 1, . . . , l. Now put X_C(G) = X_B(G) ∪ ⋃_l k=1 C_k(G), then |X_C(G)| ≤ (3l − 1) · (h(n) − 1).

Corollary 5.2.23 Let G ∈ Forb_n(K_{l+1}) \ ⋃_{3l−1} i=1 Z_i(n), let Y ⊆ V_n \ X_C(G) be an arbitrary set of size at most ( 2^{6·l} − (3l − 1) ) · (h(n) − 1), and let S_k be a k–clique in V_n \ (X_C(G) ∪ Y ) for some 1 ≤ k ≤ l − 1. Then for all n sufficiently large we have that {v ∈ V_n \ (X_C(G) ∪ Y ) | S_k ⊆ Γ(v)} ≠ ∅.

Proof. Let k be an integer between 1 and l−1 and let S_k = {v_1, . . . , v_k} be a k–clique in V_n \ (X_C(G) ∪ Y ). From Corollary 5.2.21 we know that for every i = 1, . . . , k the set Γ(v_i) \ (X_C(G) ∪ Y ) contains a Q-set Q_i. From Corollary 5.2.17 we can derive that |R(Q_i)| ≥ n l − g(n) 3 and | | | | k⋃ i=1 R(Q_i) | | | | ≤ k l · n + k 3 · g(n) < n − 3k · 2^k · g(n) 3 − k provided that n was chosen sufficiently large.

Since G /∈ Z_{2l−1+k}(n) and S_k ⊆ V_n \ X_C(G) this implies that S_k is contained in at least 2^{6·l} · l · ⌈_{h(n)} k ⌉ many (k + 1)–cliques. Since |X_C(G) ∪ Y | ≤ 2^{6·l} · (h(n) − 1) the assertion follows provided n was chosen sufficiently large. �

Corollary 5.2.24 Let G ∈ Forb_n(K_{l+1}) \ ⋃_{3l−1} i=1 Z_i(n), x, y ∈ V_n \ X_C(G) connected by an edge with Q-sets Q_x, Q_y ⊆ V_n \ X_C (G). Then |R(Q_x) ∩ R(Q_y)| ≤ 2l · 2^l · g(n). Proof. Corollary 5.2.23 implies that x, y are contained in some l-clique S = {v_1, . . . , v_l} ⊆ V_n\X_C(G). Fix a Q-set in V_n\X_C(G) for each of these vertices and let R(v_1), . . . , R(v_l) be the corresponding R-sets. Such Q-sets exist by Corollary 5.2.21. Since S is not contained in an (l + 1)-clique and since Corollary 5.2.17 implies that |R(v_i)| ≥ n l − 1 3 · g(n) for every i = 1, . . . , l,

it follows from G /∈ Z_{3l−1}(n) that | | | | |{v ∈ V^n \ S | v /∈ l⋃ i=1 R(v_i)} | | | | | < 3l · 2 l · g(n) 3 , i.e., | ⋃_l i=1 R(v_i)| ≥ n − l · 2^l · g(n). Hence, since we have by Corollary 5.2.17 that |R(v_i)| ≤ n/l + g(n)/3 for every i = 1, . . . , l, we get for every pair 1 ≤ i < j ≤ l that |R(v_i) ∩ R(v_j)| ≤ ( l 3 + l · 2^l ) · g(n) ≤ 2l · 2^l · g(n). � Corollary 5.2.25 Let G ∈ Forb_n(K_{l+1}) \ ⋃_{3l−1} i=1 Z_i(n), x ∈ V_n \ X_C(G) with Q-set Q_x ⊆ V_n \ X_C(G) and R-set R(x). Moreover, let y ∈ R(x) \ X_C(G) with Q-set Q_y ⊆ V_n \ X_C(G) and R-set R(y). Then |R(x) ∩ R(y)| ≥ n l − 4l^3 · 2^l · g(n).

Proof. By definition, there exist vertices v_1, . . . , v_{l−1} ∈ Q_x such that as well v_1, . . . , v_{l−1}, x as v_1, . . . , v_{l−1}, y form an l-clique. By Corollary 5.2.21 each of the vertices v_1, . . . , v_{l−1} has a Q-set in V_n \ X_C(G). We denote the corresponding R-sets by R(v_1), . . . , R(v_{l−1}). Then it follows from Corollary 5.2.24 that | | | | |R(x) ∩ l−1⋃ i=1 R(v_i) | | | | | ≤ 2l 2 · 2^l · g(n) and | | | |R(y) ∩ l−1⋃ i=1 R(v_i) | | | | ≤ 2l 2 · 2^l · g(n). From Corollary 5.2.17 together with Corollary 5.2.24 we get that | | | | l−1⋃ i=1 R(v_i) | | | | ≥ (l − 1) · ( n l − 1 3 · g(n) ) − ( l − 1 2 ) · 2l · 2^l · g(n) ≥ l − 1 l · n − l^3 · 2^l · g(n). Thus, using once more Corollary 5.2.17 we get |R(x) ∩ R(y)| ≥ 2 · ( n l − g(n) 3 − 2l^2 · 2^l · g(n) ) − ( n l + l^3 · 2^l · g(n) )

≥ n l − 4l^3 · 2^l · g(n),

which completes the proof. �

We say that two vertices v and z of G are connected via a double spindle, if there are vertices w_1, . . . , w_{l−1}, x, y_1, . . . , y_{l−1} such that x is different from the w_i’s as well as from the y_i’s, the w_i’s as well as the y_i’s form a clique of size l − 1 and the w_i’s are in the neighborhood of v and x and the y_i’s are in the neighborhood of of x and z. The degenerate case of a double spindle where x = z and w_i = y_i for every i = 1, . . . , l − 1 is just a spindle. Observe that for every x ∈ V_n with Q-set Q_x and R-set R(x) every vertex in R(x) is connected to x via a spindle.

Corollary 5.2.26 Let G ∈ Forb_n(K_{l+1}) \ ⋃_{3l−1} i=1 Z_i(n), let Y ⊆ V_n \ X_C(G) be an arbitrary set of size at most ( 2^{6·l} − (3l − 1) ) · (h(n) − 1), and let S_l = {v_1, . . . , v_l} be an l-clique in V_n \ (X_C(G) ∪ Y ). Moreover, for i = 1, . . . , l let

S(v_i) = {x ∈ V_n \ (X_C(G) ∪ Y )| x is connected to v_i via a double spindle through vertices from V_n \ (X_C(G) ∪ Y )}.

Then the following is true for all sufficiently large n: (1)^n_l −^{g(n)}_2 ≤ |S(v_i)| ≤^n_l +^{l−1}_2 · g(n), for every i = 1, . . . , l (2) ⋃_l i=1 S(v_i) = V_n \ (X_C(G) ∪ Y )

(3) S(v_i) ∩ S(v_j) = ∅, for every pair 1 ≤ i < j ≤ l

(4) S(v_i) is stable, for every i = 1, . . . , l.

Proof. By Corollary 5.2.21 each vertex x ∈ V_n \ (X_C(G) ∪ Y ) and in particular each of the vertices v_1, . . . , v_l has a Q-set in V_n \ (X_C(G) ∪ Y ). We again denote the corresponding R-sets by R(x) and R(v_1), . . . , R(v_l), respectively. First observe that obviously R(v_i) ⊆ S(v_i)∪X_C(G)∪Y for every i = 1, . . . , l. This shows the left hand side of (1) recalling Corollary 5.2.17. Next observe that from (R(x)∩R(v_j))\(X_C(G)∪Y ) ≠ ∅ for some vertex x ∈ V_n \ (X_C(G) ∪ Y ) it follows that x ∈ S(v_j) . Hence, combining Corollary 5.2.17 and Corollary 5.2.24 proves (2). For every i = 1, . . . , l let S(v_i) = {x ∈ V_n \ (X_C(G) ∪ Y )| |R(x) ∩ R(v_i)| ≥ 2 3 · n l }. Obviously, S(v_i) ⊆ S(v_i) and from Corollary 5.2.24 it follows that S(v_i) is stable. Moreover, Corollary 5.2.25 (together with Corollary 5.2.17) implies that whenever x ∈ V_n \ X_C(G) has an R-set satisfying (R(x) ∩ R(v_i)) \ (X_C(G) ∪ Y ) ≠ ∅ then |R(x) ∩ R(v_i)| ≥^n_l − ( 8 · l^3 · 2^l +^1_3 ) · g(n). Hence, by Corollary 5.2.17 and Corollary 5.2.24, ⋃_l i=1 S(v_i) = V_n \ (X_C(G) ∪ Y ) . Thus, G[V_n \ (X_C(G) ∪ Y )] is l-colorable. From this it follows that the S(v_i) are mutually disjoint and so each S(v_i) is stable which proves (3), (4) and, with (2), the right hand side of (1). �

Note that in particular for every graph G ∈ Forb_n(K_{l+1})\ ⋃_{3l−1} i=1 Z_i(n) and every set Y ⊆ V_n \ X_C (G) of size at most ( 2^{6·l} − (3l − 1) ) · (h(n) − 1) the graph G[V_n \ (X_C ∪ Y )] is uniquely l-colorable, provided n was chosen sufficiently large.

Corollary 5.2.27 Let G ∈ Forb_n(K_{l+1}) \ ⋃_{3l−1} i=1 Z_i(n), let Y ⊆ V_n \ X_C(G) be an arbitrary set of size at most ( 2^{6·l} − (3l − 1) ) · (h(n) − 1), and let S_l = {v_1, . . . , v_l} be an l-clique in V_n \ (X_C(G) ∪ Y )). Moreover for i = 1, . . . , l let S(v_i) = {x ∈ V_n \ (X_C(G) ∪ Y )| x is connected to v_i via a double spindle through vertices from V_n \ (X_C(G) ∪ Y )}.

Then the following is true for all sufficiently large n: If S and T are sets of size g(n) such that S ⊆ S(v_i) and T ⊆ S(v_j) for some pair 1 ≤ i < j ≤ l then Γ(S) ∩ T ≠ ∅.

Proof. Let S ⊆ S(v_i) be of size f_1(n) < g(n). Since G /∈ Z_2(n) and S(v_i)∩X_B(G) = ∅ it follows that |Γ(S)| ≥ l − 1 l · n − g(n) 3 . By (4) of Corollary 5.2.26, S(v_i) is stable and hence Γ(S) ∩ S(v_i) = ∅. By (1) of Corollary 5.2.26, |S_i| ≥ n/l − g(n)/2 and so Γ(S) has to intersect every set of size g(n) outside of S(v_i). �

Lemma 5.2.28 Let 0 ≤ k ≤ l − 2 be an integer, let x = x_D be a function having the property that for all sufficiently large n x(n) ≤ l^2 4 · g(n) and let y = y_D be a positive integral function satisfying for all sufficiently large n

4l · 2^l · (3l − 1) · (h(n) − 1) ≤ y(n) ≤ n (log n)^2 . Let D = D(n, k, x, y) denote the set of all graphs G in Forb_n(K_{l+1}) \ ⋃_{3l−1} i=1 Z_i(n) which contain outside of X_C(G) at least y(n) pairs of vertices s_i, t_i so that each pair is in one color–class and y(n) pairwise disjoint k-cliques S_i ⊆ (Γ(s_i) ∩ Γ(t_i)) \ ⋃_{y(n)} j=1 {s_j, t_j} such that for every i = 1, . . . , y(n): |{v ∈ V_n \ X_C(G) | v ∈ Γ(s_i) ∩ Γ(t_i) and S_i ⊆ Γ(v)}| ≤ 2^{6·l} · h(n). Then the following inequality is valid for all sufficiently large n: log |D| |Forb_{n−(k+2)y(n)}(K_{l+1})| ≤ ( l − 1 l · n − x(n) ) · y(n) · (k + 2) . Proof. Construct all graphs G ∈ D as follows. First choose y(n) pairs of vertices and y(n) k-cliques (in at most n^{(k+2)y(n)} ways) and edges between these vertices (at most 2^{y(n)2·(k+2)2} possibilities).

By Corollary 5.2.26 we know that for each graph G ∈ D there exists X_C(G) ⊆ V_n of size at most (3l−1)·(h(n)−1) such that G[V_n \X_C(G)] is uniquely l-colorable and each color–class has size at most^n_l +^{l−1}_2 · g(n). So choose such an X_C(G) ⊆ V_n (in at most n^{(3l−1)(h(n)−1)} many ways). Then we may impose an l-colored graph on the remaining vertices with color–classes C_1, . . . , C_l each of size at most^n_l +^{l−1}_2 · g(n). It is known (cf. e.g. Prömel, Steger [1992]) that the number of l-colored graphs is asymptotically the same as the number of l-colorable graphs. Hence, 2 · |Forb_{n−(k+2)y(n)}(K_{l+1})| is obviously an upper bound for the number of ways to choose an l-colored graph on the remaining vertices provided that n was chosen sufficiently large. To connect X_C(G) with this l-colored graph we have at most 2^{n·(3l−1)·(h(n)−1)} possibilities. We still have to connect s_i, t_i and S_i for i = 1, . . . , y(n) with ⋃_l i=1 C_i ∪ X_C (G). To connect these vertices with X_C(G) we have at most 2^{(k+2)·y(n)·(3l−1)·(h(n)−1)} choices. Next we extend the coloring to the vertices s_i, t_i and S_i. This can be done in at most l^{y(n)} · [ (l − 1) · . . . · (l − k) ]_{y(n)} ≤ l^{(l−1)·y(n)} ways.

Fix i. There are at most 2^{6·l} · h(n) vertices in Γ(s_i) ∩ Γ(t_i) which extend S_i to a (k + 1)- clique. For this we have at most 2^{6·l} · h(n) · (_n 2^{6·l}·h(n) ) < n^{26·l·h(n)} choices. There are

at most 2^{(k+1)·}(^{nl + l−12 ·g(n)}) possibilities to connect s_i, t_i and S_i to a color–class which contains some vertex of S_i. Moreover we have at most 2^{k·}(^{nl + l−12 ·g(n)}) possibilities to connect s_i, t_i and S_i to the color–class which contains s_i and t_i. Finally, there are at most ( 2^{k+2} − 1

)( n_{l +}^{l−1}_{2 ·g(n)}) possibilities to connect s_i, t_i and S_i to a color–class which contains neither s_i, t_i nor a vertex of S_i. Thus there are at most 2^{26·l·h(n)·log n} · [ 2^{k+(k+1)·k} · ( 2^{k+2} − 1 )_{(l−k−1)}]^n_l^{+ l−1}_2^{·g(n)}

≤ 2^{26·l·h(n)·log n+}[^{k+(k+1)·k+(l−k−1)·}(^{k+2− 1}2^{k+2} )]^·(^{nl + l−12 ·g(n)}) choices to connect s_i, t_i and S_i to ⋃_l i=1 C_i.

Putting things together and recalling that g(n) ≤ n/l^42^l and h(n) ≤ n/(log n)^3 we get for all n which are sufficiently large: log |D| |Forb_{n−(k+2)y(n)}(K_{l+1})| ≤ 1 + (k + 2) · y(n) · log n + y(n)^2 · (k + 2)^2 + (3l − 1) · (h(n) − 1) · log n

+n · (3l − 1) · (h(n) − 1) + (k + 2) · y(n) · (3l − 1) · (h(n) − 1)

+(l − 1) · y(n) · log l + y(n) · ( 2^{6·l} · h(n) · log n

+ [ k + (k + 1)k + (l − k − 1) · ( k + 2 − 1 2^{k+2} )] ( n l + l − 1 2 · g(n) ) )

≤ n(3l − 1)(h(n) − 1) + y(n)(k + 2) ( l − 1 l n + l(l − 1)g(n) 2 + n 2l^32^l ) − y(n) · n l · 2^l ≤ ( l − 1 l · n − x(n) ) · y(n) · (k + 2). � Put x_D(n) = ⌊_{l2} 4 · g(n) ⌋ and y_D (n) = (3l − 1) · 4l ·2^l · (h(n) − 1) + 1. Then obviously, for k = 0, . . . , l − 2 Z_{3l+k}(n) = D(n, k, x_D(n), y_D(n)) x_{3l+k} (n) = x_D(n) y_{3l+k} (n) = (k + 2) · y_D(n)

satisfy that x_{3l+k}(n) = Θ(g(n)), y_{3l+k}(n) = Θ(h(n)) and fulfill condition (3) and condition (4) of Theorem 5.2.13. Let G ∈ Forb_n(K_{l+1}) \ ⋃_{4l−2} i=1 Z_i(n). Then by definition of Z_{3l+k}, k = 0, . . . , l − 2, there are at most y(n) − 1 = 4l · 2^l · (3l − 1) · (h(n) − 1) many pairs of vertices and at most the same number of pairwise disjoint k-cliques so that the assertion of Lemma 5.2.28 is fulfilled. Denote these ”bad” vertices by D_k(G) ⊆ V_n \X_C(G) and put D(G) = ⋃_{l−2} k=0 D_k(G). Then a crude upper bound for |D(G)| is ( 2^{6·l} − (3l − 1) ) ·(h(n)−1). Now define X(G) as X(G) = X_C(G) ∪ D(G), then |X(G)| ≤ 2^{6·l} · (h(n) − 1). The remaining step is to show that the family Z_i(n), i = 1, . . . , 4l − 2 satisfies condition (2) of Theorem 5.2.13, i.e., the following corollary.

Corollary 5.2.29 Let G ∈ Forb_n(K_{l+1}) \ ⋃_{4l−2} i=1 Z_i(n) and let n be sufficiently large.

Then there exists a set X(G) ⊆ V_n of size at most 2^{6·l} · (h(n) − 1) such that (1) G[V_n \ X(G)] has the clique property,

(2) G[V_n \ X(G)] is linearly forcible l-colorable, and

(3) G[V_n \ X(G)] has the g(n)-intersection property.

Proof. Let G ∈ Forb_n(K_{l+1}) \ ⋃_{4l−2} i=1 Z_i(n) and let X(G) be as defined above. Thus, |X(G)| ≤ 2^{6·l} · (h(n) − 1). By Corollary 5.2.23, choosing Y = D(G), we get that G[V_n \ X(G)] has the clique property. Corollary 5.2.26, putting Y = D(G), assures that G[V_n \ X(G)] is uniquely l-colorable. Since G ∉ Z_{3l+k}(n) for k = 0, . . . , l − 2 we obtain from Lemma 5.2.28 that every k-clique S_k ⊆ V_n \ X(G) which is in the common neighborhood of a pair x, y of identically colored vertices can be extended to a (k + 1)-clique by more than 2^{6·l} · h(n) > ( 2^{6·l} − (3l − 1) ) · (h(n) − 1) + 1 many vertices in V_n \ X_C. Therefore, since |D(G)| ≤ ( 2^{6·l} − (3l − 1) ) · (h(n) − 1) it follows that G[V_n \ X(G)] is linearly forcible.

Finally, the fact that G[V_n \ X(G)] has the g(n)-intersection property is immediately implied by Corollary 5.2.27, choosing again Y = D(G). �

This conludes the proof of 5.2.1. �

5.3 Random l-colorable graphs

Within the theory of random graphs the determination of the chromatic number of a random graph had been an open problem for over a decade until Bollobás [8] determined χ(G_{n,p}) for constant p.

Theorem 5.3.1 [Bollobás, 1988] Let 0 < p < 1 be fixed and let q = 1 − p and d = 1/q. Then almost surely χ(G_{n,p}) = n 2 log_d n

(1 + o(1)).

For p = 1/2 every graph is equally likely, so Theorem 5.3.1 implies in particular:

Corollary 5.3.2 The chromatic number of a random graph G_{n,} 1_2 is almost surely χ(G_n) =^n_{2 log n} (1 + o(1)).

Łuczak [ 61] improved Bollobás’ result for edge probabilities p = p(n) which are a function of n.

Theorem 5.3.3 [Łuczak, 1991] If d = d(n) = np → ∞ and p = p(n) → 0 then almost surely χ(G_{n,p}) = d 2 ln d

(1 + o(1)).

Following Prömel, Steger (1993) we investigate in this section for which l = l(n) almost all l-colorable graphs are uniquely l-colorable. Observe first that Theorem 5.3.1, in particular, implies that the theory of random graphs seems not to be an appropriate tool in order to study properties of l-colorable graphs. For example, if l is a constant almost all l-colorable graphs have Ω(n^2) many edges (we will make this precise later on), Bollobás’ theorem on the other hand shows that almost all graphs with Ω(n^2) edges have a much higher chromatic number. Here we therefore study the class Col_l(n) of all l-colorable graphs on n vertices directly. The main result of this section states that as long as l = l(n) is asymptotically smaller as the chromatic number of a random graph G_{n,} 1_2 , almost all l-colorable graphs are uniquely l-colorable. Let G^l_n denote a uniformly chosen element of this class, i.e. a random l-colorable graph.

Theorem 5.3.4 Let ν > 0 be a constant. Then for all integer functions l = l(n) ≤ n (2+ν) log n a random l-colorable graph G l n is almost surely uniquely l-colorable.

Together with Theorem 5.3.1 we immediately obtain the following corollary.

Corollary 5.3.5 The function l =^n_{(2+ν) log n} is the threshold for the property that a random l-colorable graph is uniquely l-colorable, i.e.

if ν > 0 then G^l_n is almost surely uniquely l-colorable, and

if ν < 0 then G^l_n is almost surely not uniquely l-colorable. �

Theorem 5.3.4 generalizes results of Bollobás [6], Turner [84] and Kučera [57] who showed that respectively for constant l, for l ≤ (1 − ϵ) log n, and for l ≤ √ n/(28 log n) almost every l-colorable graph is uniquely l-colorable.

Within the theory of random graphs it suffices in most cases to study random graphs G_{n,p} in order to learn something about random graphs G_{n,m} on n vertices and exactly m = p (_n 2 ) edges. For l-colorable graphs, however, we again have to investigate the class Col_l(n, m) of all l-colorable graphs on n vertices with m = m(n) edges directly.

Theorem 5.3.6 Let 0 < c <^1_2 be fixed and set d = 2/ log^1_{1−2c} . Then for all integer functions l = l(n) ≤^n_{(d+ν) log n} a random l-colorable graph G^l_{n,cn}2 is almost surely uniquely l-colorable.

For fixed p a random graph G_{n,p} has with probability one p^{n2}_2 + o(n^2) edges. By the equivalence of the two models G_{n,p} and G_{n,m} (cf. Section 1.1) one observes that Theorem 5.3.1 again immediately implies the following corollary.

Corollary 5.3.7 Let 0 < c <^1_2 be fixed and set d = 2/ log^1_{1−2c}. Then the function l =^n_{(d+ν) log n} is the threshold for the property that a random l-colorable graph with m = cn^2 edges is uniquely l-colorable, i.e.

if ν > 0 then G^l_{n,cn}2 is almost surely uniquely l-colorable, and

if ν < 0 then G^l_{n,cn}2 is almost surely not uniquely l-colorable. �

For edge functions m = m(n) = o(n^2) we prove the following weaker result.

Theorem 5.3.8 If l = l(n) and m = m(n) are positive integer functions such that m/l ≥ n ln n then a random l-colorable graph G^l_{n,m} is almost surely uniquely l-colorable.

If one compares this result with the corresponding result of Łuczak [61] one observes that in this case the bound of Theorem 5.3.8 only corresponds up to a constant factor to the chromatic number of a random graph G_{n,p} with p =^{2m}_{n2} . We believe that in this case the chromatic number of a random graph G_{n,p} is indeed not a threshold for the property of being l-colorable. However, at present we are unable to prove this.

5.3.1 Proof of Theorem 5.3.4

An important notion in this section is the notion of an l-colored graph – in contrary to an l-colorable graph. The essential difference here is that every l-colorable graph which is not uniquely l-colorable counts several times as an l-colored graph. With Col^′_n(l) we denote the number of l-colored graphs on n vertices. (Note, that we count permutation of colorings only once!)

The proof of Theorem 5.3.4 is structured as follows. Firstly, we establish an explicit formula for the number of l-colored graphs. Secondly, we show that the number of lcolored graphs in which all color classes are “balanced”, i.e. are of size about^n_l , is asymptotically of the same order as the number of all l-colored graphs. Thirdly, we bound the probability that in a balancedly l-colored graph there exists a stable set of size roughly^n_l which “strongly” does not coincide with any of the color classes. Fourthly, we prove that for balancedly l-colored graphs the given l-coloring is with probability one the only proper l-coloring for this graph. Combining these facts, in particular the second and fourth one, we then easily complete the proof of Theorem 5.3.4.

For the remainder of this section we fix some notation. As usual n denotes the cardinality of the vertex set. The function r = r(n, l) will denote the remainder of n and l, i.e. n = l · ⌊^n_l ⌋ + r. Furthermore let P(k, l, n) denote the set of all ordered integer sequences (p_1, . . . , p_l) such that ∑_l i=1 p_i = r, 0 ≤ ⌊^n_l ⌋ + p_i ≤ n and |p_i| ≤ k for all i = 1, . . . , l, and |p_j| = k for at least one 1 ≤ j ≤ l.

With these definitions at hand an explicit formula for the number of l-colored graphs is easily obtained (cf. Read [73]).

Lemma 5.3.9 Col^′_n(l) = ∑ k≥0 ∑ P(k,l,n) 1 l! · ( n ⌊^n_l ⌋ + p_1, . . . , ⌊^n_l ⌋ + p_l ) · 2(^{n2})^− ∑_l i=1 (^{⌊ nl ⌋+pi}_2 ). �

Our first goal is to prove that in the above formula we may confine the first sum to values k < ϵ log n without changing the order of magnitude of the right hand side.

Let p = (p_1, . . . , p_l). To shorten notation, we henceforth use the following abbreviations f(n, p) = ( n ⌊^n_l ⌋ + p_1, . . . , ⌊^n_l ⌋ + p_l ) , and e(n, p) = ( n 2 ) − l∑ i=1 ( ⌊^n_l ⌋ + p_i 2 ) = l − 1 2l n^2 + r^2 2l − 1 2 l∑ i=1 p^2_i .

Lemma 5.3.10 For all integer functions l = l(n) such that l ≤^n_{log n} and all ϵ > 0

Col^′_n(l) = (1 + o(1)) · ∑ 0≤k<ϵ log n ∑ P(k,l,n) 1 l! · f(n, p) · 2^{e(n,p)}. The proof hinges on the fact that the multinomial coefficient f(n, p) as well as the exponential function 2^{e(n,p)} achieve their maximum when the p_i are as small as possible, i.e. 0 ≤ p_i ≤ 1 for all i = 1, . . . , l. What remains to be shown is that both functions decrease fast enough.

We proceed as follows. First we establish a lower bound for Col^′_n(l) which allows us to show that one may confine the sum in Lemma 5.3.9 to those sequences p_i where the number of ”big” p_i’s is o(l). By exhibiting an appropriate mapping between sequences (p_1, . . . , p_l) we then show that also the sequences with at least one ”big” entry are negligible.

For constant l the following proposition is an immediate corollary of the well-known Laplace approximation of the multinomial distribution. For l = o(n) it can be proven by a straightforward application of Stirling’s formula. We skip the calculations.

Proposition 5.3.11 Let l = l(n) be an integer function such that l = o(n) and let p_1, . . . , p_l be reals such that ∑ p_i = 0 and such that^n_l + p_i are positive integers of size at least^n_{2l} . Then for all sufficiently large n ( n n l + p_1, . . . ,^n_l + p_l ) ≤ (2πn)^{− l−12} · l^{n+ l2} · e^{l2n} ∑_{p2i + l2} n2 ∑_{p3i}

and ( n n l + p_1, . . . ,^n_l + p_l ) ≥ (2πn)^{− l−12} · l^{n+ l2} · e^{− ln (} ∑_{p2i + l6 )} . � Claim. For all integer functions l = l(n) such that l = o(n) there exists a constant C > 0 such that Col^′_n(l) ≥ C · 1 l! · n^{−l} · l^n · 2^{l−12l n2+ r22l} . Proof. The idea of the proof is to just count the l-colored graphs where all parts are as equal as possible, which means that the lower bound will be roughly 1 l! · ( n n l ; . . . ;^n_l ) · 2^{l−12l n2} . To be precise, we have to consider the case that n is not divisible by l. Let q_i = 0 for i = 1, . . . , l − r and q_i = 1 for i = l − r + 1, . . . , l. Then certainly Col^′_n(l) ≥ 1 l! · f(n, q) · 2^{e(n,q)} = 1 l! · ( n ⌊^n_l ⌋ + q_1; . . . ; ⌊^n_l ⌋ + q_l ) · 2^{l−12l n2+ r22l − r2} , from which the desired inequality follows immediately by Proposition 5.3.11. �

Let Q(n, l) denote the set of all ordered integer sequences p_1, . . . , p_l such that ∑_l i=1 p_i = r, 0 ≤ ⌊^n_l ⌋ + p_i ≤ n for all i = 1, . . . , l, and ∑_l i=1 p^2_i ≥ 3l log n.

Claim. For all integer functions l = l(n) such that l = o(n) ∑ Q(n,l) 1 l! · f(n, p) · 2^{e(n,p)} = o(Col^′_n(l)).

Proof. As the sum over Q(n, l) of the multinomial coefficients is less than l^n and e(n, p) ≤^{l−1}_{2l} n^2 +^{r2}_{2l} −^3_2 l log n for all p ∈ Q(n, l), the claim is an immediate consequence of the previous claim. �

Proof of Lemma 5.3.10. Let ϵ > 0 be arbitrary, but fixed. By the previous claim, it is enough to show that ∑ 1 l! · f(n, p) · 2^{e(n,p)} = o(Col^′_n(l)), (5.3.1)

where the sum is over all ordered integer sequences (p_1, . . . , p_l) contained in the set ⋃ k≥ϵ log n P(k,l, n) satisfying ∑_l i=1 p^2_i < 3l log n.

Let for the moment t ∈ N and 1 ≤ i_1 < . . . < i_t ≤ l be fixed. Furthermore let q_1, . . . , q_t be fixed integral values such that 0 ≤ ⌊^n_l ⌋ + q_j ≤ n, ϵ log n ≤ |q_j| for each j = 1, . . . , t, and ∑_t j=1 q^2_j < 3l log n. With respect to these values let S denote the set of all ordered integer sequences p = (p_1, . . . , p_l) such that p_{ij} = q_j for all j = 1, . . . , t, |p_i| < ϵ log n for all remaining i’s, and ∑_l i=1 p^2_i < 3l log n.

The idea behind the following construction is to define a suitable mapping σ from the set S into the set of all sequences (p_1, . . . , p_l) ∈ ⋃ k P(k, l, n) in such a way that for all p ∈ S the difference e(n, σ(p)) − e(n, p) is ”large enough”, so that the ratios 2^{e(n,p)}/2^{e(n,σ(p))} are ”small”. By then summing over all t, possible choices of the i_j, possible choices of q_j , and S we will observe that the sum in (5.3.1) is indeed o(Col^′_n(l)).

To simplify notation we assume in the sequel without loss of generality that i_j = j for all 1 ≤ j ≤ t and we write p as p = (q, r), where q = (q_1, . . . , q_t) and r = (r_1, . . . , r_{l−t}). Let Q = ∑_t j=1 q_j. Observe that ∑_t j=1 q^2_j < 3l log n and |q_i| ≥ ϵ log n

implies that t ≤^3_{ϵ2}^l_{log n} and that this together with ∑_t j=1 q^2_j ≥ t · (_Q t )_2

implies that |Q| ≤^3_ϵ l. Let x =^Q_{|Q|} · ⌈^9_ϵ ⌉, y = Q − x · ⌊^Q_x ⌋, and let l^′ = ⌊^Q_x ⌋ + 1. Observe that by definition l^′ ≤^l_3 + 1. As the sum of the squares of the r_i is less than 3l log n, the number of r_i’s with absolute value at least^ϵ_4 log n is less than^{48}_{ϵ2}^l_{log n} . By the pigeonhole principle we conclude that for sufficiently large n there exists an index 1 ≤ i_0 ≤ l so that starting at r_{i0} from the next l^′ entries of r (here we view r as a cyclic vector, i.e. we assume that r_1 follows r_{l−t}) at most^1_4 l^′ many entries have absolute value at least ϵ 4 log n.

For p ∈ S and n sufficiently large define σ(p) as follows. Replace all q_i by zero, and then starting at the smallest index i_0 having the above properties, replace the first l^′ − 1 of the r_i by r_i + x and r_{i0+l}′_{−1} by r_{i0+l}′_{−1} + y. It is easy to see, that σ(p) is indeed a sequence of ⋃ k P(k, l, n). We claim that for all sufficiently large n the following inequalities hold: f(n, p) f(n, σ(p)) ≤ 1, (5.3.2)

e(n, σ(p)) − e(n, p) ≥ t ϵ^2 40 log^2 n,

(5.3.3)

and that the preimage of any sequence p = (p_1, . . . , p_l) is ”small”, namely

|σ^{−1}(p)| ≤ l for all p = (p_1, . . . , p_l) ∈ ⋃ k P(k, l, n). (5.3.4)

Before we prove these claims, we show that they immediately conclude the proof of the lemma. For all sufficiently large n the left hand side of (5.3.1) is bounded from above by ∑ t≥1 ∑ i_1<...<i_t ∑ q_1 ,... ,q_t ∑ p∈S 1 l! · f(n, p) · 2^{e(n,p)} ≤ ∑ t≥1 ∑ i_1<...<i_t ∑ q_1,... ,q_t ∑ p∈S 1 l! · f(n, σ(p)) · 2^{−t ϵ240 log2 n} · 2^{e(n,σ(p))} ≤ ∑ t≥1 [ l^t · n^t · 2^{−t ϵ240 log2 n} · l · Col^′_n(l) ]

≤ Col^′_n(l) · ∑ t≥1 2^{−t ϵ250 log2 n} = o(Col^′_n(l)). We prove the above claims in reverse order. (5.3.4) follows immediately from the fact that there are at most l − t choices for the index i_0. (5.3.3) follows by routine calculations from the definition of σ(p): e(n, σ(p)) − e(n, p) = 1 2 t∑ j=1 q^2_j + 1 2 i_0+l^′ −2 ∑ j=i_0 (r^2_j − (r_j + x)^2) + 1 2 (r^2_{i0+l}′_{−1} − (r_{i0+l}′_{−1} + y)^2)

≥ 1 2 t∑ j=1 q^2_j − 1 2 i_0+l^′ −1 ∑ j=i_0 (2|x||r_j| + x^2)

≥ 1 2 t∑ j=1 q^2_j − 1 2 [ 1 4 l^′ · (2|x|ϵ log n) + 3 4 l^′(2|x| ϵ 4 log n) + l^′x^2) ]

≥ 1 32 t∑ j=1 q^2_j + 15 32 t∑ j=1 |q_j |ϵ log n − 1 2 l^′( 7 8 |x|ϵ log n + x^2)

≥ t ϵ^2 40 log^2 n.

For the proof of (5.3.2) observe first that, if we abbreviate ⌊^n_l ⌋ by a and assume without loss of generality that i_0 = 1, then (5.3.2) is equivalent to

[a!]^t ∏_t i=1(a + q_i)! · ∏_l′_{−1} i=1 (a + r_i + x)! ∏_l′_{−1} i=1 (a + r_i)! · (a + r_l′ + y)!

(a + r_l′ )! ≤ 1. (5.3.5)

We start with some simple observations and reductions. As^{(a+ri +x)!}

(a+r_i )! ≥

(a+r_i −1+x)!

(a+r_i −1)! if and only if x ≥ 0, we may assume that all ri, 1 ≤ i ≤ l ′, have the same sign as Q, that is as x and y.

Similarly, as 0 ≤ x ≤ q and 0 ≥ x ≥ q imply^{a!}_{(a+q)!} ≤^{a!a!}_{(a+q−x)!(a+x)!} , we may assume that |q_i| ≤ 2ϵ log n for each 1 ≤ i ≤ t. Note, that this implies in particular, that |q_i|a^{−1} ≤ 2ϵ for all 1 ≤ i ≤ t.

We may assume that the q_i are ordered, i.e. that q_1 ≥ . . . ≥ q_m > 0 > q_{m+1} ≥ . . . ≥ q_t. We now distinguish two cases. Namely, that Q ≥ 0 and that Q < 0. We only prove the claim for the first case and leave the similar proof of the second case to the reader. (5.3.5) is equivalent to t∏ i=m+1

|q_i|−1∏

j=0 (a − j) · l^′ −1∏

i=1 x∏ j=1 (a + r_i + j) · y∏ j=1 (a + r_l′ + j) ≤ m∏ i=1 q_i∏

j=1 (a + j). If we divide every factor by a, take the logarithm of both sides, and recall that ln(1 + x) ≤ x for all −1 < x < 1 and x −^1_2 x^2 ≤ ln(1 + x) for all 0 ≤ x < 1, we observe that it suffices to show − t∑ i=m+1

|q_i |−1∑

j=0 j a + l^′ −1∑

i=1 x∑ j=1 r_i + j a + y∑ j=1 r_l′ + j a ≤ m∑ i=1 q_i∑

j=1 ( j a − 1 2 j^2 a^2 ) . After some elementary calculations and using our various assumptions, we see that it suffices to show − 1 2 t∑ i=1 q_i − ( 1 2 − ϵ) t∑ i=1 q^2_i + x l^′∑

i=1 r_i + 1 2 l^′(x^2 + x) ≤ 0,

which in turn can be reduced to −( 1 2 − ϵ) · ϵ log n · max{Q, ϵ log n} + x [ 3 16 l^′ϵ log n + 1 4 l^′ϵ log n ] + 1 2 l^′(x^2 + x) ≤ 0.

This last inequality, however, is easily seen to be true whenever ϵ is sufficiently small. �

Having shown that almost all l-colored graphs are “balanced”, we now restrict our attention to these balanced graphs. We start with some notations and definitions.

For a fixed partition Π = (A_1, . . . , A_l) of the vertex set V_n let G_Π denote the set of all graphs on V_n with the property that no two vertices which belong to the same A_i are connected by an edge. Furthermore G_Π denotes a random graph with respect to this partition, i.e.

Prob [G_Π = G] = |G_Π|^{−1} for each G ∈ G_Π.

Observe that G_Π is obtained by connecting each pair of vertices contained in different sets A_i, independently of all other pairs, by an edge with probability^1_2 .

A partition Π = (A_1, . . . , A_l) of V_n is called ϵ-balanced, if and only if (1 − ϵ)^n_l ≤ |A_i| ≤ (1 + ϵ)^n_l for all i = 1, . . . , l.

Lemma 5.3.12 Let ϵ, ν > 0 be constants and let ω_n be a positive function tending to infinity arbitrarily slowly. Furthermore, let l = l(n) be an integral function such that l(n) ≤ n (2 + ν) log n

and let Π = (A_1, . . . , A_l) be an ϵ-balanced partition of the vertex set. Call a subset S ⊆ V_n ”bad”, iff (1 − ϵ)^n_l ≤ |S| ≤ (1 + ϵ)^n_l and S is stable in G_Π, but meets more than one class A_i in a substantial fraction, i.e. if max_{1≤i≤l} |S ∩ A_i| ≤ |S| − ω_n. Then for all sufficiently small ϵ: Prob [T here exists a^{′′}bad^{′′} set S ⊆ V_n in G_Π] = o(1). Proof. Assume without loss of generality that ω_n = o(log n) and that ϵ is sufficiently small, and let α, δ > 0 be appropriately defined constants (see below). For a set S ⊆ V_n let I_S := {1 ≤ i ≤ l | |A_i ∩ S| ≥ δ n l } and X_S = ⋃ i∉I_S (S ∩ A_i). We distinguish three types of sets S:

i) sets S such that |X_S | ≥ α^n_l ,

ii) sets S such that ω_n ≤ |X_S| ≤ α^n_l ,

iii) sets S such that |X_S | < ω_n, and max_{1≤i≤l} |S ∩ A_i| ≤ |S| − ω_n. We show the statement of the lemma for every type separately. In all cases we can bound the number of sets S ⊆ V_n of size (1−ϵ)^n_l ≤ |S| ≤ (1+ϵ)^n_l as follows. There are at most l^{|IS|} possibilities to choose the classes A_i with which S has a large intersection and 2^{(1+ϵ) nl ·|IS|} possibilities to choose the points of S contained in these classes. As |I_S| is bounded by a constant, namely |I_S | ≤ |S| δ^n_l ≤ 1 + ϵ δ , this shows that the number of sets S with a given cardinality x = |X_S| is bounded from above by

2^{O( nl )} · ( n x ) . The probability that a given set S is stable in G_Π is Prob [S stable] = 2^− ∑ i<j |A_i∩S|·|A_j ∩S|. (5.3.6)

That means, to get a good upper bound for this probability, we need a good lower bound for the number of pairs {u, v} of vertices of S which belong to different classes A_i. Let for shortage of notation Off(S) = ∑ i<j |A_i ∩ S| · |A_j ∩ S| denote this number. Observe that, if for the first type of sets S we can show that Off(S) ≥ (1 + c)|X_S| log n for some positive constant c, then Prob [T here exists a^{′′}bad^{′′} set S ⊆ V_n of type i) in G_Π] ≤ ∑ α^n_l ≤x 2^{O( nl )} · 2^{x log n} · 2^{−(1+c)x log n} = o(1).

As the minimal number of edges of a complete l-partite graph on n vertices with at most k vertices in each class is bounded from below by (_⌊ n_{k ⌋} 2 ) k^2, we obtain

Off(S) ≥ (|S| − |X_S|) · |X_S | + (⌊_{|XS |} ⌊δ^n_l ⌋ ⌋ 2 ) · ⌊δ n l ⌋^2 ≥ 1 2 |S||X_S| − 3 2 δ n l |X_S| and therefore Off(S) ≥ 1 − ϵ − 3δ 2 n l |X_S| ≥ (2 + ν)(1 − ϵ − 3δ) 2 |X_S | log n, which suffices if ϵ and δ are chosen sufficiently small with respect to ν.

Next consider the type ii) sets. Observe that |X_S | ≤ α^n_l and |S| ≥ (1 − ϵ)^n_l implies that |X_S| ≤^α_{1−ϵ} |S|. Hence, Off(S) ≥ (|S| − |X_S|) · |X_S | ≥ (1 − α 1 − ϵ )|S||X_S| ≥ (1 − ϵ − α) n l |X_S| ≥ 1 − ϵ − α 2 n l |X_S| + 1 − ϵ − α 2 (2 + ν)|X_S| log n.

Together this gives, if ϵ and α are sufficiently small with respect to ν Prob [T here exists a^{′′}bad^{′′} set S ⊆ V_n of type ii) in G_Π] ≤ ∑ ω_n≤x≤α^n_l 2^{O( nl )} · 2^{x log n} · 2^{− 1−ϵ−α2 nl x− 12 (1−ϵ−α)(2+ν)x log n}

= o(1).

Finally, observe that for all sets S ⊆ V_n of type iii) the sets I_S have cardinality at least two. Therefore Off(S) ≥ 1 2 |S|δ n l ≥ 1 4 δ(1 − ϵ) n l (2 + ν) log n + 1 4 δ(1 − ϵ)[(2 + ν) log n]^2,

from which Prob [T here exists a^{′′}bad^{′′} set S ⊆ V_n of type iii) in G_Π] = o(1) follows immediately. � In the final step we show that for an ϵ-balanced partition Π almost every G_Π is uniquely l-colorable. To simplify notation we call a partition Π^′ = (A^′_1, . . . , A^′_l) a valid partition of the graph G_Π, if all classes A^′_i induce in G_Π stable sets.

Proposition 5.3.13 Let ϵ, ν > 0 be constants. Furthermore, let l = l(n) be an integral function such that l(n) ≤ n (2 + ν) log n and let Π = (A_1, . . . , A_l) be an ϵ-balanced partition of the vertex set. Then for all sufficiently small ϵ with respect to ν every random graph G_Π satisfies Prob [∃i ≠ j, S ⊆ A_i, v ∈ A_j s.t. |S| = (1 − 2ϵ) n l and Γ(v) ∩ S = ∅] = o(1). Proof. As there are l^2 choices for the indices i and j, at most (1 + ϵ)^n_l choices for the vertex v, and at most

(_{(1+ϵ)} n_l

(1−2ϵ)^n_l ) choices for the set S, and as

(_{(1+ϵ)} n_l

(1−2ϵ)^n_l ) ≤ 2^{g(ϵ)· nl} for some function g(ϵ) tending to zero if ϵ tends to zero, Prob [∃i ≠ j, S ⊆ A_i, v ∈ A_j s.t. |S| = (1 − 2ϵ) n l and Γ(v) ∩ S = ∅] ≤ l^2 · (1 + ϵ) n l · 2^{g(ϵ)· nl} · 2^{−(1−2ϵ) nl} ≤ 2^{2 log n−(1−2ϵ−g(ϵ))(2+ν) log n} ≤ 2^{− ν2 log n},

if ϵ is sufficiently small compared to ν. �

Lemma 5.3.14 Let ϵ, ν > 0 be constants. Furthermore, let l = l(n) be an integral function such that l(n) ≤ n (2 + ν) log n and let Π = (A_1, . . . , A_l) be an ϵ-balanced partition of the vertex set. Then for all sufficiently small ϵ with respect to ν: Prob [T here exists a valid partition Π^′ ≠ Π of G_Π] = o(1).

Proof. Let ω_n be a function tending to infinity such that ω_n = o(^n_l ). Choose ϵ sufficiently small so that Lemma 5.3.12 and Proposition 5.3.13 hold. Assume a partition Π^′ ≠ Π is a valid partition. If G_Π contains no “bad” set with respect to ω_n and ϵ, then every class B_i of size |B_i| ≥ (1 − ϵ)^n_l satisfies |B_i ∩ A_{σ(i)}| ≥ |B_i| − ω_n, where σ(i) is defined by |B_i ∩ A_{σ(i)}| = max_{1≤j≤l} |B_i ∩ A_j|. As Π is an ϵ-balanced partition, this implies that there has to exist a stable set S of size |S| ≥ (1 − ϵ)^n_l such that there exists a partition S = S_1 ∪ S_2 and an index i with S_1 ⊆ A_i, S_2 ∩ A_i = ∅ and 1 ≤ |S_2| ≤ ω_n. Therefore Prob [T here exists a valid partition Π^′ ≠ Π of G_Π] ≤ Prob [T here exists a^{′′}bad^{′′} set S ⊆ V_n in G_Π] + Prob [∃i ≠ j, S ⊆ A_i, v ∈ A_j s.t. |S| = (1 − 2ϵ) n l and Γ(v) ∩ S = ∅] = o(1) + o(1). � Proof of Theorem 5.3.4. Choose ϵ > 0 sufficiently small so that Lemma 5.3.12 and Lemma 5.3.14 hold simultaneously. Following an idea of Turner [84] let C denote the set of all l-colorable graphs on V_n and let C_0 ⊆ C denote the set of all uniquely l-colorable graphs. We want to show |C_0|/|C| → 1.

Denote with P the set of all partitions of V_n into l classes and with P_0 ⊆ P the set of all ϵ-balanced partitions. We define a bipartite graph on C ∪ P as follows: Connect a partition Π ∈ P with a graph G ∈ C by an edge if and only if Π is a valid partition of G. For subsets A ⊆ C and B ⊆ P let e(A, B) denote the number of edges between A and B.

In this notation the results of Lemma 5.3.10 and Lemma 5.3.14 state e(C, P_0) e(C, P) → 1 and e(C \ C_0, P_0) e(C, P_0) → 0. Both results together, however immediately imply the theorem: |C_0| |C| ≥ e(C_0, P_0) e(C, P) = e(C, P_0) e(C, P) − e(C \ C_0, P_0) e(C, P) → 1. � 5.3.2 Proof of Theorems 5.3.6 and 5.3.8 Let Col^′_{n,m}(l) denote the number of l-colored graphs on n vertices with m edges. Similarly as for Col^′_n(l) an explicit formula for Col^′_{n,m}(l) is easily obtained (here e(n, p) denotes the function of the preceding section): Lemma 5.3.9’ Col^′_{n,m}(l) = ∑ k≥0 ∑ P(k,l,n) 1 l! · ( n ⌊^n_l ⌋ + p_1, . . . , ⌊^n_l ⌋ + p_l ) · ( e(n, p) m ) . �

Comparing Lemma 5.3.9’ with Lemma 5.3.9 indicates where we have to modify the proof of Theorem 5.3.4: instead of the exponential function 2^{e(n,p)} we now have to deal with the binomial coefficient (_{e(n,p)} m ) . It is well known that especially for m = e(n, p)/2 both function behave very similarly. It is therefore not surprising that the proof of Theorem 5.3.4 carries over to Theorem 5.3.6 and 5.3.8. In coping with the arising asymptotic estimations the following inequalities turn out to be useful.

Proposition 5.3.15 For all integer functions m = m(n) and x = x(n) such that m < n (_{n−x} m ) (_n m ) ≤ e^{− xmn} , if in addition x ≤^1_2 (n − m) one also has (_{n−x} m ) (_n m ) ≥ e^{− xmn−m − mx2(n−m)2} . Moreover for m = cn and x ≤^1_2 (n − m) (_{n−x} cn ) (_n cn ) = e^{−x(ln 11−c +O( xn ))}. � Lemma 5.3.10’ For all integer functions l = l(n) and m = m(n) such that m ≤ l−1 2l n^2 −^{n2}_{ln n} and^m_l ≥^1_2 n ln n and all ϵ > 0

Col^′_{n,m}(l) = (1 + o(1)) · ∑ 0≤k<^{ϵn ln n}√_m ∑ P(k,l,n) 1 l! f(n, p) ( e(n, p) m )

Sketch. As before one uses Stirling’s approximation and Proposition 5.3.15 to first show that Col^′_{n,m}(l) ≥ 1 l! · n^{−l} · l^n · (_{l−1} 2l n^2 +^{r2}_{2l} m )

and to deduce ∑ Q(n,m,l) 1 l! · f(n, p) · ( e(n, p) m ) = o(Col^′_{n,m}(l)), where Q(n, m, l) denotes the set of all ordered integer sequences p_1, . . . , p_l such that ∑_l i=1 p_i = r, 0 ≤ ⌊^n_l ⌋ + p_i ≤ n for all i = 1, . . . , l, and ∑_l i=1 p^2_i ≥ 3l^{n2}_m ln n.

In the last part of the proof we substitute ϵ log n by^{ϵn ln n√}_m and define the mapping σ similarly as in the proof of Lemma 5.3.10: we let x =^Q_{|Q|} ⌈^9_ϵ^n√_m ⌉ and define y and l^′ as before. Then (5.3.2) and (5.3.4) continue to hold, while (5.3.3) is replaced by oldtheequation=5.3.6 e(n, σ(p)) − e(n, p) ≥ t ϵ^2n^2 ln n 40m . (5.3.3’)

To complete the proof it suffices to observe that (5.3.3’) and Proposition 5.3.15 imply (_{e(n,p)} m ) (_{e(n,σ(p))} m ) ≤ e^{−(e(n,σ(p))−e(n,p)) 2mn2} ≤ e^{−t ϵ240 ln2 n}. � For a fixed partition Π = (A_1, . . . , A_l) of the vertex set V_n let G^m_Π denote the set of all graphs on V_n with m edges and the property that no two vertices which belong to the same A_i are connected by an edge. As before let G^m_Π denote a random graph with respect to this partition, i.e.

Prob [G^m_Π = G] = |G^m_Π |^{−1} for each G ∈ G^m_Π .

Observe that if e(Π) = (_n 2 ) − ∑_l i=1 (_{|Ai|} m ) denotes the number of edges of the complete l-partite graph with classes A_i, then

Prob [G^m_Π = G] = 1 (_{e(Π)} m ) for each G ∈ G^m_Π .

The couterpart of Lemma 5.3.12 then states (observe that the definition of a ”bad” set is changed in the case of m = o(n^2)):

Lemma 5.3.12’ Let ϵ, ν > 0 be constants and let ω_n be a positive function tending to infinity arbitrarily slowly. Furthermore, let l = l(n) and m = m(n) be an integral functions, so that^m_l ≥ (1 + ν)n ln n or m = cn^2 and l ≤^n_{(2/ log} 1_{1−2c +ν) log n} for some constant c > 0, and let Π = (A_1, . . . , A_l) be an ϵ-balanced partition of the vertex set. Call a subset S ⊆ V_n ”bad”, iff (1−ϵ)^n_l ≤ |S| ≤ (1+ϵ)^n_l and S is stable in G_Π, but meets more than one class A_i in a substantial fraction, i.e. if max_{1≤i≤l} |S ∩A_i| ≤ |S|−ω_n ·^{n2}_m . Then for all sufficiently small ϵ: Prob [T here exists a bad set S ⊆ V_n in G_Π] = o(l^{−1}). Sketch. Following the proof of Lemma 5.3.12, we only have to change (5.3.6) to Prob [S stable] = (_{e(Π)−Off(S)} m ) (_{e(Π)} m ) ≤ e^{−Off(S) 2mn2} , (5.3.6’)

if^m_l ≥ (1 + ν)n ln^m_n and to Prob [S stable] = (_{e(Π)−Off(S)} m ) (_{e(Π)} m ) ≤ e^{−Off(S)·(ln 11−2c +o(1))}, (5.3.6”)

if m = cn^2 and l ≤^n

(2/ log^1_{1−2c} +ν) log n (cf. Proposition 5.3.15).

With these inequalities the proof can be completed as before. � If m = cn^2 Proposition 5.3.13 carries over in a straightforward way, for smaller m, however, we have to change the statement of the proposition slightly. Both cases can be proven along the lines of Proposition 5.3.13. We omit the details.

Proposition 5.3.13’ Let ϵ, ν > 0 be constants. Furthermore, let l = l(n) and m = m(n) be integral functions such that m = cn^2 and l ≤^n_{(2/ log} 1_{1−2c +ν) log n} for some constant c > 0 and let Π = (A_1, . . . , A_l) be an ϵ-balanced partition of the vertex set. Then for all sufficiently small ϵ with respect to ν every random graph G^m_Π satisfies Prob [∃i ≠ j, S ⊆ A_i v ∈ A_j s.t. |S| = (1 − 2ϵ) n l and Γ(v) ∩ S = ∅] = o(1). � Proposition 5.3.13” Let ϵ, ν > 0 be constants. Furthermore, let l = l(n) and m = m(n) be integral functions such that^m_l ≥ (1 + ν)n ln n and let Π = (A_1, . . . , A_l) be an ϵ-balanced partition of the vertex set. Then for all sufficiently small ϵ with respect to ν every random graph G^m_Π satisfies

Prob [ ∃i ≠ j, S ⊆ A_i, S^′ ⊆ A_j such that

S| = (1 − 2ϵ)^n_l , |S^′| =^{n2}_m and Γ(v) ∩ S = ∅ ] = o(1). �

As in the previous section Lemma 5.3.12’ and Proposition 5.3.13’, respectively Proposition 5.3.13”, now imply that for every m and l and every ϵ-balanced partition Π each random graph G^m_Π is with probability one uniquely l-colorable. We leave the analogous proof to the reader.

Lemma 5.3.14’ Let ϵ, ν > 0 be constants and let ω_n be a positive function tending to infinity arbitrarily slowly. Furthermore, let l = l(n) and m = m(n) be an integral functions, so that^m_l ≥ n ln n or m = cn^2 and l ≤^n_{(2/ log} 1_{1−2c +ν) log n} , for some constant c > 0 and let Π = (A_1, . . . , A_l) be an ϵ-balanced partition of the vertex set. Then for all sufficiently small ϵ: Prob [T here exists a valid partition Π^′ ≠ Π of G^m_Π ] = o(1). � Proof of Theorems 5.3.6 and 5.3.8. The proof of Theorem 5.3.4 carries over word by word, if we let C denote the set of all l-colorable graphs on n vertices with m edges and let C_0 ⊆ C denote the set of all such graphs which are uniquely l-colorable. (Recall that^n_l +^{ϵn ln n√}_m ≤ (1 + ϵ)^n_l .) �

5.3.3 Counting l-colorable graphs

The following two corollaries on the number of l-colorable graphs are immediate consequences of the main theorems of this section.

Corollary 5.3.16 For all integer functions l = l(n) such that l ≤^n_{(2+ν) log n} for some constant ν > 0 and all ϵ > 0:

|Col_n(l)| = (1 + o(1)) · ∑ 0≤k<ϵ log n ∑ P(k,l,n) (_n ⌊^n_l ⌋+p_1 ,... ,⌊^n_l ⌋+p_l ) l! · 2^{l−12l n2+ r22l − 12} ∑_l i=1 p^2_i ,

where P(k, l, n) denotes the set of all ordered integer sequences (p_1, . . . , p_l) such that ∑_l i=1 p_i = n − l⌊^n_l ⌋, 0 ≤ ⌊^n_l ⌋ + p_i ≤ n and |p_i| ≤ k for all i = 1, . . . , l, and |p_j| = k for at least one 1 ≤ j ≤ l.

If in addition m = m(n) is an integer functions so that m/l ≥ n ln n, then |Col_{n,m}(l)| = (1 + o(1)) · ∑ 0≤k<^{ϵn ln n}√_m ∑ P(k,l,n) (_n ⌊^n_l ⌋+p_1 ,... ,⌊^n_l ⌋+p_l ) l! · ( l−1_{2l n}2_+ r^2_{2l −} 1_2 ∑l_{i=1 p}2_i m ) , Proof. Follows immediately from Theorems 5.3.4, 5.3.6 and 5.3.8 and Lemmas 5.3.10 and 5.3.10’. �

Corollary 5.3.17 Let l ≥ 2 be fixed. Then there exist constants c_0, . . . , c_{l−1} such that

|Col_n(l)| = (c_r + o(1)) · 2^{l−12l n2+n log l− l−12 log n}

for n = r mod l. In addition, for every 0 < c <^1_2 there exist constants d_0, . . . , d_{l−1} such that with h(x) = −x log x − (1 − x) log(1 − x) |Col_{n,cn}2(l)| = (d_r + o(1)) · 2^{l−12l ·h( 2lcl−1 )n2+n log l− l2 log n} for n = r mod l.

Proof. Let k be an integer of size at most ϵ log n, and let (p_1, . . ., p_l) be a sequence contained in P(k, l, n), which is as defined in Corollary 5.3.16. It follows from Proposition 5.3.11 that then ( n ⌊^n_l ⌋ + p_1, . . . , ⌊^n_l ⌋ + p_l ) = (1 + o(1)) · (2πn)^{− l−12} · l^{n+ l2} .

Therefore, by Corollary 5.3.16, letting c^′_r = l^{l2} · 2^{r22l} · (2π)^{− l−12} · (l!)^{−1}

|Col_n(l)| = (c^′_r + o(1)) · 2^{l−12l n2+n log l− l−12 log n} · ∑ 0≤k<ϵ log n ∑ P(k,l,n) 2^{− 12} ∑_l i=1 p^2_i .

As it is easily seen that the sum converges, the first part of the corollary follows.

For the second part we observe that by Proposition 5.3.15 (_{l−1} 2l n^2 +^{r2}_{2l} −^1_2 ∑_l i=1 p^2_i cn^2 ) = (1 + o(1)) · (_{l−1} 2l n^2 cn^2 ) · e^{( r22l − 12} ∑_l i=1 p^2_i )·ln(1−^{2lc}_{l−1} )^{−1} .

Using that ( n cn ) = (1 + o(1)) · 2^{h(c)x} · (2πc(1 − c)n)^{− 12}

(which can be easily obtained from Stirling’s formula) we observe that by Corollary 5.3.16, letting d^′_r =^1_2 ln(1 −^{2lc}_{l−1} )^{−1} and d^{′′}_r = l^{l2} · e^{d′′r ·r2l} · (2π)^{− l−12} · (l!)^{−1} |Col_{n,cn}2(l)| = (d^{′′}_r + o(1)) · 2^{l−12l ·h( 2lcl−1 )·n2+n log n− l−22 log n} · ∑ 0≤k<ϵ ln n ∑ P(k,l,n) e^{−d′′r} ∑_l i=1 p^2_i ,

which concludes the proof of Corollary 5.3.17. �

5.4 Kučera’s algorithm

For small enough l, the results of the previous section can be summarized in the statement: “almost all l-colorable graphs are uniquely l-colorable”. In fact, however, we have shown considerably more. Namely, we exhibited the structure of almost all l-colorable graphs. Rougly speaking this may be phrased as follows: “almost all lcolorable graphs are uniquely l-colorable, and this coloring is ϵ-balanced”. From an algorithmic point of view, this additional clause is of great importance: It allows us, to decide whether two vertices should be colored with the same color by just considering the local structure of the graph. More precisely, consider two vertices in the same color class of an ϵ-balanced coloring. The expected number of vertices connected to both of them is at least^1_2 (l − 1)(1 − ϵ)n/l. On the other hand, for two vertices in different color classes this number is at most^1_2 (l − 2)(1 + ϵ)n/l. Clearly, for small enough l (and ϵ) the difference in these two expectations is large compared to their variance. The following algorithm of Kučera (1989) is based on these facts.

Algorithm Color Input: A graph G = (V_n, E);

Output: A coloring of G with l colors or failure; begin

for each pair e = {u, v} of vertices of V_n do d(e) := |Γ(u) ∩ Γ(v)|; Order all pairs of vertices so that d(e_1) ≥ d(e_2) ≥ . . . ; F := ∅; i := 1; repeat

F := F ∪ {e_i}; i := i + 1;

until F ∪ e_i has only l − 1 components; Color each component of (V_n, F ) with one color; if coloring is proper then output coloring else stop with failure;

end.

Theorem 5.4.1 There exists a constant c > 0 such that for all integral functions l ≤ √ cn/ ln n the algorithm Color finds a proper l-coloring for almost all l-colorable graphs.

Proof. With foresight let c =^1_{163} and ϵ <^1_{27} . By Theorem 5.3.4 we know that for l ≤ √ cn/ ln n almost all l-colorable graphs are uniquely l-colorable and that this unique coloring is ϵ-balanced. It thus suffices to consider an arbitrary but fixed ϵbalanced partition Π = (A_1, . . ., A_l) of V_n and to show that for a random graph G_Π the algorithm Color finds with probability one an optimal coloring. (See Section 5.3, page 100, for the definition of G_Π.)

As outlined above the algorithm is based on the fact that with high probability vertices in the same color class have significantly more joint neighbors than vertices in different color classes. We make this precise by showing that Prob [min_i {d(u, v) | u, v ∈ A_i} > max_{i≠j} {d(u, v) | u ∈ A_i, v ∈ A_j }] = 1 − o(1), (5.4.7)

5.4. KUČERA’S ALGORITHM 109

where d(u, v) denotes the number of common neighbors of the vertices u and v, i.e. d(u, v) = |Γ(u) ∩ Γ(v)|. Obviously (5.4.7) will conclude the proof of Theorem 5.4.1.

Let a_{ij} := n − |A_i ∪ A_j|. For u ∈ A_i and v ∈ A_j the number d(u, v) is binomial distributed with parameters n = a_{ij} and p =^1_4 . Therefore for all sufficiently large n (cf. Theorem B.1)

Prob [|d(u, v) −^1_4 a_{ij} | >^1_9^n_l ] ≤ e^{− 181 n2/(l2 aij )}.

As a_{ij} ≤ n and l ≤ √ cn/ ln n this implies

Prob [|d(u, v) −^1_4 a_{ij} | >^1_9^n_l ] ≤ e^{− 181c ln n},

and therefore

Prob [∃u, v ∈ V_n s.t. |d(u, v) −^1_4 a_{ij} | >^1_9^n_l ] ≤ (_n 2 ) · e^{− 181c ln n} = o(1).

Consider now vertices u, v ∈ A_i, x ∈ A_j and y ∈ A_k, for j ≠ k. Then almost surely d(u, v) − d(x, y) ≥ ( IE[d(u, v)] −^1_9^n_l ) − ( IE[d(x, y)] +^1_9^n_l ) =^1_4 (a_{ii} − a_{jk}) −^2_9^n_l ≥^1_4 (2(1 − ϵ)^n_l − (1 + ϵ)^n_l ) −^2_9^n_l > 0,

which concludes the proof of (5.4.7). �

Let us close this section with the remark that it is not too difficult to modify algorithm Color in such a way that Color always ends with a proper coloring (which may use more than l colors). Namely, one successively considers the pairs e_i and adds e_i to F if and only if no component of F ∪ {e_i} contains two vertices that are adjacent in G. We omit the details.

110 CHAPTER 5. GRAPH COLORING ALGORITHMS

Chapter 6

Sparse Graphs

A well-studied problem in graph theory is the question to what extent the local sparseness of a graph, indicated for example by the fact that a graph is H-free, implies a simple global structure, indicated, for example, by a small chromatic number. A first (negative) step in this direction was undertaken by W. Tutte who published, under the pseudonym Blanche Descartes, a construction of a triangle-free graph, whose chromatic number is four. This result was further generalized by Zykov (1949), who showed that in fact for every k ∈ N there exists a graph without K_3-subgraph whose chromatic number is at least k. The sizes of the graphs G from Zykov’s contructions grow exponentially in k. Using probabilistic arguments Erdős (1961) was able to prove the existence of k-chromatic triangle-free graphs on ck^2(log k)^2 vertices. The main advantage of Erdős’ probabilistic construction is, however, not only the reduction in the size of the graphs, but the fact that his approach provides, for each k, exponentially many k-chromatic triangle-free graphs on ck^2(log k)^2 many vertices.

In view of the Erdős, Kleitman, Rothschild result that almost all triangle-free graphs are bipartite (cf. Theorem 3.1.1), this seems to be very surprising. Note, however, that the triangle-free k-chromatic graphs from Erdős’ construction are very sparse. The extremal triangle-free graph on the other hand is very dense. This indicates that the validity of Theorem 3.1.1 crucially depends on the fact that a triangle-free graph chosen randomly from Forb_n(K_3) is very dense.

The aim of this section is to study these phenomena more closely. In particular, in Section 6.1 we will partially answer the question, when a graph randomly drawn from Forb_{n,m}(K_3), the class of all triangle-free graphs on n vertices with exactly m edges, is almost surely bipartite.

6.1 Triangle free-graphs

It is well-known (and not difficult to show) that for p ≪ 1/n a random graph G_{n,p} is with high probability a tree. Observe, that this implies in particular, that for all m ≪ n a triangle-free graph on n vertices with m edges is almost surely bipartite. For much higher edge densities a similar phenomenon follows from Theorem 3.1.1 of Erdős, Kleitman and Rothschild. Using the structure of a maximum bipartite graph, one easily deduces that their result implies that for m ≥ n^2/8 almost every triangle-free graph on n vertices with m edges is bipartite.

While these observations make it tempting to speculate that the same phenomena holds in fact for all 1 ≤ m ≤ (_n 2 ) , it is not too difficult to show that in the range n ≪ m ≪ n^{3/2} in fact almost no triangle-free graph on n vertices with m edges is bipartite. The aim of this section is to prove the following result of Prömel and Steger [72], which exhibits the structure of a random triangle-free graph on n vertices with m edges for a wide range of functions m = m(n).

Theorem 6.1.1 Let Forb_{n,m}(K_3) denote the class of all triangle-free graphs on n vertices with m = m(n) edges. Then there exists constants c_1, c_2, c_3 > 0 such that

Prob [G ∈ Col_n(2) | G ∈ Forb_{n,m}(K_3)] = 1 − o(1), for all m ≥ c_1n^{7/4} log n, Prob [G ∈ Col_n(2) | G ∈ Forb_{n,m}(K_3)] = o(1), for all c_2 n ≤ m ≤ c_3n^{3/2}.

It as an interesting open problem to determine, whether there exists a threshold function t(n) such that whenever m ≫ t(n) then almost every triangle-free graph is bipartite, while for c_2n ≤ m ≪ t(n) almost every triangle-free graph is not bipartite. Our general approach to proving Theorem 6.1.1 is to use a variation of the Kleitman- Rothschild method. Recall, that in order to apply this method one needs good bounds on the size of the negligible sets in terms of the size of the whole class on some smaller vertex set. As the density of a subgraph induced by a subset of the vertex set usually differs from the density of the whole graph, this step, however, does not work if instead of classes Forb_n(H) one considers classes Forb_{n,m}(H). In this section we will develop a method for resolving these difficulties.

6.1.1 Proof of the second part of Theorem 6.1.1

All we need for the proof of the second part of Theorem 6.1.1 are good bounds for the cardinality of Forb_{n,m}(K_3) and for the number of bipartite graphs on n vertices with m edges. These, however, were already obtained in Theorem 1.4.2 together with (1.4.8), and in Corollary 5.3.16, respectively. Instead of the later result one can also use the bounds of the following lemma, which is easy to prove, but suffices for the purpose of proving Theorem 6.1.1.

Lemma 6.1.2 For all m with m >> n log n and n sufficiently large

2^{n−2 log n} ·

(_1

4 n^2 m ) ≤ |Col_{n,m}(2)| ≤ 2^n · (_1 4 n^2 m ) . Proof. The upper bound is obvious, as there are exactly 2^n ways to choose a twocoloring and at most

( 1_{4 n}2 m ) ways two choose m edges respecting a given two-coloring.

Observe that this upper bound also implies that for all sufficiently large n ∑ 1≤p≤^n_2 ( n p ) · 2^p · 2^{n−p} · (_1 4 p^2 +^1_4 (n − p)^2 m ) ≤ 2^n ·

(_1

4 n^2 m ) e^{− mn} is an upper bound for the number of bipartite graphs which are not connected. Therefore |Col_{n,m}(2)| ≥ ( n_n 2 )(_1 4 n^2 m ) − 2^n ·

(_1

4 n^2 m ) e^{− mn} ≥ 2^{n−log n} (_1

4 n^2 m ) − 2^n ·

(_1

4 n^2 m ) e^{− mn} . � Proof of the second part of Theorem 6.1.1. Observe that by Theorem 1.4.2 there exists a constant c > 0 such that |Forb_{n,m}(K_3)| ≥ e^{−c m3 n−3} · ((_n 2 ) m ) for all m ≤ n^{3/2}.

On the other hand, by 6.1.2 |Col_{n,m}(2)| ≤ 2^n · (_1

4 n^2 m ) . As for m ≤ n^{3/2} we have ((_n 2 ) m ) ≥ e^{m3} (_1 4 n^2 m ) , this easily concludes the proof for an appropriate choice of c_2 and c_3. �

6.1.2 Proof of the first part of Theorem 6.1.1 We proceed in three steps. First we define sets A(n, m), B(n, m), C(n, m) and and D(n, m) such that Forb_{n,m}(K_3) ⊆ Col_{n,m}(2) ∪ A(n, m) ∪ B(n, m) ∪ C(n, m) ∪ D(n, m), and establish upper bounds for the cardinalities of these sets. In a second part we show inductively that there exists a constant c > 0 such that |Forb_{n,m}(K_3)| ≤ 2^{c n3/2 log n} · |Col_{n,m}(2)| for all n, m ∈ N. In the final step we subsequently use this inequality to show that |Forb_{n,m}(K_3)| = (1 + o(1)) · |Col_{n,m}(2)| whenever m is sufficiently large. Let A(n, m) = set of all graphs G = (V_n, E) in Forb_{n,m}(K_3) which contain a vertex v of degree less than √ n. B(n, m) = set of all graphs G = (V_n, E) in Forb_{n,m}(K_3) which contain a set Q of size √ n such that |Γ(Q)| ≤^1_2 n − n^{3/4}.

C(n, m) = set of all graphs G = (V_n, E) in Forb_{n,m}(K_3) which contain a vertex v and a set Q_v of size √ n contained in the neighborhood of v such that |Γ(Q_v)| ≥ 1 2 n + n^{3/4}.

D(n, m) = set of all graphs G = (V_n, E) in Forb_{n,m}(K_3) \ (B(n, m) ∪ C(n, m)) which contain two vertices v_1 and v_2 connected by an edge and two sets Q_1 and Q_2 of size √ n contained in the neighborhood of v_1 and v_2, respectively, such that |Γ(Q_1) ∩ Γ(Q_2)| ≥^1_{30} n.

Lemma 6.1.3 For all sufficiently large n Forb_{n,m}(K_3) \ (A(n, m) ∪ B(n, m) ∪ C(n, m) ∪ D(n, m)) ⊆ Col_{n,m}(2). Proof. Let G = (V_n, E) be an arbitrary but fixed graph in Forb_{n,m}(K_3) \ (A(n, m) ∪ B(n, m) ∪ C(n, m) ∪ D(n, m)). For every vertex v fix a set Q_v ⊆ Γ(v) of size √ n and let R_v = Γ(Q_v). (By definition of A(n, m) every vertex has degree at least √ n.) Then |R_v| ≥^1_2 n − n^{34} for all v ∈ V_n and |R_x ∩ R_y| ≤^1_{30} n for all vertices x, y connected by an edge (cf. the definition of B(n, m) and D(n, m)). One easily checks that this implies |R_x ∩ R_v| ≥ 13 30 n − 3n^{34} for all v ∈ V_n and x ∈ R_v.

(6.1.1)

Fix an edge {v_1, v_2} and let T_i = {v ∈ V_n | |R_v ∩ R_{vi} | ≥^7_{24} n}. Routine calculations show that for all sufficiently large n (6.1.1) implies that V_n = T_1 ∪ T_2 and that T_1 and T_2 are stable. �

Lemma 6.1.4 |A(n, m)| ≤ 2^{2√n log n} · √ n−1∑ e=0 |Forb_{n−1,m−e}(K_3)|, for n sufficiently large.

Proof. Construct all graphs in A(n, m) as follows. First choose the vertex v (at most n choices). For all 0 ≤ e < √ n choose then a triangle-free graph with m − e edges on the remaining vertices (|Forb_{n−1,m−e}(K_3)| ways). Finally, choose the e neighbors of v (in (_{n−1} e ) ≤ 2^{√n log n} ways).

Together, this gives |A(n, m)| ≤ 2^{log n+√n log n} · √ n−1∑ e=0 |Forb_{n−1,m−e}(K_3)|. � Lemma 6.1.5

|B(n, m)| ≤ 2^{2n} · (^{√n}_2 )∑

e_q=0

√ n(^1_2 n−n^{3/4}) ∑ e_{qr}=0 (√ n(^1_2 n − n^{3/4}) e_{qr} ) · |Forb_{n−}^√_{n,m−eq−eqr} (K_3)|, for n sufficiently large.

Proof. Construct all graphs in B(n, m) as follows. First choose the set Q (at most (_{n√} n ) ≤ 2^{√n log n} ways). For all 0 ≤ e_q ≤ (^√_n 2 ) and 0 ≤ e_{qr} ≤ √ n(^1_2 n − n^{3/4}) choose then a triangle-free graph with m − e_q − e_{qr} edges on the remaining vertices (|Forb_{n−}^√_{n,m−eq−eqr} (K_3)| ways), choose e_q edges in Q (in

((^√n_2 ) e_q ) ≤ 2^{12 n} ways), choose the set Γ(Q) (less than 2^n ways), and finally choose the e_{qr} edges connecting Q and Γ(Q) (at most

(^√_{n(} 1_{2 n−n}3/4_) e_{qr} ) ways).

Together with 2^{√n log n+ 12 n+n} ≤ 2^{2n} this completes the proof of the lemma. �

Lemma 6.1.6 |C(n, m)| ≤ 2^{2√n log n} · n∑ e_v =0

(_1 2 n − n^{3/4} e_v ) · |Forb_{n−1,m−ev}(K_3)|, for n sufficiently large.

Proof. Construct all graphs in C(n, m) as follows. First choose a vertex v (n ways). For all 0 ≤ e_v ≤ n choose then a triangle-free graph with m−e_v edges on the remaining vertices (|Forb_{n−1,m−ev}(K_3)| ways) and choose an appropriate set Q_v (less than (_{n√} n ) ≤ 2^{√n log n} ways). Finally, connect v to the remaining vertices. To do this observe, that v may not be connected to any vertex in Γ(Q_v). Hence, the number of ways to connect v is bounded by ( 1_{2 n−n}3/4 e_v ) . Together, this gives |C(n, m)| ≤ 2^{log n+√n log n} · n∑ e_v =0

(_1 2 n − n^{3/4} e_v ) · |Forb_{n−1,m−ev}(K_3)|. � Lemma 6.1.7

|D(n, m)| ≤ 2^{3√n log n} · max_{130 n≤I≤n} ∑ 0≤e_1,e_2<n ∑ 0≤i1 ≤e1 0≤i2 ≤e2

( I + 2n^{3/4}

i_1 ; i_2 )

(_1

2 n + n^{3/4} − I e_1 − i_1 )(_1 2 n + n^{3/4} − I e_2 − i_2 ) · |Forb_{n−2,m−e1−e2−1}(K_3)| ] , for n sufficiently large.

Proof. Construct all graphs in D(n, m) as follows. First choose two vertices v_1 and v_2 (less than n^2 ways). For all 0 ≤ e_1, e_2 < n choose then an appropriate triangle-free graph with m − e_1 − e_2 − 1 edges on the remaining vertices (|Forb_{n−2,m−e1−e2−1}(K_3)| ways). Then choose the sets Q_1 and Q_2 (at most (_{n√} n )_2 ≤ 2^{2√n log n} ways). Finally, connect v_1 and v_2 to the remaining vertices. To do this observe, that v_i cannot be connected to any vertex in Γ(Q_i) and that no vertex in V_n \ (Γ(Q_1) ∪ Γ(Q_2)) can be

116 CHAPTER 6. SPARSE GRAPHS

connected to both v_1 and v_2. Recall also that by definition of B(n, m) and C(n, m) we have^1_2 n − n^{3/4} ≤ |Γ(Q_i)| ≤^1_2 n + n^{3/4}. Hence, there are at most ∑ 0≤i1 ≤e1 0≤i2 ≤e2

( n − |Γ(Q_1) ∪ Γ(Q_2)| i_1 ; i_2 )( |Γ(Q_2) \ Γ(Q_1)| e_1 − i_1 )( |Γ(Q_1) \ Γ(Q_2)| e_2 − i_2 )

≤ ∑ 0≤i1 ≤e1 0≤i2 ≤e2

( |Γ(Q_1) ∩ Γ(Q_2)| + 2n^{3/4} i_1 ; i_2 )(_1 2 n + n^{3/4} − |Γ(Q_1) ∩ Γ(Q_2)| e_1 − i_1 ) · (_1

2 n + n^{3/4} − |Γ(Q_1) ∩ Γ(Q_2)| e_2 − i_2 )

ways to connect v_1 and v_2 to the remaining vertices. Together, this gives |D(n, m)| ≤ 2^{2 log n+2√n log n} · max_{130 n≤I≤n} ∑ 0≤e_1,e_2<n ∑ 0≤i1≤e1 0≤i2≤e2

( I + 2n^{3/4} i_1 ; i_2 )

(_1

2 n + n^{3/4} − I

e_1 − i_1 )(_1 2 n + n^{3/4} − I e_2 − i_2 ) · |Forb_{n−2,m−e1−e2−1}(K_3)| ] , for all sufficiently large n. �

Some useful inequalities. At this point we like to remind the reader of the inequalities in Appendix A which we use in the sequel, partly without further reference, and the following two inequalities: (_x γ−1;δ )(_{a−x} c−γ+1 ) ≤ (_x γ;δ )(_{a−x} c−γ ) for all a, c, x, γ, δ ∈ N such that γ ≤ c ·^x_a , and (_x a;b ) < e^{− abx} · (_x a )(_x b ) . for all a, b, x ∈ N.

Lemma 6.1.8 For all 0 ≤ δ ≤ 1 and a, b, c ∈ N with c ≤^2_3 a: b∑ x=0 e^{δx} ( b x )( a − b c − x ) ≤ e^{6δ bca} ( a c ) . Proof. One easily checks that e^{δx} · (_b x ) ≤ (_eδ_{·b} x ) for all δ > 0 and b, x ∈ N. Hence, b∑ x=0 e^{δx} ( b x )( a − b c − x ) ≤ b∑ x=0 ( e^δ · b x )( a − b c − x )

= ( a + (e^δ − 1)b c )

≤ ( a c ) e^{(eδ−1) bca−c} . The observations that for 0 ≤ δ ≤ 1 one has e^δ − 1 ≤ 2δ and that^1_{a−c} ≤^3_a by assumption on a and c conclude the proof. � We continue by applying this lemma to the sums occuring in Lemma 6.1.5 - 6.1.7.

Lemma 6.1.9 For n sufficiently large and m ≥^1_2 n^{3/2}:

(^{√n}_2 )∑

e_q=0

√ n(^1_2 n−n^{3/4}) ∑ e_{qr}=0 (√ n(^1_2 n − n^{3/4}) e_{qr} ) · (_1 4 (n − √ n)^2 m − e_q − e_{qr} ) · e^{δ(eq +eqr)}

≤ (_1

4 n^2 m ) · e^{−n1/4 mn} , for all 0 ≤ δ ≤^1_{14} n^{−1/4}.

Proof. We first consider the case m ≥^1_7 n^2. Then for n sufficiently large

(^{√n}_2 )∑

e_q =0

√ n(^1_2 n−n^{3/4}) ∑ e_{qr}=0 (√ n(^1_2 n − n^{3/4}) e_{qr} ) · (_1 4 (n − √ n)^2 m − e_q − e_{qr} ) · e^{δ(eq +eqr)}

≤ e^{12 δn3/2} · (^{√n}_2 )∑

e_q=0

(_1

4 n^2 +^1_4 n − n^{5/4} m − e_q )

≤ e^{12 δn3/2} · (_1

4 n^2 +^3_4 n −^{√n}_2 − n^{5/4} m )

≤ e^{12 δn3/2} · (_1

4 n^2 m ) · e^{−2n1/4 mn} ≤ (_1

4 n^2 m ) · e^{−n1/4 mn} . Now assume that m ≤^1_7 n^2. Then according to Lemma 6.1.8

(^{√n}_2 )∑

e_q=0

√ n(^1_2 n−n^{3/4}) ∑ e_{qr}=0 (√ n(^1_2 n − n^{3/4}) e_{qr} ) · (_1 4 (n − √ n)^2 m − e_q − e_{qr} ) · e^{δ(eq +eqr)}

≤ (^{√n}_2 )∑

e_q=0 e^{δeq} · (_1

4 n^2 − n^{5/4} +^1_4 n m − e_q ) · e^{6δ(} 1 2 n^{3/2}−n^{5/4})^{m−eq} 1 4 n 2−n5/4 + 1 4 n

≤ (√ n 2 ) · e^δ( √ n 2 ) ·

(_1

4 n^2 m ) · e^{−2n1/4 mn} · e^{1314 n1/4 mn} ≤ (_1

4 n^2 m ) · e^{−n1/4 mn} . � Similarly we obtain

Lemma 6.1.10 For n sufficiently large n∑ e_v =0

(_1 2 n − n^{3/4} e_v ) · (_1

4 (n − 1)^2 m − e_v ) · e^{δev} ≤ (_1

4 n^2 m ) · e^{−n3/4 m}n^2 , for all 0 ≤ δ ≤^1_5 n^{−1/4}. �

For the D-sets the proof is a bit more envolved.

Lemma 6.1.11 For n sufficiently large max 1 30 n≤I≤n [ ∑ 0≤e_1,e_2<n ∑ 0≤i1 ≤e1 0≤i2 ≤e2

( I + 2n^{3/4} i_1 ; i_2 )(_1 2 n + n^{3/4} − I

e_1 − i_1 )(_1 2 n + n^{3/4} − I e_2 − i_2 ) · (_1

4 (n − 2)^2 m − e_1 − e_2 − 1 ) e^{δ(e1 +e2+1)} ]

≤ (_1 4 n^2 m ) · e^{60n−1/4 mn} · e^{− 15 m2}n^3 ,

for all 0 ≤ δ ≤^1_{12} n^{−1/4} and m ≥ 5δn^2

Proof. Let D_I denote the expression within the brackets of the statement of the lemma. We first consider the case m ≤^1_7 n^2. Changing the order of summation and applying Lemma 6.1.8 twice we obtain for all n sufficiently large D_I ≤ ∑ 0≤i_1,i_2<n ( I + 2n^{3/4} i_1 ; i_2 )(_1 4 n^2 + 2n^{3/4} − 2I + 1

m − i_1 − i_2 − 1 ) · e^{δ(i1+i2 )+25δ mn} Using now that (_x γ−1;δ )(_{a−x} c−γ+1 ) ≤ (_x γ;δ )(_{a−x} c−γ ) for all a, c, x, γ, δ with γ ≤ c ·^x_a , we observe that for every fixed i_2 the maximum summand occurs for i_1 ≥ (m − i_2 − 1)^{I+2n3/4} 1 4 n^2+4n^{3/4}−I+1 ≥ 3Im n^2 . Arguing analogously for i2 we obtain

D_I ≤ 2n · max 3Im n2 ≤i_1,i_2<n ( I + 2n^{3/4} i_1 ; i_2 )

≤ e^− i1i2 I+2n3/4 (I+2n 3/4 i1 )(^{I+2n3/4}_{i2} )

(_1 4 n^2 + 2n^{3/4} − 2I + 1 m − i_1 − i_2 − 1 ) · e^{δ(i1+i2 )+25δ mn}

≤ 2n · max 3Im n2 ≤i_1,i_2<n e^{− i1i2I+2n3/4 +δ(i1 +i2)} · (_1

4 n^2 + 6n^{3/4} + 1 m − 1 ) · e^{25δ mn}

≤ 2n · e^− (^{3Im}_n2 )^2 I+2n3/4 +2δ^{3Im}_{n2} ·

(_1

4 n^2 m ) e^{57n3/4 m}n^2 · e^{25δ mn} ≤ (_1 4 n^2 m ) · e^{− 15 m2}n^{3 +60n−1/4 mn} .

The case m ≥^1_7 n^2 follows similarly. The main differences are that in the beginning we bound e^{δ(e1+e2 +1)} by e^{2δn} and use the ordinary Vandermonde identity instead of Lemma 6.1.8, and that later on the inequality

( 1_{4 n}2_{+6n}3/4_{+1} m−1 ) ≤ ( 1_{4 n}2 m ) · e^{(6n3/4+2)·ln 14 n2} is used. �

A crude upper bound. We are now in a position to establish an upper bound for the size of Forb_{n,m}(K_3), which is valid for all m ∈ N.

Lemma 6.1.12 There exists a constant c ≥ 47 such that |Forb_{n,m}(K_3)| ≤ 2^{cn3/2 log n} · |Col_{n,m}(2)| for all 0 ≤ m ≤ (_n 2 ) and n ∈ N.

Proof. Observe that by Theorem 6.1.2 it suffices to show |Forb_{n,m}(K_3)| ≤ (_1 4 n^2 m ) · 2^{cn3/2 log n} for all 0 ≤ m ≤ (_n 2 ) and n ∈ N.

Choose n_0 ≥ 2^{300} in such a way that Lemma 6.1.4 - 6.1.7, Theorem 6.1.2 and Lemma 6.1.9 - 6.1.11 hold for all n ≥ n_0 and such that for all n ≥ n_0:

n^{3/2} log n ≤ 1 16 n^2 and 2^{(n−x)3/2 log(n−x)} ≤ 2^{n3/2 log n−x√n log n} for all 0 ≤ x ≤ √ n. Subsequently choose c ≥ 47 in such a way that the statement of the theorem is true for all n ≤ n_0. We proceed by induction on n. So assume the statement of the theorem holds for all n^′ < n for some n ∈ N. We will show that it then also holds for n. Let m be an arbitrary integer between 0 and (_n 2 ) . If m ≤ 11 · n^{3/2} log n then trivially |Forb_{n,m}(K_3)| ≤ ((_n 2 ) m ) ≤ (_{n2} 4 m ) · e^n 2 4 m 1 4 n 2 −m ≤ (_{n2} 4 m ) · e^{43 m} ≤ (_{n2} 4 m ) · 2^{47 n3/2 log n},

so there is nothing to show. So we may assume that m ≥ 11 · n^{3/2} log n. As Lemma 6.1.3 implies that |Forb_{n,m}(K_3)| ≤ |A(n, m)| + |B(n, m)| + |C(n, m)| + |D(n, m)| + |Col_{n,m}(2)| it suffices to show that the five summands on the right hand sight are all smaller or equal than 1 5 · (_1

4 n^2 m ) · 2^{cn3/2 log n}.

For the last term this is an immediate consequence of Theorem 6.1.2. For the first term Lemma 6.1.4, induction and the choice of n_0 implies |A(n, m)| ≤ 2^{2√n log n} · √ n−1∑ e=0 |Forb_{n−1,m−e}(K_3)|

≤ 2^{2√n log n} · √ n−1∑ e=0 (_1 4 (n − 1)^2 m − e ) · 2^{c·(n−1)3/2·log(n−1)} ≤ 2^{2√n log n} ·

(_1

4 n^2 m ) · 2^{c·n3/2 log n−c·√n log n} ≤ 1 5 · (_1 4 n^2 m ) · 2^{c·n3/2·log n}. Combining Lemma 6.1.5 and Lemma 6.1.9 (for δ = 0) and the assumption on n_0 one easily gets |B(n, m)| ≤ 2^{2n} · (_1

4 n^2 m ) · e^{−n1/4 mn} · 2^{c·n3/2·log n} · 2^{−cn log n} which immediately implies |B(n, m)| ≤ 1 5 · (_1 4 n^2 m ) · 2^{c·n3/2·log n}. Similarly we obtain |C(n, m)| ≤ 2^{2√n log n} · e^{−n3/4 m}n^2 · (_1

4 n^2 m ) · 2^{c·n3/2·log n} · 2^{−c·√n log n} and |D(n, m)| ≤ 2^{3√n log n} · e^{60n−1/4 mn} · e^{− 15 m2}n^3 · (_1 4 n^2 m ) · 2^{c·n3/2·log n} · 2^{−2c·√n log n} from Lemma 6.1.6 together with Lemma 6.1.10 (for δ = 0) and from Lemma 6.1.7 together with Lemma 6.1.11 (for δ = 0), respectively. We now again easily deduce that |C(n, m)|, |D(n, m)| ≤ 1 5 · (_1 4 n^2 m ) · 2^{c·n3/2·log n} (To see the latter inequality use that for m ≤ n^{7/4} log n one has 60n^{−1/4 m}_n ≤ 60 √ n log n and that for m ≥ n^{7/4} log n and n ≥ n_0 ≥ 2^{300} one has 60n^{−1/4 m}_n ≤^1_5^{m2}_{n3} ). �

The final step. To prove our main theorem we have to refine the error function of Lemma 6.1.12. The main idea is to substitute the function n^{3/2} log n by a function which depends also on m. This function should tend to zero if m = m(n) is “large”. For “small” m however the new function should dominate our old function, so that in this case we already know that the statement is true.

Theorem 6.1.13 There exist a constant a > 0 such that for all n ∈ N and all 0 ≤ m ≤ (_n 2 ) : |Forb_{n,m}(K_3)| ≤ (1 + a2^{−√n} + 2^{(2− m14cn7/4 log n )·cn3/2 log n}) · Col_{n,m}(2), where c is the constant from Lemma 6.1.12.

Proof. Choose n_0 ≥ 2^{400} in such a way that Theorem 6.1.2, Lemma 6.1.4 - 6.1.7 and Lemma 6.1.9 - 6.1.11 hold for all n ≥ n_0 and such that for all n ≥ n_0:

(n − x)^{3/2} log(n − x) ≤ n^{3/2} log n − x √ n log n for all 1 ≤ x ≤ √ n. (6.1.2)

Subsequently choose a ≥ 2 in such a way that the statement of the theorem is true for all n ≤ n_0. We proceed by induction on n. So assume the theorem holds for all n^′ < n for some n ∈ N. We will show that it then also holds for n. Let m be an arbitrary integer between 0 and (_n 2 ) . Observe that if 2 −^m_{14cn7/4 log n} ≥ 1 then by Lemma 6.1.12 there is nothing to show. So we may assume without loss of generality that m ≥ 14cn^{7/4} log n.

Our main goal is to proceed as in the proof of Lemma 6.1.12. To be able to do this, we have to convert the bounds on the size of Forb_{n−x,m−y}(K_3) given by the induction hypothesis into a somewhat nicer form. First observe that for all 1 ≤ x ≤ √ n and 0 ≤ y ≤ xn Col_{n−x,m−y}(2) ≤ 2^{n−x} · (_1

4 (n − x)^2 m − y )

(cf. Theorem 6.1.2) and that 2^{(2− m−y} 14c(n−x)7/4 log(n−x) )·c(n−x)^{3/2}·log(n−x) ≤ 2^{(2− m14cn7/4 log n )·cn3/2 log n+ yn14 n5/4} .

To see the last inequality observe that by assumption (6.1.2)

(2 − m − y 14c(n − x)^{7/4} log(n − x)

) · (n − x)^{3/2} log(n − x)

≤ 2n^{3/2} log n − 2x √ n log n − m − y 14c(n − x)^{1/4} ≤ n^{3/2} log n · (2 − m 14cn^{7/4} log n ) + y 14c n^{1/4} . We therefore conclude that for all 1 ≤ x ≤ √ n and 0 ≤ y ≤ xn ≤ n^{3/2}: |Forb_{n−x,m−y}(K_3)| ≤ (1 + a + 2^{(2− m14cn7/4 log n )·cn3/2 log n+ y14 n1/4} ) · 2^{n−x} · (_1

4 (n − x)^2 m − y )

≤ (2a + 2^{(2− m14cn7/4 log n )·cn3/2 log n+ y14 n1/4} ) · 2^{n−x} ·

(_1 4 (n − x)^2 m − y ) . Recall that by Lemma 6.1.3 |Forb_{n,m}(K_3)| ≤ |A(n, m)| + |B(n, m)| + |C(n, m)| + |D(n, m)| + Col_{n,m}(2).

Hence, it suffices to show that each of the first four summands on the right hand sight is smaller or equal than 1 4 ( a2^{−√n} + 2^{(2− m14cn7/4 log n )·c·n3/2 log n} ) · Col_{n,m}(2). Moreover, by Theorem 6.1.2 it even suffices to show that each of the first four summands on the right hand sight is smaller or equal than 1 4 ( a2^{−√n} + 2^{(2− m14cn7/4 log n )·c·n3/2 log n} ) · 2^{n−log2 n} ·

(_1 4 n^2 m ) . For the first term Lemma 6.1.4, induction and the choice of n_0 implies |A(n, m)| ≤ 2^{2√n log n} · √ n−1∑ e=0 |Forb_{n−1,m−e}(K_3)|

≤ 2^{2√n log n} · √ n−1∑ e=0 (2a + 2^{(2− m14cn7/4 logn )·cn3/2 log n+ e14 n1/4} ) · 2^{n−1} ·

(_1 4 (n − 1)^2 m − e )

≤ 2^{2√n log n} ·

(_1

4 (n − 1)^2 m ) · (2a + 2^{(2− m14cn7/4 log n )·cn3/2 log n+ n} 1/2 14 n1/4 )

≤ 2^{2√n log n} ·

(_1

4 n^2 m ) · e^{− mn} · (2a + 2^{(2− m14cn7/4 log n )·cn3/2 log n+ 114 n1/4} ),

from which the desired bound easily follows (recall that m ≥ 14cn^{7/4} log n). Combining Lemma 6.1.5 and Lemma 6.1.9 and the assumption on n_0 one easily gets |B(n, m)| ≤ 2^{2n} · (_1

4 n^2 m ) · e^{−n1/4 mn} · (2a + 2^{(2− m14cn7/4 logn )·cn3/2 log n}) · 2^{n−√n} from which the desired bound is immediately deduced. Similarly we obtain |C(n, m)| ≤ 2^{2√n log n} · (_1

4 n^2 m ) · e^{−n3/4 m}n^2 · ( 2a + 2^{(2− m14cn7/4 logn )·cn3/2 log n} ) · 2^{n−1} and |D(n, m)| ≤ 2^{3√n log n} · (_1

4 n^2 m ) · e^{60n−1/4 mn} · e^{− 15 m2}n^3 · ( 2a + 2^{(2− m14cn7/4 logn )·cn3/2 log n} ) · 2^{n−2} from Lemma 6.1.6 together with Lemma 6.1.10 and from Lemma 6.1.7 together with Lemma 6.1.11, respectively. Using m ≥ 14cn^{7/4} log n and c ≥ 47, both inequalities again easily imply the desired bound. � As the first part of Theorem 6.1.1 is an immediate consequence of Theorem 6.1.13, this concludes the proof of Theorem 6.1.1.

6.2. CLIQUES AND OTHER GRAPHS 123

6.2 Cliques and other graphs

A basic problem in random graph theory is the study of the evolution process of random graphs. Namely, starting with edge-probability p = 0 one slowly increases p and asks for every p what a typical graph with edge-probability p looks like. It is well-known that for most natural graph problems at a particular edge-probabilty p_0 the structure of the typical graph changes dramatically, that is a phase transitions occurs. It would be extremly interesting to determine whether a similar phase transitions phenomena holds for H-free graphs as well. The results of the previous section indicate that this might indeed be the case. However, even if so, Theorem 6.1.1 also implies, that then at least two pahse transitions should occur during the evolution from m = 0 to (_n 2 ) . Unfortunately, the methods used in the proof of Theorem 6.1.1 seem far too weak to establish any further results in this direction.

For graphs H different from a triangle, the picture looks even worse. While for graphs containing a color-critical vertex, so in particular for cliques, it seems very plausible that the technique of the proof of Theorem 4.2.2 can be modified in a similar way than that of the proof of Theorem 3.1.1 to yield a result of the same flavour as the one for triangles, one clearly needs new ideas to attack the problem in general.

124 CHAPTER 6. SPARSE GRAPHS

Chapter 7

Induced Subgraphs

The classical result of Turán states that the (unique) extremal K_{l+1}−free graph is the complete l-partite graph where all parts are chosen as equal as possible. As we have seen in Chapter 2, Erdős, Stone and Simonovits extended Turán’s result to arbitrary graphs H with chromatic number χ(H) ≥ 3 by showing that

ex_n(H) = ex_n(K_{χ(H)})(1 + o(1)).

The aim of this chapter is to develop a similar notion of “extremal graph” for the class of graphs not containing a graph H as an induced subgraph. Obviously, asking just for a graph with maximal number of edges does not lead to a meaningful concept: in this case the complete graph would be the (unique) extremal graph for all graphs H different from a clique. That is, we have to generalize some other notion inherent to extremal graphs.

Note that in the case of excluding weak subgraphs every subgraph of an H-free graph is also H-free, i.e. the property of being H-free is hereditary. As a consequence extremal graphs in the class Forb_n(H) of H-free graphs on n vertices are exactly those graphs in Forb_n(H) which give rise to a maximal number of H-free graphs by taking subgraphs. In particular, the cardinality of Forb_n(H) therefore depends mainly on the chromatic number of H (cf. Theorem 3.4.1).

As it turns out similar results are true for induced subgraphs. The role of the chromatic number therein is taken over by a different parameter, which is a common generalization of the chromatic number χ(H) and the clique covering number σ(H).

After defining this parameter, denoted τ(H), we show that fundamental results of extremal graph theory (for weak subgraphs), as for example the Erdős, Stone, Simonovits result, carry over to induced subgraphs, if one replaces χ(H) by τ(H) in the statement of these theorems. Later, in Section 7.2, we will also show that the definitions and results of this section can be used to generalize Theorem 3.4.1 of Erdős, Frankl and Rödl to induced subgraphs.

7.1 Extremal graphs

The following definition of extremal graphs for induced subgraphs captures the hereditary property indicated above.

Definition 7.1.1 Let ex^∗_n(H) denote the maximal number of edges a graph G = (V_n, E) may have such that there exists a graph G_0 = (V_n, E_0) with E ∩ E_0 = ∅ such that (V_n, E_0 ∪ X) does not contain an induced H−subgraph for all X ⊆ E. We call such a graph G an extremal graph for the class Forb^∗_n(H) of graphs on n vertices not containing an induced H-subgraph and G_0 a supplemental graph with respect to the extremal graph G.

As an example consider the case H = C_4. With K^∗(⌊^n_2 ⌋, ⌈^n_2 ⌉) we denote the complete bipartite graph K(⌊^n_2 ⌋, ⌈^n_2 ⌉) on n vertices in which the first class is replaced by a clique. Observe that as well K^∗(⌊^n_2 ⌋, ⌈^n_2 ⌉) as all subgraphs arising from K^∗(⌊^n_2 ⌋, ⌈^n_2 ⌉) by deleting edges from the original K(⌊^n_2 ⌋, ⌈^n_2 ⌉) do not contain an induced C_4. In fact, K(⌊^n_2 ⌋, ⌈^n_2 ⌉) is the unique extremal graph:

Lemma 7.1.2 ex^∗_n(C_4) = ⌊ n 2 ⌋⌈ n 2 ⌉, and for n ≥ 6 the graph K(⌊^n_2 ⌋, ⌈^n_2 ⌉) is the only extremal graph for Forb^∗_n(C_4).

Proof of Lemma 7.1.2. Consider first the case n = 4. Since ex(4, C_4) = 4, one easily checks that there are exactly two extremal graphs for Forb^∗_4(C_4). Similarly, for the case n = 5 and there are exactly five extremal graphs.

Assume now n ≥ 6 and complete the proof by induction on n. Let G_{ex} be an extremal graph for Forb^∗_n(C_4) and let G_0 be a supplemental graph for G_{ex}. By the above remark on K^∗(⌊^n_2 ⌋, ⌈^n_2 ⌉) we know that |E(G_{ex})| ≥ ⌊^n_2 ⌋⌈^n_2 ⌉. Since ex_n(C_4) ≤ 1 4 (n + n √ 4n − 3) (Reiman [1958], cf. also Lemma 2.2.3) this implies (for n ≥ 6) that G_{ex} contains a C_4 as a (weak) subgraph. One now easily checks that for the edges in the complement of the C_4 there are no choices: one has to be in E(G_0), the other may be neither in E(G_{ex}) nor in E(G_0). This is the case since in all other cases an appropriate subgraph of G_{ex} together with G_0 would always contain an induced C_4.

Let G^′_{ex} be the graph G_{ex} without the C_4. By a similar argument as above one derives that vertices in G^′_{ex} may only be connected in G_{ex} to at most two vertices of the C_4 and if a vertex is connected to two vertices these have to be either u and v or x and y, assuming that the C_4 consists of the edges {u, x}, {x, v}, {v, y}, and {y, x}. On the other hand using the fact that |E(G_{ex})| ≥ ⌊ n 2 ⌋⌈ n 2 ⌉ and |E(G^′_{ex})| ≤ ⌊ n − 4 2 ⌋⌈ n − 4 2 ⌉ where the latter follows from the induction hypothesis, implies that every vertex in G^′_{ex} has to be connected to exactly two vertices of the C_4. Hence, V (G^′_{ex}) = V_1 ∪ V_2 where V_1 consists of the vertices connected to u and v, while V_2 consists of the vertices

7.1. EXTREMAL GRAPHS 127

connected to x and y. Furthermore this easily implies that V_1 together with x and y forms a clique in G_0, while V_2 together with u and v forms a stable set in G_0 ∪ G_{ex}. The induction hypothesis on G^′_{ex} and the above remarks on edges of G_0 then easily imply that G_{ex} = K(⌊^n_2 ⌋, ⌈^n_2 ⌉) and that furthermore

G_{ex} ∪ G_0 = K^∗(⌊ n 2 ⌋, ⌈ n 2 ⌉) or G_{ex} ∪ G_0 = K^∗(⌈ n 2 ⌉, ⌊ n 2 ⌋). � In Prömel, Steger [64] it is shown that in fact almost all graphs without induced C_4 can be constructed by replacing one color class of a bipartite graph by a clique. This implies that there exist constants c_0 and c_1 such that

|Forb^∗_n(C_4)| = (c_r + o(1))2^{n24 +n− 12 log n},

where r = n mod 2.

As a motivation for the definition of τ(H), which replaces the role of the chromatic number in the theory of induced subgraphs, consider the following definitions of χ(H) and σ(H):

χ(H) is the largest integer k such that no (k − 1)-partite graph contains H as an induced subgraph,

σ(H) is the largest integer k such that no (k − 1)-partite graph, in which all classes are replaced by a clique, contains H as an induced subgraph.

As a generalization of both we define:

τ(H) as the largest integer k for which there exists an integer k̃ between 0 and k − 1 such that no (k − 1)-partite graph, in which k̃ classes are replaced by a clique, contains H as an induced subgraph.

The following statements are easily seen to be true for every graph H: τ(H) ≥ χ(H), τ(H) ≥ σ(H), and τ(H) < χ(H) + σ(H). The counterpart of the Erdős, Stone, Simonovits result for induced subgraphs states as follows:

Theorem 7.1.3 Let H be a fixed (nonempty) subgraph. Then

ex^∗_n(H) = ( 1 − 1 τ(H) − 1 ) n^2 2 + o(n^2).

The proof of Theorem 7.1.3 follows, similarly as the corresponding result for weak subgraphs, essentially from the Erdős and Stone Theorem 2.2.4. However, here we also need the following bound on the Ramsey-numbers:

Theorem 7.1.4 [Erdős, Szekeres, 1935] Let R(n, n) denote the smallest integer such that every graph on R(n, n) vertices contains either a clique or a stable set on n vertices. Then R(n, n) ≤ ( 2n − 2 n − 1 ) ≤ 4^n for all n ≥ 2. � Proof of Theorem 7.1.3. Observe that the definition of τ(H) implies

ex^∗_n(H) ≥ ( 1 − 1 τ(H) − 1 ) n^2 2 + o(n^2)

(consider for example the Turán graph T_n(τ(H) − 1) with an appropriate number of classes replaced by cliques). To show the upper bound assume there exists some ϵ > 0 such that ex^∗_n(H) ≥ ( 1 − 1 τ(H) − 1 ) n^2 2 + ϵn^2

for all n greater than some n_0. Consider any extremal graph G_{ex} = (V_n, E) with supplemental graph G_0 = (V_n, E_0) for n sufficiently large. Applying Theorem 2.2.4 to G_{ex} = (V_n, E) shows that G_{ex} contains a complete τ(H)−partite graph with parts of size 4^{|V (H)|}. Consider now the subgraphs induced by these parts in G_0 = (V_n, E_0). By Theorem 7.1.4 we can find in each part either a clique or a stable set of size |V (H)|. Together this shows that G_{ex} contains a (sufficiently large) complete τ(H)−partite graph such that all parts either form a stable set or a clique in G_0. The definition of τ(H) together with the definition of G_{ex} now gives the intended contradiction. �

The structural theorems of Extremal Graph Theory (like the Asymptotic Structure Theorem or the First Stability Theorem) also remain true for induced subgraphs after straightforward modifications along the lines indicated above. For details we refer the interested reader to Prömel, Steger [71]

7.2 Asymptotic Structure

Let Forb^∗_n(H) denote the class of all (labelled) graphs on n vertices which do not contain H as an induced subgraph. In Theorem 3.4.1 we have seen that the cardinality of the class Forb_n(H) (defined by excluding weak subgraphs) mainly depends only on the chromatic number. In this section we show a result of Prömel, Steger [65] stating that a similar result holds for the class Forb^∗_n(H) – if one replaces the chromatic number χ(H) by the parameter τ(H) introduced in the previous section.

Theorem 7.2.1 Let H be a fixed (nonempty) subgraph with τ(H) ≥ 3. Then

|Forb^∗_n(H)| = 2^{(1− 1τ(H)−1 ) n22 +o(n2 )} = 2^{ex∗n(H)(1+o(1))}.

Note that excluding a graph H with τ(H) = 2 as an induced subgraph corresponds in a sense to excluding a graph H with χ(H) = 2 as a weak subgraph. However, since all graphs H with τ(H) = 2 must satisfy χ(H) ≤ 2 and τ(H) ≤ 2 there do exist only five such graphs. They are shown in Figure 7.1. For H_0 and H_1 there trivially

r r

H_0 r r

H_1 r r rHHH

H_2 r r r

H_3 r r

r r

H_4

Figure 7.1: All graphs H with τ(H) = 2

exists only one graph on n vertices not containing H_0 respectively H_1 as an induced subgraph. Since H_2 and H_3 are complementary it suffices to consider H_2. Here one easily observes that a graph G = (V, E) does not contain H_2 as an induced subgraph if and only if E can be partitioned into pairwise disjoint cliques. That is, |Forb^∗_n(H_2)| = n∑ k=1 S_{n,k}, where S_{n,k} denote the Stirling numbers of the second kind. Hence, the only nontrivial ”bipartite” case is the graph H_4. Here Forb^∗_n(H_4) is the well studied class of cographs.

The main tools for the proof of Theorem 7.2.1 are the two regularity theorems 3.3.1 and 3.3.2 and some additional tools based on the Erdős, Szekeres bound on the Ramsey number R(n, n) (cf. Theorem 7.1.4). Let G = (V, E) be a graph. A subset A ⊆ V is called homogeneous, if A induces in G either a clique or a stable set. An r-homogeneous set is a homogeneous set of size r.

Lemma 7.2.2 For a graph G let k_r(G) denote the number of r-homogeneous sets in G. Then there exist for every r ∈ N an n_0 = n_0(r) and a c_r > 0 such that all graphs G = (V, E) on n ≥ n_0 vertices satisfy k_r(G) ≥ c_rn^r .

Proof. Let R = R(r, r) denote the diagonal Ramsey-numbers (cf. Theorem 7.1.4). By the definition of R we know that every subset W of V of size R contains at least one r-homogeneous set. On the other hand each r-homogeneous set is contained in at most (_{n−r} R−r ) different such subsets W . Hence, one has

k_r(G) ≥ (_n R ) (_{n−r} R−r ) ,

implying the statement of the lemma e.g. for n_0 = R and c_r =^1_{Rr} . �

Lemma 7.2.3 Let H = (V, F ) be an r-uniform hypergraph on n vertices and |F | ≥ cn^r edges. Furthermore let c > ϵ > 0 and let W ⊆ V be a vertex set with |W | ≤ ϵ|V |. Then there exists a vertex v_1 ∈ V \ W which is contained in at least^{r(c−ϵ)}_{1−ϵ} n^{r−1} many edges of F ∩ (_{V \W} r ) . Proof. Each vertex in W is contained in at most (_{n−1} r−1 ) < n^{r−1} many edges of F .

Hence, at least (c − ϵ)n^r many edges of F contain only vertices from V \ W. For a vertex v ∈ V \ W let f(v) denote the number of edges of F which contain v and r − 1 additional vertices from V \ W . By the above remark we have ∑ v∈V \W f(v) ≥ r(c − ϵ)n^r . This immediately implies the existence of v_1. �

An analogous argument shows:

Corollary 7.2.4 Let H = (V, F ) be an r-uniform hypergraph on n vertices and let v_1, ..., v_k, 1 ≤ k < r be pairwise different vertices from V such that |{f ∈ F | {v_1, ..., v_k} ⊆ f}| ≥ cn^{r−k}. Furthermore let ϵ be a constant such that c > ϵ > 0 and let W ⊆ V \ {v_1, ..., v_k} be a set of vertices such that |W | ≤ ϵ|V |. Then there exists a vertex v_{k+1} ∈ V \ W different from v_1, . . . , v_k such that |{f ∈ F | {v_1, ..., v_{k+1}} ⊆ f}| ≥ (r − k)(c − ϵ) 1 − ϵ n^{r−k−1}. � Lemma 7.2.5 For every ϵ, c > 0 and r ∈ N, r ≥ 2, there exist positive integers n_0 = n_0(ϵ, c, r) and m = m(ϵ, c, r) such that every r-uniform hypergraph H = (V, F ) on n ≥ n_0 vertices with |F | ≥ cn^r many edges contains pairwise disjoint sets A_1, ..., A_r ⊆ V which satisfy:

(i)^n_m ≤ |A_1| = ... = |A_r| ≤ ϵ^n_{r2} ,

(ii) (A_1, ..., A_r) is ϵ-regular and (iii) d(A_1, ..., A_r) ≥^{c−3ϵ}_{1−ϵ} . Proof. Let n_0 and m^′ be the constants of Theorem 3.3.2 for ϵ, r and l = ⌈^{r2}_ϵ ⌉. Let m =^{m′}_{1−ϵ} . Then Theorem Theorem 3.3.2 guarantees that every r−uniform hypergraph H = (V, F ) on n ≥ n_0 vertices has a ϵ-uniform partition V = A_0 ∪ A_1 ∪ ... ∪ A_k, such that all A_1, . . ., A_k satisfy (i). Without loss of generality let (A_1, ..., A_r) be a ϵ-regular tuple which has highest density among all such ϵ-regular tuples. Set d = d(A_1, ..., A_r). This implies that cn^r ≤ d · |A_1|^r · ( (_k r ) − ϵk^r ) + |A_1|^rϵk^r + r−1∑ i=1 |A_1|^r(r − i)^i (_k r−i ) + |A_0| · n^{r−1}, since the terms on the right hand side form an upper bound for the number of edges in ϵ-regular tuples, in ϵ-irregular tuples, for the number of edges containing at least two vertices of a set A_i, i ≥ 1, and for the number of edges containing at least one vertex of A_0, respectively. Using |A_0| ≤ ϵn and k|A_1| ≤ n this implies

cn^r ≤ dn^r (1 − ϵ) + ϵn^r + r−1∑ i=1 ( r k )^i · n^r + ϵn^r

≤ d(1 − ϵ)n^r + (2ϵ + r^2 k )n^r and hence because of k ≥ l ≥^{r2}_ϵ also d ≥^{c−3ϵ}_{1−ϵ} . �

The following lemma forms the core of the proof of Theorem 7.2.1. It shows in particular that every sufficiently regular and sufficiently large k-partite graph contains every k-partite graph of a fixed size as an induced subgraph.

Lemma 7.2.6 For all k, t ∈ N and 0 < δ <^1_2 there exists 0 < ϵ_0 <^1_2 such that for all ϵ ≤ ϵ_0 there exists n_0 = n_0(ϵ) so that for all n ≥ n_0 the following is true. If G = (V, E) is graph, and V = ⋃_k i=1 A_i is a partition of the vertex set such that |A_1| = · · · = |A_k| = n and for all 1 ≤ i < j ≤ k the pair (A_i, A_j) is ϵ-regular and has density between δ and 1 − δ, then G contains a universal k-partite graph, i.e., a k-partite graph that contains every k-partite graph on at most t vertices as a subgraph, whose parts are all homogeneous in G.

Proof. Let us first outline the main idea of the proof. We will construct the desired universal graph iteratively. To do this we construct in a first step t vertices v^1, ..., v^1_t in A_1 that form a homogeneous set in G. In a second step we construct for each of the 2^t possible adjacency structures to the vertices v^1, ..., v^1_t t vertices in A_2 that also form a homogeneous set in G. In a third step we construct for each of the 2^t · 2^{t·2t} adjacency structures to the already constructed t + t2^t many vertices t vertices in A_3 that form in G a homogeneous set, and so on. It is easy to see that the so constructed k-partite graph contains every k-partite graph with at most t vertices in each class as a subgraph.

Let α(i) denote the number of vertices which have to be constructed in A_i, 1 ≤ i ≤ k, and let β(i) denote the number of different adjacency structures to the vertices constructed in A_1, ..., A_i. Then the α(i) and β(i) satisfy the following equations:

α(1) = t, β(1) = 2^{α(1)}, α(2) = t · β(1), β(2) = β(1) · 2^{α(2)}, ... ... ... ... α(k − 1) = t · β(k − 2), β(k − 1) = β(k − 2) · 2^{α(k−1)}, α(k) = t · β(k − 1). Let r = α(k) and denote with n_r and c_r the corresponding constants from Lemma 7.2.2. Choose δ_0 > 0 in such a way that^{cr −3δ0}_{1−δ0} >^{cr}_2 and let ϵ_s := min{(^δ_2 )^r, δ_0,^{cr}_4 }.

Let n_s = n_s(ϵ_s, c_r, r) and m_s = m_s(ϵ_s, c_r, r) denote the constants from Lemma 7.2.5. Choose t_0 ∈ N in such a way that (^δ_2 )^{t0} ≤^1_{ms} and choose t_1 ∈ N in such a way that

x−2kr(^δ_2 )^{t1} 1−2kr(^δ_2 )^{t1} ≥ x 2 for all x ≥^{cr}_{2r+2} . Let ϵ_0 := (^δ_2 )^{t0+t1 +r}.

Choose an arbitrary ϵ < ϵ_0 and fix it for the rest of the proof. Choose n_0 = n_0(H, δ, ϵ, l) as follows: Let n^′_s = n_s(ϵ, l) and m^′_s = m_s(ϵ, l) the constants of Theorem 3.3.1 and choose n_1 in such a way that^{cr}_4 (^δ_2 )^{r(t0+r)}n_1 ≥ 1. Let

n_0 = max{n^′_s, m^′_sn_r 1 − ϵ , m^′_sn_s 1 − ϵ , m_Gn_1 1 − ϵ }. For the rest of the proof assume that G is a graph satisfying the assumptions of the lemma with respect to some ϵ ≤ ϵ_0 and n ≥ n_0(ϵ). From Lemma 7.2.2 we deduce that each class A_i contains at least c_r|A_i|^r many r-homogeneous sets. Consider now the hypergraphs H(A_i), that contain A_i as vertex set and all r-homogeneous sets of A_i as edges. Lemma 7.2.5 implies that in particular for i = 2, ..., k every class A_i contains an ϵ_s-regular tupel (X^1_i (0), ..., X^r_i (0)) in such a way that

(1) |X^j_i (0)| ≥^{|Ai|}_{ms} ≥ (^δ_2 )^{t0} |A_i| for all 2 ≤ i ≤ k, 1 ≤ j ≤ r and (2) d_{H(Ai)}(X^1_i (0), ..., X^r_i (0)) ≥^{cr −3ϵs}_{1−ϵs} ≥^{cr}_2 for all 2 ≤ i ≤ k.

The idea of construction of the vertices v^1, ..., v^1_{α(1)}, v^2_1, ..., v^2_{α(2)}, ..., v^k_1 , ..., v^k_{α(k)} is to keep at the same time a sequence of sets X^j_i (k), 2 ≤ i ≤ k, 1 ≤ j ≤ r and 1 ≤ k ≤ i−1∑ s=1 α(s) in such a way that the following four conditions are satisfied:

(3) X^j_i (k) ⊆ X^j_i (k − 1), (4) |X^j_i (k)| ≥^δ_2 |X^j_i (k − 1)|, (5) if for an i^′ < i and for 1 ≤ s ≤ α(i^′)

Γ(v^{i′}_s ) ∩ X^j_i (k) ≠ ∅ for k = i^′−1∑

t=1 α(t) + s, then also X^j_i (k) ⊆ Γ(v^{i′}_s ), and finally

(6) if one denotes for i^′ < i and 1 ≤ s ≤ α(i^′) and 1 ≤ j ≤ r:

a_i′_{,s}(i, j) = 0 , if X^j_i ( i^′∑

t=1 α(t)) ∩ Γ(v^{i′}_s ) = ∅ 1 , otherwise and b_i′ (i, j) = i^′∑

t=1 α(t)∑

s=1 a_{t,s}(i, j)2 ∑_{t−1} k=1 α(k)+s−1,

then one has b_i′ (i, j_1) = b_i′ (i, j_2) if and only if j_1 ≡ j_2 (mod β(i^′)).

Note that (4) implies that

(7) |X^j_i (k)| ≥ (^δ_2 )^k|X^j_i (0)| and hence together with (1) also

(8) |X^j_i (k)| ≥ (^δ_2 )^{t0+k}|A_i|.

All pairs (A_{i1} , A_{i2} ), 1 ≤ i_1 < i_2 ≤ k are by assumption ϵ-regular. Therefore ϵ < ϵ_0 = (^δ_2 )^{t0+t1+r} implies together with (8) for all 1 ≤ i^′ < i ≤ k and A ⊆ A_i′ with |A| ≥ ϵ|A_i′ |: δ − ϵ ≤ d(A, X^j_i (k)) ≤ 1 − δ + ϵ. If in addition |A| ≥ (^δ_2 )^{t0+k}|A_i′ | then the pair (A, X^j_i (k)) is even (^δ_2 )^{t1+r−k}–regular. This observation can be used to show that for a set A ⊆ A_i′ with |A| ≥ ϵ|A_i′ | ”most” of its vertices have ”many” but not ”too many” neighbors in X^j_i (k). Namely, let A^′ = {a ∈ A | (δ − ϵ − ( δ 2 )^{t1+r−k})|X^j_i (k)| ≥ |Γ(a) ∩ X^j_i (k)|} and A^{′′} = {a ∈ A | |Γ(a) ∩ X^j_i (k)| ≥ (1 − δ + ϵ + ( δ 2 )^{t1+r−k} )|X^j_i (k)|} one therefore has |A^′| ≤ ( δ 2 )^{t1+r−k}|A| ≤ ( δ 2 )^{t1} |A| and |A^{′′} | ≤ ( δ 2 )^{t1+r−k}|A| ≤ ( δ 2 )^{t1} |A|. Note that for δ − ϵ − (^δ_2 )^{t1+r−k} one has

(9) δ − ϵ − (^δ_2 )^{t1+r−k} ≥ δ − (^δ_2 )^{t0+t1+r} − (^δ_2 )^{t1+r−k} ≥^δ_2 .

We now describe the construction of the α(1) vertices in A_1. By the above remarks the set X_1(1) = {x ∈ A_1 | (δ − ϵ − ( δ 2 )^{t1+r} )|X^j_i (0)| ≤ |Γ(x) ∩ X^i_j(0)| ≤ (1 − δ + ϵ + ( δ 2 )^{t1+r} )|X^i_j(0)| for all 2 ≤ i ≤ k, 1 ≤ j ≤ r} satisfies the inequality |X_1(1)| ≥ (1 − 2kr( δ 2 )^{t1} )|A_1|.

Since A_1 contains at least c_r|A_1|^r many r-homogeneous sets, Lemma 7.2.3 implies that the set X_1(1) contains a vertex v_1 contained in at least^{cr−2kr( δ2 )t1}_{1−2kr(} δ_{2 )t1} n^{r−1} ≥^{cr}_2 n^{r−1} (cf. choice of t_1) many r-homogeneous sets of X_1(1). Set now for all 2 ≤ i ≤ k and 1 ≤ j ≤ r :

X^j_i (1) := { X^j_i (0) \ Γ(v_1) , if j − 1 ≡ 0 (mod 2) X^j_i (0) ∩ Γ(v_1) , otherwise.

For the X^j_i (1) (3) and (4) is valid by the definition of X_1(1) and by (9). Assume now that we have already constructed s < α(1) vertices v^1 , ..., v^1_s in A_1 and sets X_1(s) ⊆ A_1 and X^j_i (s) such that besides (3) und (4) one also has:

v^1 , ..., v^1_s are contained in at least^{cr}_{2s} n^{r−s} many r-homogeneous sets in X_1(s). Now we construct v^1_{s+1}. To do this put

X_1(s + 1) = {x ∈ X_1(s) | (δ − ϵ − ( δ 2 )^{t1+r−s})|X^j_i (s)| ≤ |Γ(x) ∩ X^i_j(s)| ≤ (1 − δ + ϵ + ( δ 2 )^{t1+r−s})|X^i_j(s)| for all 2 ≤ i ≤ k, 1 ≤ j ≤ r}. Again |X_1(s + 1)| ≥ (1 − 2kr( δ 2 )^{t1} )|X_1(s)|

and 7.2.4 imply the existence of a vertex v^1_{s+1} in X_1(s+1) such that v^1, ..., v^1_{s+1} are contained in at least^{cr2s −2kr( δ2 )t1}

1−2kr(^δ_2 )^{t1} n r−s−1 ≥ cr 2^{s+1} n r−s−1 many r-homogeneous sets in X

1(s+1).

For all 2 ≤ i ≤ k and 1 ≤ j ≤ r set

X^j_i (s + 1) := { X^j_i (s) \ Γ(v_{s+1}) , if ⌊^{j−1}_{2s} ⌋ ≡ 0 (mod 2) X^j_i (s) ∩ Γ(v_{s+1}) , otherwise.

Repeating this construction finally yields α(1) vertices v^1, ..., v^1_{α(1)} ∈ A_1 which are contained in^{cr}_{2α(1)} n^{r−α(1)} ≥ 1 many r-homogeneous sets. Hence v^1, ..., v^1_{α(1)} form an homogeneous set. Furthermore the construction implies that the sets X^j_i (α(1)) for 2 ≤ i ≤ k and 1 ≤ j ≤ r satisfy besides (3) and (4) also (5) and (6) for i^′ = 1. Hence it suffices to construct α(2) vertices v^2_1 , ..., v^2_{α(2)} in A_2 in such a way that v^2_j ∈ X^j_2(α(1)). The only remaining difficulty is to make sure that the vertices v^2_j induce in G a homogeneous set. To guarantee this we use the fact that (X^1_2 (0), ..., X^j_2(0)) are ϵ_s−regular with respect to the r-homogeneous sets in G and has density at least^{cr}_2 (cf. (2)). Therefore by (7) (X^1_2 (α(1)), ..., X^r_2(α(1))) contains at least ( c_r 2 − ϵ_s )_r∏ i=1 |X^i_2(α(1))| ≥ c_r 4 · r∏ i=1 |X^i_2(α(1))|

many r-homogeneous sets with exactly one vertex from every set X^j_2 (α(1)). Now define

Y^1_2 (α(1)) = {x ∈ X^1_2 (α(1)) | (δ − ϵ − ( δ 2 )^{t1+r−α(1)})|X^j_i (α(1))|

≤ |Γ(x) ∩ X^j_i (α(1))| ≤ (1 − δ + ϵ + ( δ 2 )^{t1+r−α(1)}|X^j_i (α(1))| for all 3 ≤ i ≤ k, 1 ≤ j ≤ r}. Again we obtain |Y^1_2 (α(1))| ≥ (1 − 2kr( δ 2 )^{t1} )|X^1_2 (α(1))|.

A similar argument as in the proof of Lemma 7.2.3 shows that there exists at least

one vertex v^2_1 ∈ Y^1_2 (α(1)) which is contained in at least^{cr4 −2kr( δ2 )t1}_{1−2kr( δ2 )t1} · r∏ j=2 |X^j_2(α(1))| ≥^{cr}_8 r∏ j=2 |X^j_2 (α(1))| many r-homogeneous sets which contain besides v^2_1 exactly one

vertex from every set X^j_2 (α(1)), j ≥ 2. For 3 ≤ i ≤ k and 1 ≤ j ≤ r let

X^j_i (α(1) + 1) := { X^j_i (α(1)) \ Γ(v^2_1) , if ⌊^{j−1}_{2α(1)} ⌋ ≡ 0 (mod 2) X^j_i (α(1)) ∩ Γ(v^2_1) , otherwise.

Obviously, the X^j_i (α(1) + 1) satisfy (3) and (4) and (5) for i^′ = 2 and s = 1. We now construct then vertices v^2, ..., v^2_{α(2)} similarly as the vertices v^1_2, ..., v^1_{α(1)}. For all 2 ≤ s ≤ α(2) let

X^j_i (α(1) + s) := { X^j_i (α(1) + s − 1) \ Γ(v^2_s ) , if ⌊^{j−1}_{2α(1)+s−1} ⌋ ≡ 0 (mod 2) X^j_i (α(1) + s − 1) ∩ Γ(v^2_s ) , otherwise.

It is easy to see that the so constructed sets X^j_i (α(1) + α(2)) satisfy conditions (3), (4) and (5), (6) for i^′ = 2.

Continuing in this way for 3 ≤ i ≤ k − 1 we obtain vertices v^i_j ∈ X^j_i (_{i−1} ∑ t=1 α(t) ) , 1 ≤ j ≤ α(i). To obtain the new vertices v^k_1 , . . . , v^k_r in A_k we exploit our knowledge on the sets X^1_k( ∑_{k−1} t=1 α(t)), . . . , X^r_k( ∑_{k−1} t=1 α(t)). Because of (7) and (8), by the ϵ_s-regularity of (X^1_k(0), ..., X^r_k(0)) and by the definition of ϵ_s and n_0 these sets contain at least c_r 4 r∏ j=1 |X^j_i ( ∑_{k−1} t=1 α(t))| ≥ c_r 4 ( ( δ 2 )^{t0+} ∑_{k−1} t=1 α(t) · n 1 )_r ≥ 1

many r-homogeneous sets with exactly one vertex in each of the sets X^j_k( ∑_{k−1} t=1 α(t)). The vertices of such an r-homogeneous set are the vertices v^k_1 , ..., v^k_{α(k)}. The construction, in particular (6), implies immediately that the vertices v^j_i contain every k-partite graph on at most t many vertices in each class as an induced subgraph. � Proof of Theorem 7.2.1. Let^1_2 > γ > 0 be a constant. Choose δ ≤ γ in such a way that all sufficiently large n satisfy n (_n δn ) < 2^{γn}. Let l = ⌈γ^{−1}⌉ and ϵ = min{δ, ϵ_0}, where ϵ_0 = ϵ_0(H, δ, l) is the constant from Lemma 7.2.6. Let m = m(ϵ, l) denote the constant from Theorem 3.3.1 and let n_0 = n_0(H, δ, ϵ, l) be the maximum of the corresponding constants from Theorem 3.3.1 and Lemma 7.2.6. By Theorem 3.3.1 we can construct all graphs G = (V, E) in Forb^∗_n(H) for n ≥ n_0 as follows: First choose a partition V = A_0 ∪ A_1 ∪ ... ∪ A_k of V with |A_0| < ϵn, |A_1| = ... = |A_k| and l ≤ k ≤ m. This can be done in at most n^n different ways. Then choose the edges which are completely contained in some class A_i, 1 ≤ i ≤ k and connect the vertices in A_0 to all other vertices. This can be done in at most 2^{k·}(^{|A1|2} ) · 2^{|A0|·n} ≤ 2^{n22k +ϵn2} ways. Next decide for every pair (A_i, A_j), 1 ≤ i < j ≤ k whether it is

(I) ϵ-irregular,

(II) ϵ-regular with density less that δ,

(III) ϵ-regular with density larger that 1 − δ, or

(IV) ϵ-regular with density between δ and 1 − δ.

There are 4(^{k2}) < 2^{k2} ways to do this. Finally, insert those edges in G which are contained in some pair (A_i, A_j), 1 ≤ i < j ≤ k: By Theorem 3.3.1 we know that there are at most ϵk^2 many ϵ-irregular pairs. Therefore all edges which are contained in type-I pairs can be inserted in at most 2^{|A1|2ϵk2} ≤ 2^{ϵn2} different ways. For a type-II or type-III pairs there are by choice of δ for sufficiently large n at most ∑_{δ|A1|}2 i=1 (_{|A1|}2 i ) ≤ δ|A_1|^2 (_{|A1|}2 δ|A_1|^2 ) < 2^{γ n2}k^2 ways to choose the edges contained in this pair. Therefore there are at most 2^{γn2} ways to insert all edges contained in some type-II or type-III pair. Finally, we conclude from Lemma 7.2.6 that the type-IV cannot contain all (_{τ(H)} 2 ) pairs between any τ(H) sets A_i. In particular, this shows that the edges of G contained in these pairs pairs may not contain a K_{τ(H)}. That is, there are at most |Forb_n(K_{τ(H)})| ways to insert these edges.

Together with Theorem 3.4.1 this implies that for all sufficiently large n |Forb^∗_n(H)| ≤ n^n2^{n22k +ϵn2} 2^{k2} 2^{ϵn2} 2^{γn2} |Forb_n(K_{τ(H)})| ≤ 2^{(1− 1τ(H)−1 ) n22 +4γn2} .

Since γ was chosen arbitrarily small this implies that |Forb^∗_n(H)| ≤ 2^{(1− 1τ(H)−1 ) n22 +o(n2 )}. On the other hand the definition of an extremal graph implies immediately that |Forb^∗_n(H)| ≥ 2^{ex∗n (H)} and therefore together with Theorem 7.1.3 also |Forb^∗_n(H)| = 2^{(1− 1τ(H)−1 ) n22 +o(n2 )}. �

7.3. HEREDITARY GRAPH PROPERTIES 137

7.3 Hereditary graph properties

Let P be a graph property. The property is called hereditary, if every induced subgraph of a graph having property P also has property P. We denote by P_n the set of all graphs on n vertices having property P. A natural question to ask is that to determining the growth rate of |P_n| for arbitrary hereditary properties P. The solution is, in fact, an immediate consequence of the results in the previous sections.

Theorem 7.3.1 Let P be a hereditary property of graphs. Then lim_{n→∞} log |P_n|/ (_n 2 ) exists and equals 1 −^1_r for some integer r ∈ N.

Theorem 7.3.1 answers a question of Scheinermann and Zito [74], and was independently proven by Alekseev [1] and Bollobás and Thomason [14].

In order to prove Theorem 7.3.1 we generalize the parameter τ(H) introduced in Section 7.1 to (not necessarily finite) families H of (finite) graphs.

Definition 7.3.2 Let H be a family of finite graphs. Then τ(H) is the largest integer k for which there exists an integer k̃ between 0 and k − 1 such that no (k − 1)-partite graph, in which k̃ classes are replaced by a clique, contains any graph from H as an induced subgraph.

A trivial observation is that τ(H) is bounded from above by the values of τ(H) for all H ∈ H: τ(H) ≤ min{τ(H) | H ∈ H}. (7.3.1)

Remark. Observe that the inequality in (7.3.1) may be strict. An example for this is H = {C_4, K_4 \e}. In this respect the behaviour of properties hereditary with respect to the induced subgraph relation differs considerably from those which are hereditary with respect to the weak subgraph relation: For the latter the corresponding parameter would be χ(H), which is in fact given by χ(H) = min{χ(H) | H ∈ H}.

With these definitions at hand we can now state and prove a slightly stronger version of Theorem 7.3.1.

Theorem 7.3.3 Let P be a hereditary property of graphs and let H denote the set of all those graphs which do not have property P. Then

|P_n| = 2^{(1− 1τ(H)−1 ) n22 +o(n2 )}.

Proof. We proceed in exactly the same way as in the proof of Theorem 7.2.1. The only difference is the observation that Lemma 7.2.6 together with the definition of τ(H) in fact guarantees that for any τ(H) sets A_i not all (_{τ(H)} 2 ) pairs can be of type IV. As before, this implies in particular that the edges of G contained in type-IV pairs cannot contain a K_{τ(H)}. The construction of the proof of Theorem 7.2.1 gives therefore

|P_n| ≤ 2^{(1− 1τ(H)−1 ) n22 +o(n2 )}.

As the definition of τ(H) implies that, trivially, also |P_n| ≥ 2^{(1− 1τ(H)−1 ) n22 −O(n)}, this concludes the proof of Theorem 7.3.3. �

We close this section by generalizing the algorithm of Section 5.1 to design fast expected time algorithms for the membership problem given by hereditary graph properties, i.e., for the problem “Does a graph G has property P ?”.

In the rest of this section P denotes an arbitrary but fixed hereditary property and H denotes a minimal obstruction for P, i.e. a graph with minimal number of vertices which does not have the property P. Furthermore we assume that Exact-Test(G) is an algorithm which tests whether a given graph G has property P and that run_P (n) denotes its worst-case running time on graphs of with n vertices.

Algorithm Test-Property(G) Input: Graph G with n vertices;

Output: True if G has property P, False otherwise. begin

k := 1;

while k ≤ n do begin if G[1, k] contains an induced H-subgraph then return False else k := k + 1;

end while return Exact-Test(G) end.

Similarli, as in Section 5.1 we immediately observe that Test-Property(G) is correct and that the average running time ave_T (n) on graphs with n vertices is bounded by ave_T (n) ≤ 2^−(^{n2} ) · (_n ∑ t=1 O(t^{|V (H)|}) · |Forb^∗_t (H)| · 2(^{n2})^−(^{t2}) + run_P (n) · |Forb^∗_n(H)| ) . Together with Theorem 7.2.1 this implies the following theorem.

Theorem 7.3.4 Every hereditary property of graphs that has a membership test whose worst case running time is bounded by 2^{o(n2)} can be tested in O(1) expected time. �

Corollary 7.3.5 The following hereditary properties of graphs can be tested in constant expected time: k-colorability, perfectness, monochromatic triangle, partition into cliques, partial k-tree. �

(Compare Garey, Johnson [46] for a precise definition of these problems.)

Chapter 8

Applications in Graph Theory

The meeting on graph theory in Halle an der Saale in 1960, organized by Herbert Grötsch, was very special in several respects. Not only was it the first meeting on graph theory in Germany and one of the very first worldwide, it gave birth to two conjectures which heavily influenced the development of graph theory during the years to come.

The conjecture of Hajós stated that the so-called topological clique number is an upper bound for the chromatic number. This conjecture was open for almost 20 years, and was generally believed to be true. In 1979, however, Catlin [17] exhibited a counterexample, and shortly after that Erdős and Fajtlowicz [30] proved that Hajós’ conjecture is in fact almost always false!

At the same meeting, Claude Berge introduced the notion of a “perfect” graph: a graph G = (V, E) is perfect if G and each of its induced subgraphs have the property that the chromatic number equals the size of a maximum clique. He also suggested a a possible characterization of perfect graphs in terms of forbidden subgraphs, which became known as the “Strong perfect graph conjecture”. Until today, this conjecture has resisted all attacks, and is considered one of the outstanding open problems in graph theory. Last year Prömel and Steger [66] showed that it holds at least almost always.

8.1 The Hajós conjecture

A graph G is a subdivision of a graph H, iff G can be constructed from H by inserting vertices on the edges of H. The topological clique number ω_t(G) is the maximal l for which G contains a subdivision of K_l. Obviously, ω(G) ≤ ω_t(G) for all graphs. As every 3-chromatic graph contains an odd cycle, and therefore in particular a subdivision of K_3, all graphs with chromatic number χ(G) = 3 satisfy χ(G) ≤ ω_t(G). For 4-chromatic graphs Dirac (1952) was able to prove a similar result.

Theorem 8.1.1 Let G be a graph with chromatic number χ(G) ≤ 4. Then χ(G) ≤ ω_t(G). � Eight years later, the Hungarian mathematician Hajós [49] conjectured that this inequality should be valid for all graphs.

Conjecture 8.1.2 (Hajós) All graphs G satisfy: χ(G) ≤ ω_t(G). In the following years this conjecture became well-known. One reason for this was that it contained the 4-color conjecture as a special case: as a planar graph contains no subdivision of K_5 (and K_{3,3}), the truth of Hajós conjecture for χ(G) = 5 would imply that every planar graph has chromatic number at most four. Like the 4-color conjecture, Conjecture 8.1.2 was generally believed to be true. In 1979, however, Catlin disproved it by exhibiting a counterexample. Shortly thereafter Erdős and Fajtlowicz (1981) showed that Hajós’ conjecture is in fact almost never true.

Theorem 8.1.3 Almost all graphs satisfy χ(G) > 1 6 √ n log n · ω_t(G). The proof is based on the following proposition, which bounds the size of ω_t(G) in terms of the density of G.

Proposition 8.1.4 If G = (V_n, E) is a graph such that all subsets S ⊆ V_n of size |S| = ω_t(G) satisfy |E(G[S])| ≤ (1 − γ)^{|S|2}_2 , then ω_t(G) ≤ √ 2n/γ. Proof. By the definition of ω_t(G), G contains a set S_0 ⊆ V_n of size |S_0| = ω_t(G) such that every two vertices of S_0 are joined by pairwise internally disjoint paths. In particular, this implies that every missing edge in E(G[S_0]) gives rise to at least one extra vertex outside of S_0. Therefore n = |V (G)| ≥ |S_0| + ( |S_0| 2 ) − |E(G[S_0])| ≥ 1 2 γ · ω_t(G)^2. � Proof of Theorem 8.1.3. Consider a random graph G_t on t vertices with edge probability^1_2 . By Bernstein’s inequality (cf. Corollary B.2) we now that

Prob [|E(G_t)| ≥^2_3 (_t 2 ) ] ≤ e^{− 154} (^{t2}).

That is, a random graph G_n contains almost surely no subgraph on t ≥ 110 log n vertices with more that^2_3 (_t 2 ) edges:

Prob [∃S ⊆ V_n s.t. |S| ≥ 110 log n, |E(G_n[S])| ≥^2_3 (_{|S|} 2 ) ] ≤ ∑ t≥110 log n (_n t ) ·e^{− 154} (^{t2}) = o(1).

By Proposition 8.1.4 this implies that

Prob [ω_t(G_n) ≤ √ 6n] = 1 − o(1).

As on the other hand also

Prob [χ(G_n) ≥ n 2.1 log n

] = 1 − o(1)

(cf. Theorem 5.3.1), this concludes the proof of Theorem 8.1.3. �

8.2 Almost all Berge graphs are perfect

A graph G = (V, E) is perfect if and only if ω(H) = χ(H) for all induced subgraphs H of G. Since their introduction by Berge in the beginning of the 60s, the class of perfect graphs became more and more important and well-understood. Various striking results on perfect graphs were proven, among them the surprising fact that perfect graphs can be colored in polynomial time, cf. Grötschel, Lovász and Schrijver (1981). A possible characterization of perfect graphs in terms of forbidden subgraphs, also posed by Berge (1961), has remained open and become one of the outstanding open problems in graph theory.

Conjecture 8.2.1 (Strong perfect graph conjecture) A graph G = (V, E) is perfect if and only if neither G nor its complement G contains an odd cycle of length at least five as an induced subgraph.

The aim of this section is to show that the strong perfect graph conjecture is at least asymptotically true. More precisely, let P erf(n) denote the set of all (labelled) perfect graphs on n vertices and let Berge(n) denote the set of all (labelled) graphs on n vertices which contain neither an odd cycle of length at least five nor the complement of such a cycle as an induced subgraph (these graphs are known as Berge graphs). Trivially, all perfect graphs are Berge graphs.

Theorem 8.2.2 [Prömel, Steger, 1992] Almost all Berge graphs are perfect, i.e. lim_{n→∞} |P erf(n)| |Berge(n)| = 1.

In fact, we will not prove Theorem 8.2.2 directly: instead of dealing with Berge graphs, we consider the larger class of all graphs which do not contain an induced C_5, a cycle of length five.

The main idea is to find a structural characterization of almost all C_5-free graphs. More precisely, we shall identify a subset S(n) ⊆ Forb^∗_n(C_5) such that on the one hand S(n) ⊆ P erf(n) ⊆ Berge(n) ⊆ Forb^∗_n(C_5) and on the other hand |S(n)| |Forb^∗_n(C_5)| −→ 1 for n → ∞. Clearly, this suffices to prove Theorem 8.2.2. As we will see the class S(n) consists of all generalized split graphs.

8.2.1 Generalized split graphs A graph G = (V, E) is a generalized split graph, if there exists a partition V = V_1 ∪ V_2 of the vertex set such that either G[V_1] is a union of pairwise disjoint cliques and V_2 induces a clique in G or G[V_1] is a union of pairwise disjoint cliques and V_2 is a stable set in G. Observe that if V_1 induces a clique in G and V_2 is a stable set then G is just a split graph.

Hayward [50] proved that weakly triangulated graphs, i.e. graphs which contain neither a cycle of length at least 5 nor the complement of such a cycle as an induced subgraph, are perfect. As generalized split graphs are weakly triangulated the result of Hayward implies that they are perfect.

Lemma 8.2.3 Generalized split graphs are perfect. �

By S(n) we denote the class of generalized split graphs on n vertices.

Lemma 8.2.4 |S(n)| = 2^{n24 + n2 log n− n2 log ln n− n2 log e2 +O( nlog log n )}.

Proof. We first show the upper bound. Obviously |S(n)| ≤ 2 · ∑ 0≤i≤n ( n i ) 2^{i(n−i)}B_i, where B_n denotes the nth Bell number, i.e. the number of partitions of an n-element set. It is well known that (cf. e.g. [22])

B_n = 2^{n log n−n log ln n−n log e+O(n log log nlog n )}.

It is also not difficult to see that this implies that e.g. for δ ≤ n^{23} one has

B n_{2 ±δ} = 2^{n2 log n− n2 log ln n−(1+log e) n2 +O(n log log nlog n )}.

Hence,

|S(n)| ≤ 2 ( n_n 2 ) 2 n 2 −n^23 −1 ∑ i=0 2^{i(n−i)}B_n + n 2 +n^23∑

i=^n_2 −n^23 2^{i(n−i)}B_i

≤ 2 ( n_n 2 ) [ 2( n 2 − n^{23} )2^{( n2 −n 23 )( n2 +n 23 )}B_n + 2n^{23} 2^{n24} max_{|δ|≤n 23} B n_{2 +δ} ]

≤ 2^n [ 2^{n24 − 12 n 43} + 2^{n24 + n2 log n− n2 log ln n−(1+log e) n2 +o( nlog log n )} ]

≤ 2^{n24 + n2 log n− n2 log ln n− n2 log e2 +o( nlog log n )}.

To see the lower bound recall that almost all 2-colorable graphs are in fact uniquely 2-colorable and have the property that the degree of every vertex exceeds^1_{100} n. (This follows, for example, from the proof of the Erdős, Kleitman, Rothschild Theorem 3.1.1.) Hence, we can bound the number of generalized split graphs from below by the number of such graphs times the number of ways to partition the larger color class into cliques of size ln^n_2 :

|S(n)| ≥ (1 + o(1)) · P_2(n) · 1 (_{n2} ln^n_2 ) ! · (_n 2 ln^n_2 ; . . . ; ln^n_2 ) ,

where Col_n(2) denotes the number of bipartite graphs. Using the asymptotic formula

Col_n(2) = Θ(2^{n24 +n− 12 log n})

(cf. Corollary 5.3.17) we obtain that

|S(n)| ≥ 2^{n24 +n+o( nlog log n )} · 2^{n2 log n− n2 log ln n−(1+log e) n2 +O( nlog log n )}. � An immediate consequence of Lemma 8.2.4 is a bound on the growth rate of the class S(n). Corollary 8.2.5 There exists a constant D ∈ R such that log |S(n)| |S(n + 1)| ≤ − n 2 + D n log log n for all n ∈ N. �

Note that the asymptotic formula of Lemma 8.2.4 can easily be sharpened, however for our purposes this version suffices.

8.2.2 Outline of the proof We shall prove Theorem 8.2.2 by suitably generalizing the Kleitman-Rothschild method and combining it with Szemerédi’s uniformity lemma.

Theorem 8.2.6 (The Kleitman-Rothschild Method – Version III) Let 0 < ϵ < 1 and k, n_0 ∈ N be constants. If there exist k families (Y_i(n, q))_{q∈Ii(n)}, i = 1, . . . , k and associated functions y_i(n, q) such that for all n ≥ n_0 the following three conditions are satisfied: (i) Forb^∗_n(C_5) ⊆ S(n) ∪ k⋃ i=1 ⋃ q∈I_i (n) Y_i(n, q), (ii) 1 ≤ y_i(n, q) ≤ ϵn and |I_i(n)| ≤ n for all i = 1, . . . , k and (iii) log^{|Yi(n,q)|} |Forb^∗_{n−yi (n,q)}(C_5)| ≤ ( 1 2 − ϵ)ny_i(n, q) for all q ∈ I_i(n) and i = 1, . . . , k.

Then there exist c ≥ 1 and γ > 1, such that for all n ∈ N: |Forb^∗_n(C_5)| ≤ (1 + c · γ^{−n})|S(n)|. Proof. Let γ = 2^{ϵ4} and choose n_1 ≥ n_0 large enough such that 2^{− ϵ4 n+ 14 +D nlog log n} ≤ 1 for all n ≥ n_1, where D is the constant from Corollary 8.2.5, and such that 2^{− ϵ2 n} ≤ 1 2kn γ^{−n} for all n ≥ n_1.

Subsequently choose c ≥ 1 large enough such that |Forb^∗_n(C_5)| ≤ (1 + c · γ^{−n})|S(n)| for all n ≤ n_1. We prove the theorem by induction on n. So assume that the theorem holds for some n − 1 ≥ n_1. By assumption (i) we have that |Forb^∗_n(C_5)| ≤ k∑ i=1 ∑ q∈I_i(n) |Y_i(n, q)| + |S(n)|.

Therefore, it suffices to show that |Y_i(n, q)| |S(n)| ≤ c k|I_i(n)| · γ^{−n} holds for all i = 1, ..., k and q ∈ I_i(n).

Using assumption (iii), Corollary 8.2.5 and the induction hypothesis we conclude that |Y_i(n, q)| |S(n)| = |Y_i(n, q)| |Forb^∗_{n−yi(n,q)}(C_5)| · |Forb^∗_{n−yi(n,q)}(C_5)| |S(n − y_i(n, q))| · y_i(n,q)∏

j=1 |S(n − j)| |S(n + 1 − j)| ≤ 2^{( 12 −ϵ)nyi(n,q)} · (1 + cγ^{−(n−yi(n,q))}) · 2 ∑_{yi(n,q)} j=1 (−^1_2 (n−j)+D^{n−j}_{log log(n−j)} ).

Since γ^{−(n−yi(n,q))} ≤ 1 and c ≥ 1 we have that 1 + cγ^{−(n−yi(n,q))} ≤ 2c. For the third factor y_i(n, q) ≤ ϵn implies that 2 ∑_{yi(n,q)} j=1 (−^1_2 (n−j)+D^{n−j}_{log log(n−j)} ) ≤ 2−^1_2 ·y_i(n,q)·n+^1_4 y_i(n,q)^2+^1_4 y_i(n,q)+D^n_{log log n} y_i(n,q) ≤ 2^{− 12 ·yi(n,q)·n+yi(n,q)( 14 ϵn+ 14 +D nlog log n )}. By the assumptions on n_1 and (ii) therefore |Y_i(n, q)| |S(n)| ≤ 2^{− ϵ2 yi(n,q)n} · (2c) · 2^{(− ϵ4 n+ 14 +D nlog log n )yi(n,q)} ≤ 2c · 1 2kn γ^{−n} ≤ c k|I_i(n)| γ^{−n}. � In order to apply Theorem 8.2.6 for proving Theorem 8.2.2 the main work is to define suitable families Y_i(n, q). To do this we heavily rely on Szemerédi’s uniformity lemma. In fact, on a slight generalization which we are going to proof now.

Let G = (V, E) be a graph and P be any partition of the vertex set, say V = V_1 ∪ . . . ∪ V_t. A partition V = A_0 ∪ A_1 ∪ . . . ∪ A_{kt} is called an ϵ−uniform refinement of P , if |A_0| < ϵ|V |, |A_{(i−1)k+1}| = . . . = |A_{ik}| for all i = 1, . . . , t, A_{(i−1)k+j} ⊆ V_i for all i = 1, . . . , t and j = 1, . . . , k, and at most ϵ(kt)^2 pairs (A_i, A_j), 1 ≤ i < j ≤ kt, are ϵ−irregular.

Theorem 8.2.7 For every ϵ > 0 there exist positive integers n_0 = n_0(ϵ) and m = m(ϵ) such that the following is true. If G = (V, E) is a graph and P a partition V = V_1 ∪ . . . ∪ V_t of the vertex set such that |V_i| ≥ n_0 for all i = 1, . . . , t then there exists an ϵ-uniform refinement V = A_0 ∪ . . . ∪ A_{kt} of P with k ≤ m.

Proof. Recall that in Section 3.3 Szemerédi’s uniformity lemma is proven as follows. To every partition P an index ind(P ) is assigned. In Lemma 3.3.3 it is then shown that if P is any partition with more than ϵk^2 ϵ-irregular pairs, then there exists an ϵ-uniform refinement Q of P such that ind Q ≥ ind P +^{ϵ2}_{20} . As the definition of the index directly implies that the index of every partition is smaller than one half, this lemma implies Szemerédi’s uniformity lemma – and also Theorem 8.2.7. �

An ϵ-uniform partition of a bipartite graph G = (A∪B, E) is a partition A = A_0 ∪A_1 ∪ . . .∪A_k and B = B_0 ∪B_1 ∪. . .∪B_k such that |A_0| < ϵ|A|, |B_0| < ϵ|B|, |A_1| = . . . = |A_k|, |B_1| = . . . = |B_k|, and at most ϵk^2 pairs (A_i, B_j), 1 ≤ i, j ≤ k, are ϵ−irregular. Observe that Theorem 8.2.7 immediately implies that every sufficiently large bipartite graph has an ϵ-uniform partition.

Notation and definitions. If G = (V, E) is a graph and A, B ⊆ V_n are two disjoint sets of vertices, then the pair (A, B) is called (ϵ, δ)-regular (-dense, -sparse) iff (A, B) is ϵ-regular and δ ≤ d(A, B) ≤ 1−δ (d(A, B) > 1−δ, d(A, B) < δ). Furthermore, a graph G = (V, E) is said to contain an (ϵ, δ)-regular (-dense, -sparse) pair of size N iff there exist disjoint sets A, B ⊆ V of size at least N such that (A, B) is (ϵ, δ)-regular (-dense, -sparse).

Let H be a finite graph. A graph G = (V, E) is said to contain an (ϵ, δ, H)-subgraph of size N iff there exist pairwise disjoint sets A_1, . . . , A_{|V (H)|} each of size N such that i) (A_i, A_j) is (ϵ, δ)-dense if and only if {i, j} ∈ E(H) and ii) (A_i, A_j) is (ϵ, δ)-sparse if and only if {i, j} ∉ E(H).

In particular we will consider (ϵ, δ, H)-subgraphs for H = P_2, a path consisting of exactly two edges, and for H = P_2, the complement of such a path.

Let q_0(n), q_1(n), q_2(n) and q_3(n) be four functions such that log n = o(q_0(n)), q_0(n) = o(q_1(n)), q_1(n) = o(q_2(n)), q_2(n) = o(q_3(n)) and q_3(n) = o( √ n). We call a subset Q ⊆ V_n of the vertex set of a graph G = (V_n, E) a q-set, iff q_1(n) ≤ |Q| ≤ q_3(n). Also, we say that the graph has an (ϵ, δ, H)-subgraph if it has an (ϵ, δ, H)-subgraph of size q for some q_1(n) ≤ q ≤ q_3(n).

In the rest of this section m(ϵ) denotes the constant of Theorem 8.2.7 and an ϵ-uniform partition of a graph (or a pair (A, B)) will henceforth always mean an ϵuniform partition into at most m(ϵ) + 1 classes (or 2(m(ϵ) + 1) classes, respectively).

Furthermore, we define for every 0 < ϵ < 1 a constant f(ϵ) = −(ϵ log ϵ + (1 − ϵ) log(1 − ϵ)) + 10^{−10}. Observe that this implies that n (_n ϵn ) < 2^{f(ϵ)n}, for n sufficiently large. With |Forb^∗_n(C_5)| we denote the size of the class Forb^∗_n(C_5), i.e. the number of C_5-free graphs on n vertices.

8.2.3 Proof of the theorem

Demonstratio est omnis divisa in partes tres. In the first part (Section 8.2.3.1) we shall show that almost all C_5-free graphs have a bipartite structure, i.e. that there exist two disjoint vertex sets of size approximately^n_2 which may be connected arbitrarily, but the subgraphs induced by each of the two sets satisfy quite restrictive conditions. More precisely, we shall prove the following lemma.

Lemma 8.2.8 Let 0 < α, δ, ϵ < 1 be constants. If^5_2 δ + f(δ) ≤^α_8 and ϵ is sufficiently small, then there exist constants 0 < μ_1, μ_2, ν < 1 and sets Y_i(n, q^′), q_0(n) ≤ q^′ ≤ q_2(n) and 1 ≤ i ≤ 10, that fulfill condition ii) and iii) of Theorem 8.2.6 such that for all sufficiently large n all graphs G = (V_n, E) in Forb^∗_n(C_5) \ (⋃_{10} i=1 ⋃_{q3 (n)} q^′ =q_0 (n) Yi(n, q ′) ) satisfy:

If (Q_1, Q_2) is a (μ_1, ν)-regular pair of q-sets and (Q_{i0}, Q_{i1}, . . . , Q_{iki}; Γ_{i0}, Γ_{i1}, . . ., Γ_{iki} ) is a μ_2-uniform partition of (Q_i, Γ(Q_i)\Q_{3−i}), i = 1, 2 and I_1 and I_2 denote the sets

I_i = {1 ≤ j ≤ k_i | ∃1 ≤ j^′ ≤ k such that (Γ_{ij}, Q_{ij}′ ) is (μ_2, ν)-regular} then | ⋃ j∈I_i Γ_{ij} | ≤ ( 1 2 + α)n (i = 1, 2)

and there exist sets S_i ⊆ ⋃ j∈I_i Γ_{ij} (i = 1, 2)

such that

i) (^1_2 − 8α)n ≤ |S_i| ≤ (^1_2 + α)n for i = 1, 2, ii) S_1 ∩ S_2 = ∅, and iii) neither S_1 nor S_2 contains an (ϵ, δ)-regular pair (P_1, P_2) of q-sets.

In the second part (Section 8.2.3.2) we shall show that in addition for almost all C_5-free graphs the two parts of this bipartite structure are “close” to being a union of cliques and a clique, respectively.

Lemma 8.2.9 Let 0 < α, δ, ϵ < 1 be constants such that 6δ <^1_{200},^5_2 δ + f(δ) ≤^α_8 and such that ϵ is sufficiently small and let μ_1, μ_2 and ν be the constants of Lemma 8.2.8. Then there exist sets Y_{11}(n, q^′), q_0(n) ≤ q^′ ≤ q_3(n) that fulfill condition ii) and iii) of Theorem 8.2.6 such that for all sufficiently large n all graphs G = (V_n, E) in Forb^∗_n(C_5) \ (⋃_{11} i=1 ⋃_{q3 (n)} q^′ =q_0 (n) Yi(n, q ′) ) satisfy:

If (Q_1, Q_2) is a (μ_1, ν)-regular pair of q-sets and S_1 and S_2 denote the sets of Lemma 8.2.8, then - possibly after renaming Q_1 and Q_2 - either G or Ḡ has the following property:

i) The subgraph induced by S_1 does not contain an (ϵ, 2δ, P_2)-subgraph. ii) If B_{ij} , i = 1, 2, j = 1, . . . , l are pairwise disjoint q-sets in S_2 such that |B_{1j}| = |B_{2j}| and (B_{1j}, B_{2j}) is (ϵ, δ)-sparse for all j = 1, . . . , l then ∑ i,j |B_{ij} | ≤ 300αn. In the final part (sections 8.2.3.3 and 8.2.3.4) we then shall show how to define some additional exceptional sets Y_i so that the remaining graphs in Forb^∗_n(C_5) are indeed generalized split graphs.

8.2.3.1 Proof of Lemma 8.2.8

The following lemma essentially states that no graph without induced C_5 may contain a sufficiently large and sufficiently regular tripartite subgraph. In fact this lemma is a special case of Lemma 7.2.6. Nevertheless, we here also give a short, direct proof.

Lemma 8.2.10 Let 0 < δ <^1_2 be a constant. Then there exist constants 0 < ϵ_0(δ) ≤ δ and n_0 = n_0(δ) such that for all ϵ ≤ ϵ_0(δ) every graph G = (V, E) has the following property: If V = A_1 ∪ A_2 ∪ A_3 is a partition of the vertex set such that all parts have size at least n_0 and all pairs (A_i, A_j), 1 ≤ i < j ≤ 3 are (ϵ, δ)-regular, then G contains an induced C_5.

Proof. Choose the constant ϵ_0 = ϵ_0(δ) and a constant μ in such a way that δ 2 > √ ϵ_0, 1 2 − 2μ > δ, 1 − μ m(μ) ≥ √ ϵ_0 and (δ − 2 √ ϵ_0)^4 − μ − 3 √ ϵ_0 > 0

and choose n_0 = n_0(δ) such that

n_0 > m(μ) and (δ − 2 √ ϵ_0)^4 · n_0 ≥ 1.

For the remaining part of the proof of Lemma 8.2.10 let now ϵ be a fixed constant less than or equal to ϵ_0 and let A, B and C be three sets of size |A|, |B|, |C| ≥ n_0(δ) such that the three pairs (A, B), (B, C) and (C, A) are all (ϵ, δ)-regular. We will construct an induced C_5 in A ∪ B ∪ C.

By our assumption on n_0 each of the subgraphs induced by A, B and C, respectively, contains a μ-uniform partition. Since C_5 is self-complementary we may therefore assume without loss of generality that there exist subsets A_1, A_2 ⊆ A and B_1, B_2 ⊆ B such that |A_1| = |A_2| ≥^{1−μ}_{m(μ)} |A|, |B_1| = |B_2| ≥^{1−μ}_{m(μ)} |B| and the pairs (A_1, A_2) and (B_1, B_2) are both (μ,^1_2 )-dense. (Observe also that by the definition of μ the pairs (A_i, B_j), (A_i, C) and (B_i, C) are all ( √ ϵ, δ − ϵ)-regular.)

For the construction of the C_5 the following observation is essential: If (X, Y ) is an α-regular pair and X^′ ⊆ X and Y^′ ⊆ Y are two subsets such that |Y^′| ≥ α|Y | then the regularity implies that |{v ∈ X^′ | |Γ(v) ∩ Y^′| < (d(X, Y ) − α)|Y^′|}| < α|X| and |{v ∈ X^′ | |Γ(v) ∩ Y^′| > (d(X, Y ) + α)|Y^′|}| < α|X|. Since by choice of ϵ_0 and μ we have |A_1| − μ|A_1| − 3 √ ϵ|A_1| ≥ 1 this implies that there exists a vertex v_1 ∈ A_1 such that the sets A^{(1)}_2 = Γ(v_1) ∩ A_2, B^{(1)}_1 = Γ(v_1) ∩ B_1, B^{(1)}_2 = B_2 \Γ(v_1) and C^{(1)} = C \Γ(v_1) satisfy |A^{(1)}_2 | ≥ (^1_2 −μ)|A_2|, |B^{(1)}_i | ≥ (δ−2 √ ϵ)|B_i| and |C^{(1)}| ≥ (δ − 2 √ ϵ)|C|. Repeating this argument we then obtain a vertex v_2 ∈ A^{(1)}_2 such that the sets B^{(2)}_1 = B^{(1)}_1 \Γ(v_2), B^{(2)}_2 = B^{(1)}_2 \Γ(v_2) and C^{(2)} = C^{(1)} ∩Γ(v_2) satisfy |B^{(2)}_i | ≥ (δ − 2 √ ϵ)|B^{(1)}_i | ≥ (δ − 2 √ ϵ)^2|B_i| and |C^{(2)}| ≥ (δ − 2 √ ϵ)|C^{(1)}| ≥ (δ − 2 √ ϵ)^2|C| and a vertex v_3 ∈ B^{(2)}_1 such that the sets B^{(3)}_2 = B^{(2)}_2 ∩ Γ(v_3) and C^{(3)} = C^{(2)} \ Γ(v_3) satisfy |B^{(3)}_2 | ≥ (^1_2 − 2μ)|B^{(2)}_i | ≥ (δ − 2 √ ϵ)^3|B_i| and |C^{(3)}| ≥ (δ − 2 √ ϵ)|C^{(2)}| ≥ (δ − 2 √ ϵ)^3|C|. Finally, we obtain a vertex v_4 ∈ B^{(3)}_2 such that the set C^{(4)} = C^{(3)} ∩ Γ(v_3) satisfies |C^{(4)}| ≥ (δ −2 √ ϵ)|C^{(3)}| ≥ (δ −2 √ ϵ)^4|C|. By the assumption on n_0 this implies that C^{(4)} ≠ ∅ which concludes the proof of Lemma 8.2.10. �

In the rest of this section ϵ_0(δ) will denote the function of Lemma 8.2.10. Without loss of generality we may assume that ϵ_0(δ) ≤ δ for all δ and that ϵ_0(δ_1) ≤ ϵ_0(δ_2) whenever δ_1 ≤ δ_2.

The next lemma bounds the number of bipartite subgraphs which are not “sufficiently” regular.

Lemma 8.2.11 Let 0 < μ, ν <^1_2 and 1 ≤ k ≤ m(μ) be fixed. For positive integers a, b and M let N = N(a, b, M) denote the number of bipartite graphs with parts A and B, |A| = a and |B| = b, that have a μ-uniform partition (A_0, A_1, . . . , A_k; B_0, B_1, . . . , B_k) into 2(k +1) classes such that at most M pairs (A_i, B_j), 1 ≤ i, j ≤ k are (μ, ν)-regular. Then N ≤ 2^{(4μ+f(ν))ab+ab M}k^2 , whenever a and b are sufficiently large.

Proof. We construct all such bipartite graphs as follows. First choose an appropriate partition of A and B (at most (k + 1)^{a+b} ways) and connect A_0 and B_0, respectively (at most 2^{2μab} ways). Then decide for every pair (A_i, B_j ), 1 ≤ i, j ≤ k whether it is μ-irregular, (μ, ν)-regular, (μ, ν)-sparse or (μ, ν)-dense (less than 4^{k2} ways). Next choose the edges in μ-irregular pairs (at most [ 2^{|A1||B1|} ]_{μk}^2 ≤ 2^{μab} ways), in (μ, ν)- regular pairs (at most [ 2^{|A1||B1|} ]_M ≤ 2^{ab M}k^2 ways), and in the remaining pairs (at most [∑_{ν|A1||B1|} i=0 (_{|A1||B1|} i )]k^2 ≤ 2^{f(ν)ab}, for a and b sufficiently large). Together this gives

N ≤ (k + 1)^{a+b} · 2^{2μab} · 4^{k2} · 2^{μab} · 2^{ab M}k^2 · 2^{f(ν)ab} ≤ 2^{(4μ+f(ν))ab+ab M}k^2 ,

for a, b sufficiently large. �

As a first step towards the proof of Lemma 8.2.8 we show that almost all graphs in Forb^∗_n(C_5) have the property that the neighborhood Γ(Q) of every sufficiently large set Q contains a set of size approximately^n_2 to which Q is connected in a “regular” fashion. More precisely, given constants 0 < μ, ν < 1 and a set Q we call a subset R ⊆ Γ(Q) an r(μ, ν)-set of Q, if there exists a partition R = ⋃_{lR} i=1 R_i such that i) q_1(n) ≤ |R_i| for all 1 ≤ i ≤ l_R, and

ii) there exist subsets Q_1, . . . , Q_{lR} of Q such that for all i = 1, . . . , l_R Q_i ≥^1_{2m(ν)} |Q| and (Q_i, R_i) is (μ, ν)-regular.

We now show that almost all graphs in Forb^∗_n(C_5) have the property that all q-sets have a large r(μ, ν)-set and prove some structural properties of such r(μ, ν)-sets.

Lemma 8.2.12 Let 0 < α, μ, ν < 1 be constants such that 5μ+f(ν) ≤^α_8 . For q_0(n) ≤ q^′ ≤ q_3(n) let A(n, q^′, α, μ, ν) denote the set of all graphs G = (V_n, E) in Forb^∗_n(C_5) that contain a set Q of size |Q| = q^′ for which there exists a partition A_1 ∪ . . . ∪ A_l of Γ(Q) and for every A_i a μ-uniform partition (A_{i0}, A_{i1}, . . . , A_{iki} ; Q_{i0}, Q_{i1}, . . . , Q_{iki}) of (A_i, Q) such that the sets

I_i = {1 ≤ j ≤ k_i | ∃1 ≤ j^′ ≤ k_i such that (A_{ij}, Q_{ij}′) is (μ, ν)-regular}

satisfy_l ∑ i=1 |I_i| |A_i| k_i ≤ ( 1 2 − α 2 )n.

Then for n sufficiently large log |A(n, q^′, α, μ, ν)| |Forb^∗_{n−q}′(C_5)| ≤ ( 1 2 − 3 8 α)q^′n for all q_0(n) ≤ q^′ ≤ q_3(n).

Proof. Construct all graphs in A(n, q^′, α, μ, ν) as follows. First choose the set Q and a graph without induced C_5 on V_n \ Q (at most (_n q^′ ) |Forb^∗_{n−q}′(C_5)| ways). Then choose the set Γ(Q) and the partition Γ(Q) = ⋃_l i=1 A_i (less than n^n ways) and choose the numbers k_i and |I_i| for each set A_i (less than m(μ)^{2n} ways). Finally, choose edges inside Q (less than 2^{q′q′} ways) and connect Q to the sets A_i (at most

2 l∑ i=1 ((4μ + f(ν))q^′|A_i| + q^′|A_i| |I_i|k_i k^2_i ) ≤ 2 (4μ+f(ν))q^′n+q^′ l∑ i=1 |A_i||I_i| k_i ways, cf. Lemma 8.2.11). Together this gives log |A(n, q^′, α, μ, ν)| |Forb^∗_{n−q}′(C_5)| ≤ q^′ log n + n log n + 2n log m(μ) + q^′q^′

+ (4μ + f(ν))q^′n + q^′ l∑ i=1 |A_i||I_i| k_i ≤ (5μ + f(ν))q^′n + q^′( 1 2 − α 2 )n ≤ ( 1 2 − 3 8 α)q^′n, for n sufficiently large, independently of q_0(n) ≤ q^′ ≤ q_3(n). �

Corollary 8.2.13 Let 0 < α, μ, ν < 1 be constants such that 5μ + f(ν) ≤^α_8 . For n sufficiently large every graph G = (V_n, E) in Forb^∗_n(C_5) \ ⋃_{q3 (n)} q^′ =q_0 (n) A(n, q ′, α, μ, ν) has the following property: Every q-set Q has an r(μ, ν)-set of size at least (^1_2 −^α_2 )n. �

Lemma 8.2.14 Let 0 < α < 1 and 0 < μ_1 ≤ μ_2 ≤^ν_2 <^1_2 be constants such that 5ϵ_0(^ν_2 ) + f(ν) ≤^α_2 ,^{ϵ0( ν2 )}_{2m(μ2)} ≥ μ_1 and^{ϵ0( ν2 )}_{2m(ϵ0(} ν_{2 ))} ≥ μ_2. For q_0(n) ≤ q^′ ≤ q_3(n) let B(n, q^′, α, μ_1, μ_2, ν) denote the set of all graphs G = (V_n, E) in Forb^∗_n(C_5) that contain a (μ_1, ν)-regular pair (Q_1, Q_2) of disjoint sets Q_1 and Q_2 such that q_0(n) ≤ |Q_1| ≤ q_3(n) and |Q_2| = q^′ for which there exists a μ_2-uniform partition (Q_{10}, Q_{11}, . . . , Q_{1k}; Γ_0, Γ_1, . . . , Γ_k) of (Q_1, Γ(Q_1) \ Q_2) such that the set

I = {1 ≤ j ≤ k | ∃1 ≤ j^′ ≤ k such that (Γ_j , Q_{1j}′) is (μ_2, ν)-regular}

satisfies ∑ j∈I |Γ_j | ≥ ( 1 2 + α)n.

Then for n sufficiently large log |B(n, q^′, α, μ_1, μ_2, ν)| |Forb^∗_{n−q}′(C_5)| ≤ ( 1 2 − α 2 )q^′n for all q_0(n) ≤ q^′ ≤ q_3(n).

Proof. Construct all graphs in B(n, q^′, α, μ_1, μ_2, ν) as follows. First choose the set Q_2 and a graph without induced C_5 on V_n \ Q_2 (at most (_n q^′ ) |Forb^∗_{n−q}′ (C_5)| ways). Then choose edges inside Q_2, the set Q_1 and an appropriate partition of Γ(Q_1)\Q_2 (less than 2^{q′q′} · n^{q3 (n)} · m(μ_2)^n ways). Finally, connect Q_2 to the remaining vertices. To do this observe that Lemma 8.2.10 implies that for j ∈ I no ϵ_0(^ν_2 )-uniform partition of (Γ_j , Q_2) may contain a (ϵ_0(^ν_2 ), ν)-regular pair (Q_{2i}, Γ_{ji}′ ). (Otherwise the three pairs induced by Q_{2i}, Γ_{ji}′ and Q_{1j}′ are all (ϵ_0(^ν_2 ),^ν_2 )-regular, which is a contradiction.) Hence, the number of ways to connect Q_2 to V_n \ Q_2 is bounded by (cf. Lemma 8.2.11)

2 ∑ j∈I ((4ϵ_0( ν 2 ) + f(ν))q^′|Γ_j| · 2 (n − ∑ j∈I |Γ_j |)q^′ . Together this gives log |B(n, q^′, α, μ_1, μ_2, ν)| |Forb^∗_{n−q}′(C_5)| ≤ q^′ log n + q^′q^′ + q_3(n) log n + n log m(μ_2)

+ nq^′ − (1 − (4ϵ_0( ν 2 ) + f(ν))q^′ ∑ j∈I |Γ_j | ≤ ( 1 2 − α 2 )q^′n, for n sufficiently large, independently of q_0(n) ≤ q^′ ≤ q_3(n). �

Lemma 8.2.15 Let 0 < α < 1 and 0 < μ_1 ≤ μ_2, μ^′_2 ≤^ν_2 <^1_2 be constants such that 5ϵ_0(^ν_2 ) + f(ν) ≤^α_4 ,^{ϵ0( ν2 )}_{2m(μ2)} ≥ μ_1,^{ϵ0( ν2 )}_{2m(μ′2)} ≥ μ_1 and^{ϵ0( ν2 )}_{2m(ϵ0(} ν_{2 ))} ≥ max{μ_2, μ^′_2}. For q_0(n) ≤ q^′ ≤ q_3(n) let C(n, q^′, α, μ_1, μ_2, μ^′_2, ν) denote the set of all graphs G = (V_n, E) in Forb^∗_n(C_5) that contain a (μ_1, ν)-regular pair (Q_1, Q_2) of disjoint sets Q_1 and Q_2 such that q_0(n) ≤ |Q_1| ≤ q_3(n) and |Q_2| = q^′ for which there exists an r(μ_2, ν)-set R and an r(μ^′_2, ν)-set R^′ of Q_1 such that |R| ≥ ( 1 2 − α)n, |R^′| ≥ ( 1 2 − α)n and |R ∩ R^′| ≤ ( 1 2 − 3α)n. Then for n sufficiently large log |C(n, q^′, α, μ_1, μ_2, μ^′_2, ν)| |Forb^∗_{n−q}′(C_5)| ≤ ( 1 2 − α 2 )q^′n for all q_0(n) ≤ q^′ ≤ q_3(n).

Proof. Construct all graphs in C(n, q^′, α, μ_1, μ_2, μ^′_2, ν) as follows. First choose the set Q_2 and a graph without induced C_5 on V_n \ Q_2 (at most (_n q^′ ) |Forb^∗_{n−q}′(C_5)| ways). Then choose edges inside Q_2, the set Q_1 and appropriate r-sets R = ⋃ R_i and R^′ =

⋃ R^′_i (less than 2^{q′q′} · n^{q3 (n)} · n^{2n} ways). As in the proof of Lemma 8.2.14 we observe that no ϵ_0(^ν_2 )-uniform partition of a set R_i or R^′_i with Q_2 may contain a (ϵ_0(^ν_2 ), ν)- regular pair. Hence, the number of ways to connect Q_2 to R ∪ R^′ is bounded by (cf. Lemma 8.2.11) 2^{(4ϵ0( ν2 )+f(ν))q′ (|R|+|R′ |)}. Finally, connect Q_2 to V_n \ (Q_2 ∪ R ∪ R^′) (at most 2^{q′(n−|R|−|R′|+|R∩R′ |)} ways). Together this gives log |C(n, q^′, α, μ_1, μ_2, μ^′_2, ν)| |Forb^∗_{n−q}′(C_5)| ≤ q^′ log n + q^′q^′ + q_3(n) log n + 2n log n

+ (4ϵ_0( ν 2 ) + f(ν))q^′(|R| + |R^′|) + q^′(n − |R| − |R^′| + |R ∩ R^′|) ≤ ( 1 2 − α 2 )q^′n, for n sufficiently large, independently of q_0(n) ≤ q^′ ≤ q_3(n). � Proof of Lemma 8.2.8. Let ν = δ and choose constants μ_1 ≤ μ_2 ≤ μ_3 ≤ μ_4 ≤ μ_5 ≤^ν_4 such that the following inequalities hold simultaneously: μ_i 2m(μ_i) ≥ μi−1 for i = 2, . . . , 5, μ_1 ≤^{ϵ0( ν2 )}_{2m(μ2)} ≤^{ϵ0( ν2 )}_{2m(μ3)} and μ_3 ≤^{ϵ0 ( ν2 )}_{2m(μ4 )} ≤^{ϵ0( ν2 )}_{2m(μ5 )} ,

μ_2 ≤ μ_3 ≤^{ϵ0( ν2 )}_{2m(ϵ0(} ν_{2 ))} and μ_4 ≤ μ_5 ≤^{ϵ0( ν4 )}_{2m(ϵ0(} ν_{4 ))} , ϵ ≤ μ_2. Obviously, this can be done, if ϵ is sufficiently small compared to δ = ν. Define the Y_i-sets as follows: Y_i(n, q^′) = A(n, q^′, α, μ_{1+i}, ν) for i = 1, 2, Y_i(n, q^′) = A(n, q^′, α, μ_{1+i}, ν 2 ) for i = 3, 4, Y_5(n, q^′) = B(n, q^′, α, μ_1, μ_2, ν), Y_6(n, q^′) = B(n, q^′, α, μ_3, μ_4, ν 2 ), Y_i(n, q^′) = C(n, q^′, α, μ_1, μ_2, μ_{i−5}, ν) for i = 7, 8, and Y_i(n, q^′) = C(n, q^′, α, μ_3, μ_4, μ_{i−5}, ν) for i = 9, 10.

It is not difficult to check that the above assumptions on the constants imply that the conditions of Lemma 8.2.12, 8.2.14 and 8.2.15 hold. (Recall that ϵ_0(δ) ≤ δ for all δ and observe that the assumption of the lemma on δ implies that 5ϵ_0(^ν_2 ) + f(ν) ≤^α_8 and 5ϵ_0(^ν_4 ) + f(^ν_2 ) ≤^α_8 .) This in turn shows that the Y_i-sets satisfy condition ii) and iii) of Theorem 8.2.6.

To see the structural result let G = (V_n, E) be an arbitrary graph in Forb^∗_n(C_5) \ ⋃_{10} i=1 ⋃_{q3 (n)} q^′ =q_0 (n) Yi(n, q ′), let (Q_1, Q_2) be a (μ_1, ν)-regular pair of q-sets Q_1, Q_2 ⊆ V_n such that q_1(n) ≤ |Q_1|, |Q_2| ≤ q_3(n) and let R_i = ⋃ j∈I_i Γij denote the sets defined in the

lemma. Since G ∉ Y_5(n, q^′) Lemma 8.2.14 implies that |R_i| ≤ (^1_2 + α)n. To prove the existence of the sets S_i we show as a first step:

(∗) There exist sets S_i ⊆ R_i, i = 1, 2 such that

- |S_i| ≥ (^1_2 − 7α)n, and

- if S̃ ⊆ S_i with q_0(n) ≤ |S̃| ≤ q_3(n), then every μ_2-uniform partition of (Q_i, S̃) contains a (μ_2, ν)-regular pair and every μ_3-uniform partition of (Q_i, S̃) contains a (μ_3, ν)-regular pair.

And secondly,

(∗∗) Every such pair of sets S_1 and S_2 as defined in (∗) satisfies |S_1 ∩ S_2| ≤ q_1(n).

To see (∗) it obviously suffices to prove the existence of S_1. Observe that by definition R_1 is an r(μ_2, ν)-set of Q_1 and that |R_1| ≥ (1 − μ_2)|I_i|^{|Γ(Q1)|−|Q2|}_{ki} and hence by Lemma 8.2.12 |R_1| ≥ (^1_2 −α)n. Call a subset A of R_1 “bad” of type I (of type II), if there exists a μ_2-uniform partition (a μ_3-uniform partition) of (Q_1, A) which contains no (μ_2, ν)- regular pair (no (μ_3, ν)-regular pair). Let A_1, . . . , A_l be a collection of pairwise disjoint subsets of R_1 which are bad of type I such that | ⋃_l i=1 A_i| is maximal. Apply Lemma 8.2.12 to the partition A_1, . . . , A_l, R_1 \ ⋃_l i=1 A_i, Γ(Q_1) \ R_1 of Γ(Q_1): there exists an r(μ_2, ν)-set R^′_1 of size at least (^1_2 −α)n such that R^′_1 ∩ ⋃_l i=1 A_i = ∅. By Lemma 8.2.15 we know in addition that |R_1 ∩ R^′_1| ≥ (^1_2 − 3α)n. Similarly, if B_1, . . . , B_l′ is a collection of pairwise disjoint subsets of R_1 which are bad of type II such that | ⋃_l′ i=1 B_i| is maximal, then there exists an r(μ_3, ν)-set R^{′′}_1 of size at least (^1_2 − α)n such that R^{′′}_1 ∩ ⋃_l′ i=1 B_i = ∅ and |R_1 ∩ R^{′′}_1 | ≥ (^1_2 − 3α)n. Hence, |R_1| ≤ (^1_2 + α)n (cf. Lemma 8.2.14) implies that |R_1 \ (⋃_l i=1 A_i ∪ ⋃_l′ i=1 B_i ) | ≥ (^1_2 − 7α)n and that therefore R_1 \ (⋃_l i=1 A_i ∪ ⋃_l′ i=1 B_i ) is the required set S_1.

To see (∗∗) assume the contrary, i.e. assume that there exists a set S̃ ⊆ S_1 ∩ S_2 of size q_1(n) ≤ |S̃| ≤ q_3(n). Since S̃ ⊆ S_1 every μ_2-uniform partition of (Q_1, S̃) contains a (μ_2, ν)-regular pair. Let (A, Ã) be such a pair. Since Ã ⊆ S_2 every μ_3-uniform partition of (Q_2, Ã) contains a (μ_3, ν)-regular pair. Let (B, B̃) be such a pair. Then by choice of the constants μ_i the three pairs (A, B̃), (B̃, B), and (A, B) are all (ϵ_0(^ν_2 ),^ν_2 )-regular, which is by Lemma 8.2.10 impossible.

Combining (∗) and (∗∗) we conclude that there exist sets S_i ⊆ R_i which fulfill conditions i) and ii) of the lemma and the second condition of (∗). It remains to be shown that they also satisfy condition iii) of the lemma. Therefore, let us assume that (P_1, P_2) is an (ϵ, δ)-regular pair, i.e. by choice of μ_2 in particular also a (μ_2, ν)-regular pair, of q-sets P_1, P_2 ⊆ S_1. By choice of S_1 every μ_3-uniform partition of (P_i, Q_1) contains a (μ_3, ν)-regular pair, say (A_i, B_i). Observe now that the five pairs (A_1, A_2), (A_1, B_1), (A_2, B_2), (B_1, Q_2) and (B_2, Q_2) are all (μ_3,^ν_2 )-regular. At this point note that the proof of (∗) and (∗∗) implies that (∗) and (∗∗) hold also if we replace μ_1 by μ_3, μ_2 by μ_4, μ_3 by μ_5, ν by^ν_2 , and the set R_1 by the analogously defined set. However, this then shows that the sets A_1, A_2, B_1, B_2 and Q_2 induce sets T_1, . . . , T_5 each of size approximately^n_2 such that |T_1 ∩ T_5| and |T_i ∩ T_{i+1}| are o(n) for all i = 1, . . . , 5, which is an obvious contradiction. �

8.2.3.2 Proof of Lemma 8.2.9

The main tool in the proof of Lemma 8.2.9 is the following lemma which bounds the number of ways in which two graphs G_1 and G_2 of special structure can be connected without creating an induced C_5.

Lemma 8.2.16 Let 0 < ϵ < δ <^1_4 and q, s ∈ N be constants such that 6δ+f(3ϵ) <^1_{100}. Furthermore let G_1 = (A ∪ B ∪ C, E_1) and G_2 = (S ∪ T, E_2) be two graphs without induced C_5 such that |A| = |B| = |C| = q, |S| = |T | = s, (B, C) is (ϵ, 2δ)-sparse, the pairs (A, B), (A, C) are (ϵ, 2δ)-dense and (S, T ) is (ϵ, δ)-dense. Then the number of ways to connect G_1 and G_2 such that the resulting graph contains no induced C_5 is bounded from above by 2^{(6− 16 )qs}, for q, s sufficiently large.

Proof. We distinguish two types of connections. First assume that there exist ϵ|S| many vertices v ∈ S such that (∗) |Γ(v) ∩ B| > 1 4 |B|, |A \ Γ(v)| > 1 4 |A| and |C \ Γ(v)| > 1 4 |C|. Then at least one of these vertices, say v_0, must have a neighborhood T_0 of size at least (1 − δ − ϵ)|T | in T . Observe now that no vertex x in T_0 may fulfill the following three conditions simultaneously: · |(A \ Γ(v_0)) \ Γ(x)| ≥ 3ϵ|A|, · |(B ∩ Γ(v_0)) \ Γ(x)| ≥ 3ϵ|B|, · |(C \ Γ(v_0)) ∩ Γ(x)| ≥ 3ϵ|C|. (Otherwise the regularity and density assumptions on the pairs (A, B), (A, C) and (B, C) would imply the existence of a vertex v_A ∈ (A \ Γ(v_0)) \ Γ(x) such that the intersections of Γ(v_A) with the sets B^′ = (B ∩ Γ(v_0)) \ Γ(x) and C^′ = (C \ Γ(v_0)) ∩ Γ(x) would have size at least (1 − 2δ − ϵ)|B^′| ≥ ϵ|B| and (1 − 2δ − ϵ)|C^′| ≥ ϵ|C|, respectively, which in turn would guarantee the existence of an induced C_5.) Hence, this case occurs for q, s sufficiently large at most 2^{3q|S|} · 2^{3q(δ+ϵ)|T |} · [ 3 (_{3ϵq} ∑ i=0 ( q i )) 2^{114 q} ]_{(1−δ−ϵ)|T |} ≤ 2^{(6− 14 +3(δ+ϵ)+f(3ϵ))qs}

< 2^{(6− 16 )qs}

times. Secondly, if ϵ|S| many vertices which satisfy (∗) do not exist in S, the number of ways to connect G_1 and G_2 is for q, s sufficiently large obviously bounded by ϵ|S|∑

i=0 ( |S| i ) · 2^{3qϵ|S|} · 3 1 4 q∑ i=0 ( q i ) 2^{2q} |S| · 2^{3q|T |} ≤ 2^{(5+3ϵ+f(ϵ)+f( 14 ))qs}

< 2^{(6− 16 )qs}.

(To see the last inequality, recall that f(^1_4 ) = −(^1_4 log^1_4 +^3_4 log^3_4 ) + 10^{−10} = 0.811 . . ..) �

Lemma 8.2.17 Let 0 < α <^1_2 and 0 < ϵ < δ <^1_4 be constants such that 6δ + f(3ϵ) < 1 100 and 4ϵ + f(δ) ≤^α_{15} . For q_0(n) ≤ q^′ ≤ q_3(n) let D(n, q^′, α, ϵ, δ) denote the set of all graphs G = (V_n, E) in Forb^∗_n(C_5) that contain a set S_1 with |S_1| ≥ (^1_2 − 8α)n such that either G or Ḡ satisfies the following properties:

i) S_1 contains no (ϵ, δ)-regular pair of q-sets,

ii) there exist pairwise disjoint sets A_1, A_2, A_3 ⊆ S_1 such that |A_1| = |A_2| = |A_3| = q^′, (A_1, A_2) and (A_1, A_3) are (ϵ, 2δ)-dense, and (A_2, A_3) is (ϵ, 2δ)-sparse, and

iii) there exist pairwise disjoint q-sets B_{ij} in V_n \ S_1, i = 1, 2, j = 1, . . . , l such that |B_{1j}| = |B_{2j}| for all j = 1, . . . , l, ∑ i,j |B_{ij}| ≥ 300αn and all pairs (B_{1j}, B_{2j}) are (ϵ, δ)-dense.

Then for n sufficiently large log |D(n, q^′, α, ϵ, δ)| |Forb^∗_{n−3q}′(C_5)| ≤ 3( 1 2 − α 5 )q^′n for all q_0(n) ≤ q^′ ≤ q_3(n).

Proof. Construct all graphs in D(n, q^′, α, ϵ, δ) as follows. First decide whether to construct G or Ḡ (2 ways), choose the sets A_1, A_2, A_3 (less than (_n q^′ )_3 ways), choose edges inside A_1 ∪A_2 ∪A_3 (less than 2^{9q′q′} ways) and an appropriate graph on V_n \(A_1 ∪ A_2 ∪ A_3) (at most |Forb^∗_{n−3q}′(C_5)| ways). Then choose the set S_1 and the sets B_{ij} (less than 2^n · n^n ways). Finally, connect A_1 ∪ A_2 ∪ A_3 to the remaining vertices. To do this observe that if Ã is an arbitrary subset of size |Ã| = q^′ of S_1 \ (A_1 ∪ A_2 ∪ A_3) the number of ways to connect a set A_i with Ã is by Lemma 8.2.11 bounded by 2^{(4ϵ+f(δ))q′ q′} — since no ϵ-uniform partition of (A_i, Ã) may contain a (ϵ, δ)-regular pair. Hence, the number of ways to connect A_1 ∪ A_2 ∪ A_3 to S_1 is bounded by 2^{3(4ϵ+f(δ))q′n}. By Lemma 8.2.16 the number of ways to connect A_1 ∪ A_2 ∪ A_3 to ⋃ i,j B_{ij} is bounded by 2^{(6− 16 )q′ 12} ∑ i,j |B_{ij} | ≤ 2875αq^′n. Finally, the number of ways to connect A_1 ∪ A_2 ∪ A_3 to V_n \ (S_1 ∪ ⋃ i,j B_{ij} ) is bounded by 2^{3q′( 12 +8α−300α)n} ≤ 2^{32 q′n−876αq′n}. Together this gives log |D(n, q^′, α, ϵ, δ)| |Forb^∗_{n−3q}′(C_5)| ≤ 1 + 3q^′ log n + 9q^′q^′ + n + n log n

+ 3(4ϵ + f(δ))q^′n + 875αq^′n + 3 2 q^′n − 876αq^′n ≤ 3( 1 2 − α 5 )q^′n, for n sufficiently large, independently of q_0(n) ≤ q^′ ≤ q_3(n). �

Proof of Lemma 8.2.9. Without loss of generality assume that ϵ is sufficiently small so that Lemma 8.2.8 holds and that 6δ + f(3ϵ) <^1_{100} and 4ϵ + f(δ) ≤^α_{15} . Set Y_{11}(n, q^′) = D(n, q^′, α, ϵ, δ). Lemma 8.2.9 is then an immediate corollary of Lemma 8.2.8 and Lemma 8.2.17. (To see this observe that if S_i contains a (μ, δ)-dense pair (A_1, A_2) and a (μ, δ)-sparse pair (B_1, B_2), where μ is some constant such that^{1−ϵ}_{m(ϵ)} ·ϵ ≥ μ and μ ≤ δ, then every ϵ-uniform refinement of (A_1, A_2; B_1, B_2) gives rise to a (ϵ, 2δ, P_2)- or a (ϵ, 2δ, P̄_2)-subgraph.) �

8.2.3.3 Some auxiliary lemmas

Proposition 8.2.18 Let ϵ, δ, ϵ^′ > 0 be constants such that (1 − ϵ)^3(1 − δ) > 1 − ϵ^′ and let (A, B) be a bipartite graph such that d(A, B) < 1 − ϵ^′. Then every ϵ-uniform partition of (A, B) contains an (ϵ, δ)-regular pair or an (ϵ, δ)-sparse pair.

Proof. Assume that there exists an ϵ-uniform partition of (A, B) into 2(k + 1) parts such that all ϵ-regular pairs are (ϵ, δ)-dense. Then obviously e(A, B) > (1 − ϵ)k^2 ( (1 − δ) (1 − ϵ)|A| k (1 − ϵ)|B| k ) > (1 − ϵ^′)|A||B|, which is a contradiction. � A similar result holds for bipartite graphs which are not too sparse.

Proposition 8.2.19 Let ϵ, δ, ϵ^′ > 0 be constants such that 3ϵ + δ < ϵ^′ and let (A, B) be a bipartite graph such that d(A, B) > ϵ^′. Then every ϵ-uniform partition of (A, B) contains an (ϵ, δ)-regular pair or an (ϵ, δ)-dense pair. �

Lemma 8.2.20 Let 0 < ν < ϵ^′ < 1 be constants. There exist constants ϵ, μ > 0 and m_0, n_0 ∈ N such that the following is true: If G = (V, E) is a graph and V = A ∪ B ∪ C is a partition of the vertex set with n_0 ≤ n = |A| ≤ |B|, |C| such that G contains neither a (μ, ν)-regular pair of size at least^n_{m0} nor a (μ, 2ν, P_2)-subgraph of size at least^n_{m0} and |Γ(v) ∩ A| ≥ (1 − ϵ)n for all v ∈ B ∪ C then d(B, C) > 1 − ϵ^′. Proof. Choose constants ϵ, ϵ_1, ϵ_2, ϵ_3, μ > 0 such that the following inequalities hold:

1 − ϵ^′ < (1 − ϵ_1)^3(1 − ν) and ϵ_1 ≤ μ

(8.2.1)

3ϵ_2 + ν < 1 − ϵ · m(ϵ_1) 1 − ϵ_1 and ϵ_2 ≤ μ

(8.2.2)

3ϵ_3 + ν < 1 − ϵ · m(ϵ_1) 1 − ϵ_1 · m(ϵ_2) 1 − ϵ_2 and ϵ_3 ≤ μ

(8.2.3)

1 − ϵ_2 m(ϵ_2) · 1 − ϵ_3 m(ϵ_3)

· μ > ϵ_1 and 2ν ≥ ν + ϵ_1

(8.2.4)

1 − ϵ_3 m(ϵ_3)

· μ > ϵ_2 and 1 − 2ν ≤ 1 − ν − ϵ_2

(8.2.5) μ ≥ ϵ_3. (8.2.6) To see that this can be done, choose for example μ = ϵ_3 with 3ϵ_3 + ν < 1 arbitrarily. Then choose ϵ_2 and ϵ_1 such that (8.2.5), (8.2.4) and (8.2.1) hold. Next choose ϵ such that (8.2.2) and (8.2.3) hold. We claim that for these ϵ, ϵ^′, μ and ν together with^1_{m0} =^{1−ϵ1}_{m(ϵ1 )}^{1−ϵ2}_{m(ϵ2)}^{1−ϵ3}_{m(ϵ3)} and n_0 sufficiently large the lemma holds. Assume the contrary, i.e. assume that G = (V, E) and V = A ∪ B ∪ C satisfy the assumptions of the lemma, but d(B, C) ≤ 1 − ϵ^′. Without loss of generality we may assume that n = |A| = |B| = |C|. By Proposition 8.2.18 and assumption (8.2.1) every ϵ_1-uniform partition of (B, C) contains a (ϵ_1, ν)-sparse pair (B^′, C^′). Note that |B^′| = |C^′| ≥ 1−ϵ_1 m(ϵ_1) n. Consider an arbitrary subset A

′ ⊆ A of size |B^′|. By assumption we know that d(B^′, A^′) ≥^{|B′ |(|A′|−ϵn)} |B^′ ||A^′| ≥ 1 − ϵ m(ϵ_1 ) 1−ϵ_1 . Hence Proposition 8.2.19 and assumption

(8.2.2) guarantee the existence of subsets A^{′′} ⊆ A^′ and B^{′′} ⊆ B^′ of size |A^{′′}| = |B^{′′}| ≥ 1−ϵ_2 m(ϵ_2) |A ′| such that (A^{′′}, B^{′′}) is (ϵ_2, ν)-dense. Let C^{′′} be an arbitrary subset of C^′ of size |C^{′′}| = |A^{′′}|. Then d(C^{′′}, A^{′′}) ≥^{|C′′|(|A′′|−ϵn)}_{|C′′ ||A′′ |} ≥ 1 − ϵ^{m(ϵ1 )}_{1−ϵ1}^{m(ϵ2 )}_{1−ϵ2} and hence again by Proposition 8.2.19 and assumption (8.2.3) there exist subsets A^{′′′} ⊆ A^{′′} and C^{′′′} ⊆ C^{′′} of size |A^{′′′}| = |C^{′′′}| ≥^{1−ϵ3}_{m(ϵ3)} |A^{′′}| such that (A^{′′′}, C^{′′′}) is (ϵ_3, ν)-dense. Now observe that (8.2.4)-(8.2.6) imply that for every subset B^{′′′} of B^{′′} of size |B^{′′′}| = |A^{′′′}| the sets A^{′′′}, B^{′′′} and C^{′′′} form a (μ, 2ν, P_2)-subgraph, which is a contradiction. � Corollary 8.2.21 Let 0 < ν < ϵ^′ < 1 be constants. There exist constants ϵ, μ > 0 and m_0, n_0 ∈ N such that the following is true: If G = (V, E) is a graph and V = A ∪ B ∪ C is a partition of the vertex set with n_0 ≤ n = |A| ≤ |B|, |C| such that G contains neither a (μ, ν)-regular pair of size at least^n_{m0} nor a (μ, 2ν, P_2)-subgraph of size at least^n_{m0} then

i) |Γ(v) ∩ A| ≥ (1 − ϵ)n for all v ∈ B ∪ C implies d(B, C) > 1 − ϵ^′, and

ii) |Γ(v) ∩ A| ≥ (1 − ϵ)n for all v ∈ B and |Γ(v) ∩ A| ≤ ϵn for all v ∈ C implies d(B, C) < ϵ^′. Proof. As in the proof of Lemma 8.2.20 it can be shown that every system of constants that satisfy (8.2.4)–(8.2.6) and 3ϵ_1 + ν < ϵ^′ and ϵ_1 ≤ μ

(8.2.7)

3ϵ_2 + ν < 1 − ϵ · m(ϵ_1) 1 − ϵ_1 and ϵ_2 ≤ μ

(8.2.8) ϵ · m(ϵ_1) 1 − ϵ_1 · m(ϵ_2) 1 − ϵ_2

< (1 − ϵ_3)^3(1 − ν) and ϵ_3 ≤ μ

(8.2.9)

implies the validity of ii) for every graph G satisfying the assumptions of the corollary. To conclude the proof it suffices to observe that (8.2.1)–(8.2.9) can be fulfilled simultaneously. �

8.2.3.4 Proof of Theorem 8.2.2

Roughly speaking, the remaining part of the proof of Theorem 8.2.2 runs as follows. First we choose appropriate constants α, δ_1, δ_2 and ϵ and define Z(n) to be the set of all those C_5-free graphs which do not lie in any of the 22 Y_i-sets given by Lemma 8.2.9 with respect to α, δ_1 and ϵ and α, δ_2 and ϵ, respectively. Secondly we define additional exceptional sets E(n), F(n) G(n), H(n), and I(n) and show that they are asymptotically negligible, i.e. satisfy condition iii) of Theorem 8.2.6. In a final step we then show that all graphs in Z(n) \ (E(n) ∪ F(n) ∪ G(n) ∪ H(n) ∪ I(n)) are generalized split graphs, i.e. that condition i) of Theorem 8.2.6 is fulfilled with respect to the 22 Y_i-sets and the E-, F-, G-, H-, and I-sets. This then clearly concludes the proof of Theorem 8.2.2.

Let α =^1_{17} 10^{−10}, ϵ^′ = 10^{−9} and ν be constants such that ν < ϵ^′ and^5_2 ν + f(ν) ≤^α_{15} . Let ϵ_0 and μ_0 be the constants guaranteed by Corollary 8.2.21 with respect to ν and ϵ^′. Choose constants μ ≤ ϵ ≤ δ_2 ≤ δ_1 ≤^1_2 such that Lemma 8.2.9 can be applied to α, δ_1 and ϵ and to α, δ_2 and ϵ, respectively and such that the following inequalities hold simultaneously (notice that some of these inequalities, which will be used further on, are redundant):

δ_1 = ν

(8.2.10) ϵ ≤ μ_0 (8.2.11) 4ϵ + 2δ_2 ≤^1_2 ϵ^′

(8.2.12) 6μ + 2δ_2 <^1_2 10^{−10}ϵ^′

(8.2.13) 3ϵ + δ_2 ≤^1_2 10^{−10}ϵ^′

(8.2.14) ϵ + δ_2 < ϵ_0

(8.2.15) μ ≤^{1−ϵ}_{m(ϵ)} ϵ. (8.2.16)

Define Z(n) = Forb^∗_n(C_5) \ 11⋃ i=1 q_3(n)⋃

q=q_0 (n) Y_i(n, q) ∪ Y^′_i (n, q) , where the Y_i- and Y^′_i-sets are the sets of Lemma 8.2.9 with respect to α, δ_1, ϵ and α, δ_2, ϵ, respectively.

By Lemma 8.2.9 there exist constants μ^′_1, μ^′_2, ν^′ with respect to α, δ_1 and ϵ and constants μ^{′′}_1 , μ^{′′}_2 , ν^{′′} with respect to α, δ_2 and ϵ. Let κ = min{μ^′_1, μ^{′′}_1 } and λ = max{ν^′, ν^{′′}}. Then the following is true: If G = (V, E) is a graph in Z(n) then either in G or in Ḡ every (κ, λ)-regular pair of q-sets (Q_1, Q_2) has disjoint s-sets S_1 and S_2 such that · |S_1|, |S_2| ≥ (^1_2 − 17α)n = (^1_2 − 10^{−10})n,

· S_1 and S_2 do not contain an (ϵ, δ_2)-regular pair (and thus no (ϵ, δ_1)-regular pair),

· the number of ways to choose an S_i set is bounded from above by ∑_{18αn} i=0 (_( 1_{2 +α)n} i ) ≤ 2^{f(36α)( 12 +α)n} ≤ 2^{4·10−9n}, for n sufficiently large,

· S_1 does not contain an (ϵ, 2δ_1, P_2)-subgraph (and thus no (ϵ, 2δ_2, P_2)-subgraph),

· If B_{ij} , i = 1, 2, j = 1, . . . , l are pairwise disjoint q-sets in S_2 such that |B_{1j}| = |B_{2j}| and (B_{1j} , B_{2j}) is (ϵ, δ_1)-sparse for all j = 1, . . . , l then ∑ i,j |B_{ij}| ≤ 300αn ≤ 300 17 10^{−10}n ≤ 2 · 10^{−9}n.

In the following we call such sets S_1 and S_2 s_1-set and s_2-set, respectively.

Now partition Z(n) into parts W(n) and Z(n) \ W(n) such that W(n) consists of those graphs G in Z(n) where G has the above properties. Thus for all graphs G in Z(n) \ W(n) the complement Ḡ has the above properties. In the following we consider without loss of generality only the class W(n).

The next two lemmas show that in S_1 every (μ, δ_2)-dense pair of q-sets (A, B) induces a set C^′(A, B) which is in some sense “close” to a clique.

Lemma 8.2.22 Let G = (V_n, E) be a graph in W(n), let S_1 ⊆ V_n be an s_1-set in G and let (A, B) be a (μ, δ_2)-dense pair of q-sets with |A| = |B| contained in S_1. Then for n sufficiently large the following is true:

The sets C = A ∪ B ∪ {v ∈ S_1 \ (A ∪ B) | |Γ(v) ∩ (A ∪ B)| ≥ (2 − 4ϵ − 2δ_2)|A|} and C^′ = C^′(A, B) = {v ∈ C | |C \ Γ(v)| ≤ ϵ^′n and |Γ(v) ∩ (S_1 \ C)| ≤ ϵ^′n} satisfy |(A ∪ B) ∩ C^′| ≥ 1 4 |A|. Proof. Let q = |A| = |B| and let X denote the set X = {v ∈ S_1 | (4ϵ + 2δ_2)q ≤ |Γ(v) ∩ (A ∪ B)| ≤ (2 − 4ϵ − 2δ_2)q}. We will show (∗) |X| ≤ q. By bounding e(A ∪ B, C \ (A ∪ B)) from above and from below, and by making use of (8.2.12), we see that the definition of C together with (∗) implies that |{v ∈ A ∪ B | |C \ Γ(v)| ≥ ϵ^′(|C| − 2q)}| ≤ 4ϵ + 2δ_2 ϵ^′ q ≤ 1 2 q and |{v ∈ A ∪ B | |Γ(v) ∩ (S_1 \ (C ∪ X))| ≥ ϵ^′ 2 |S_1 \ (C ∪ X)|}| ≤ 4ϵ + 2δ_2 ϵ^′ 2 q ≤ q, which completes the proof of the lemma.

Proof of (∗). Let n be sufficiently large and assume there exists a subset X^′ ⊆ X of size q. Consider an ϵ-uniform partition of (A ∪ B, X^′) into 3(k + 1) parts, which is an ϵ-uniform refinement of (A, B; X^′). There certainly exists a X_{i0} which is contained in at most 2ϵk many ϵ-irregular pairs. Since by definition of W(n) none of the pairs is (ϵ, δ_2)-regular, there exists A_{j0} such that (A_{j0} , X_{i0} ) is either (ϵ, δ_2)-dense or (ϵ, δ_2)- sparse. We consider only the case that (A_{j0} , X_{i0}) is (ϵ, δ_2)-dense. The other case can be treated similarly. If there exists a B_{j1} such that (B_{j1} , X_{i0} ) is (ϵ, δ_2)-sparse, A_{j0} , B_{j1} and X_{i0} form a (ϵ, 2δ_2, P_2)-subgraph (cf. assumption (8.2.16)), which is a contradiction. Otherwise all pairs (B_j , X_{i0} ) are (ϵ, δ_2)-dense or ϵ-irregular. In particular at least one of the pairs, say (B_{j2} , X_{i0} ), would be (ϵ, δ_2)-dense. Repeating the argument from above we conclude that all pairs (A_j, X_{i0} ) and (B_j , X_{i0} ) have to be (ϵ, δ_2)-dense or ϵ-irregular. Hence,

|Γ(X_{i0} ) ∩ (A ∪ B)| ≥ (2k − 2ϵk)(1 − δ_2)|X_{i0} ||A_j| ≥ 2(1 − ϵ)^2(1 − δ_2)|X_{i0} |q,

contradicting the definition of X^′ ⊆ X. �

Lemma 8.2.23 Let G = (V_n, E) be a graph in W(n), let S_1 ⊆ V_n be an s_1-set in G and let (A_i, B_i) be (μ, δ_2)-dense pairs of q-sets of size at least q_2(n) contained in S_1 in such a way that the set ⋃ i C^′(A_i, B_i) is maximal. (Here C^′(A_i, B_i) denotes the set defined in Lemma 8.2.22.) Then the sets S^C_1 := ⋃ i C^′(A_i, B_i) and S^R_1 := S_1 \ S^C_1 satisfy:

All but at most 10^{−10}n vertices of S^R_1 have degree at most ϵ^′n in S_1.

Proof. Without loss of generality we may assume that |S^R_1 | ≥ 10^{−10}n. We will show:

i) all but at most^1_2 10^{−10}n vertices of S^R_1 have degree at most^{ϵ′}_2 |S^R_1 | in S^R_1 , and

ii) if |S^C_1 | ≥ q_3(n) then all but at most^1_2 10^{−10}n vertices of S^R_1 have degree at most ϵ^′|S^C_1 | in S^C_1 .

Clearly, i) and ii) imply the statement of the lemma.

To see i) observe that S^R_1 may neither contain a (μ, δ_2)-dense pair of size at least q_2(n) (cf. the assumption on the maximality of ⋃ i C^′(A_i, B_i) and Lemma 8.2.22) nor a (μ, δ_2)-regular pair (cf. the definition of S_1). Therefore for n sufficiently large we can easily bound the number of edges in S^R_1 :

|E(G[S^R_1 ])| ≤ (3μ + δ_2) ( |S^R_1 | 2 ) . This now immediately implies that the number of vertices in S^R_1 with degree at least ϵ^′ 2 |S^R_1 | in S^R_1 is bounded from above by^{3μ+δ2}_ϵ′_2 |S^R_1 |, which implies i) by the choice of the constants (cf. assumption (8.2.13)).

To see ii) observe that if |S^C_1 | ≥ q_3(n) then for all sufficiently large n there either exists a set C ⊆ S^C_1 of size^1_4k̃q_2(n) and a subset D ⊆ S^R_1 of size k̃q_2(n) for some constant k̃ which will be determined later such that d(C, D) > 1 2 10^{−10}ϵ^′

or we have

e(S^R_1 , S^C_1 ) ≤ 1 2 10^{−10}ϵ^′|S^R_1 ||S^C_1 | and therefore |{v ∈ S^R_1 | |Γ(v) ∩ S^C_1 | > ϵ^′|S^C_1 |}| ≤ 1 2 10^{−10}ϵ^′|S^R_1 ||S^C_1 | ϵ^′|S^C_1 | = 1 2 10^{−10}|S^R_1 |.

So the only thing left is to show that the existence of a set C and a set D leads to a contradiction. Apply Proposition 8.2.19 (recall that by assumption (8.2.14) 3ϵ + δ_2 ≤ 1 2 10^{−10}ϵ^′) to (C, D) to obtain an (ϵ, δ_2)-dense pair (C̃, D̃) with |C̃| ≥^{1−ϵ}_{m(ϵ)} |C| and |D̃| ≥^{1−ϵ}_{m(ϵ)} |D|. Hence (cf. assumption (8.2.15)) D^′ = {v ∈ D̃ | |Γ(v) ∩ C̃| ≥ (1 − ϵ_0)|C̃|} satisfies |D^′| ≥ (1 − ϵ)|D̃| ≥ 1 2 |D̃|. Split D^′ into two equally large sets D^′_1 and D^′_2. By Corollary 8.2.21 we have d(D^′_1, D^′_2) > 1 − ϵ^′. Hence (D^′_1, D^′_2) contains by Proposition 8.2.19 a (μ, δ_2)-dense pair (D^{′′}_1 , D^{′′}_2 ) of size |D^{′′}_i | ≥ 1 − μ m(μ) · 1 2 · 1 2 · 1 − ϵ m(ϵ) k̃q_2(n) ≥ q_2(n),

for an appropriate chosen constant k̃. This concludes the proof of ii). � The next lemma essentially shows that almost all C_5-free graphs have the property that any four vertices that are contained in some “almost clique” have a large neighborhood or nonneighborhood in S_2.

Lemma 8.2.24 Let E(n) denote the set of all graphs G = (V_n, E) in W(n) that contain a (κ, λ)-regular pair of q-sets (Q_1, Q_2) and associated s-sets S_1 and S_2 such that there exist a vertex v ∈ V_n, a set X ⊆ V , four vertices v_1, v_2, v_3, v_4 ∈ S_1 and associated (μ, δ_2)-dense pairs (A_i, B_i) of q-sets so that the following conditions hold:

i) |X| ≥ 10^{−5}n and X = S_2, X = Γ(v) ∩ S_2 or X = S_2 \ Γ(v),

ii) for all 1 ≤ i ≤ 4 one has that v_i ∈ C^′(A_i, B_i) or |Γ(v_i) ∩ S_1| ≤ ϵ^′n,

iii) the set N = {u ∈ X | u ∈ Γ(v_1) ∩ Γ(v_2) and u ∉ Γ(v_3) ∪ Γ(v_4)}

satisfies |N| ≤ 10^{−8}n. Then for n sufficiently large log |E(n)| |Forb^∗_{n−4}(C_5)| ≤ 4( 1 2 − 10^{−8})n.

Proof. Construct all graphs in E(n) as follows. First choose the vertices v_1, v_2, v_3, v_4 and v (less than n^5 ways), choose an appropriate graph on V_n \ {v_1, v_2, v_3, v_4} (at most |Forb^∗_{n−4}(C_5)| ways). Then choose appropriate q-sets Q_1 and Q_2 and s-sets S_1 and S_2 (less than (_n q_3(n)

)_2

· 2^{8·10−9n} ways). Finally, connect the v_i to the remaining vertices. To do this choose first the sets A_i and B_i (at most (_n q_3 (n)

)_8 ways) and connect the v_i to S_1 (at most 2^{8f(ϵ′)n} ≤ 2^{3·10−7n} ways, cf. the definition of the sets C^′(A_i, B_i)). Next decide whether X equals S_2, S_2 ∩ Γ(v) or S_2 \ Γ(v) (3 choices), choose the set N and connect the v_i to X \ N (at most 10^{−8}n (_n 10^{−8}n ) · 15^{|X|−|N|} ≤ 2^{3·10−7n+(4− 111 )|X|} ways). Finally, connect the v_i to V_n \ (S_1 ∪ X) (at most 2^{4(n−|S1|−|X|)} ≤ 2^{4(( 12 +10−10)n−|X|)} ways). Together this gives log |E(n)| |Forb^∗_{n−4}(C_5)| ≤ 5 log n + 2q_3(n) log n + 8 · 10^{−9}n + 8q_3(n) log n + log 3

+ 6 · 10^{−7}n + (4 − 1 11 )|X| + 4(( 1 2 + 10^{−10})n − |X|)

≤ 4( 1 2 − 10^{−8})n,

for n sufficiently large. �

Lemma 8.2.25 Let F(n) denote the set of all graphs G = (V_n, E) in W(n) that contain a (κ, λ)-regular pair of q-sets (Q_1, Q_2) and associated s-sets S_1 and S_2 such that the following properties are fulfilled. There exist three vertices v_1, v_2, v_3 ∈ V_n, a set W ⊆ S_1 of size |W | = 10^{−10}n such that G[S_1 \ W ] forms a partition into pairwise disjoint cliques and for all j = 1, 2, 3 either Γ(v_j) ∩ (S_1 \ W ) = ∅ or Γ(v_j) induces a maximal clique in S_1 \ W , and such that the set

N = {w ∈ S_2 | w ∈ Γ(v_1) and w ∉ Γ(v_2) ∪ Γ(v_3)}

satisfies |N| ≤ 10^{−5}n. Then for n sufficiently large log |F(n)| |Forb^∗_{n−3}(C_5)| ≤ 3( 1 2 − 10^{−4})n.

Proof. Construct all graphs in F(n) as follows. First choose the vertices v_1, v_2, v_3 (less than n^3 ways), choose an appropriate graph on V_n \ {v_1, v_2, v_3} (at most |Forb^∗_{n−3}(C_5)| ways). Then choose appropriate q-sets Q_1 and Q_2 and s-sets S_1 and S_2 (less than (_n q_3(n)

)_2

· 2^{8·10−9n} ways). Finally, connect the v_i to the remaining vertices. To do this choose first the set W (at most 2^{f(10−10)n} ≤ 2^{4·10−9} ways) and connect the v_i to S_1\W (at most n^3 ways). Then connect the v_i to W ∪(V_n \(S_1 ∪S_2)) (at most 2^{3(3·10−10)n} ≤ 2^{10−9n} ways). Next choose the set N and connect the v_i to S_2 \ N (at most 10^{−5}n (_n 10^{−5}n ) · 7^{|S2|−|N|} ≤ 2^{2·10−4n+(3− 110 )|S2|} ways).

Together this gives log |F(n)| |Forb^∗_{n−3}(C_5)| ≤ 3 log n + 2q_3(n) log n + 13 · 10^{−9}n + 2 · 10^{−4}n + (3 − 1 10 )|S_2| ≤ 3( 1 2 − 10^{−2})n,

for n sufficiently large. �

Lemma 8.2.26 Let G(n) denote the set of all graphs G = (V_n, E) in W(n) that contain a (κ, λ)-regular pair of q-sets (Q_1, Q_2) and associated s-sets S_1 and S_2 such that there exist three vertices a_1, a_2, a_3 ∈ V_n with

|Γ(a_j) ∩ S_2| ≤ 10^{−5}|S_2| or |Γ(a_j ) ∩ S_2| ≥ (1 − 10^{−5})|S_2| for all j = 1, 2, 3

so that at least one of the following two conditions is satisfied:

i) {a_1, a_2}, {a_1, a_3} ∈ E, {a_2, a_3} ∉ E and V_n \ S_2 contains^1_{26} n pairwise disjoint edges,

ii) {a_1, a_2}, {a_1, a_3} ∉ E, {a_2, a_3} ∈ E and V_n \ S_2 contains^1_{26} n pairwise disjoint non-edges.

Then for n sufficiently large log |G(n)| |Forb^∗_{n−3}(C_5)| ≤ 3( 1 2 − 10^{−4})n.

Proof. Construct all graphs in G(n) as follows. First choose the vertices a_1, a_2 and a_3 (less than n^3 ways) and choose an appropriate graph on V_n \ {a_1, a_2, a_3} (at most |Forb^∗_{n−3}(C_5)| ways). Then choose appropriate q-sets Q_1 and Q_2 and s-sets S_1 and S_2 (less than (_n q_3 (n)

)_2

· 2^{8·10−9n} ways). Finally, connect a_1, a_2, a_3 to the remaining vertices. To do this observe first that there are by assumption at most 2^{3(1+f(10−5)n)} ≤ 2^{6·10−4n} ways to connect {a_1, a_2, a_3} to S_2. Next observe that there are only 2^6 − 2 ≤ 2^{3(2− 170 )} ways to connect a P_2 (a P̄_2) to an edge (nonedge). Hence, if condition i) or ii) is satisfied there are at most 2^{3(2− 170 ) 126 n} · 2^{3(n−|S2|−2 126 n)} ≤ 2^{( 32 −10−3)n} ways to connect a_1, a_2, a_3 to V_n \ S_2. Together this gives log |G(n)| |Forb^∗_{n−3}(C_5)| ≤ 3 log n + 2q_3(n) log n + 8 · 10^{−9}n + 6 · 10^{−4}n

+ 1 + ( 3 2 − 10^{−3})n

≤ 3( 1 2 − 10^{−4})n,

for n sufficiently large. � Let G = (V, E) be a graph. A set W ⊆ V is called homogeneous, iff W induces in G either a clique or a stable set.

Let H(n) denote the set of all graphs G = (V_n, E) in Forb^∗_n(C_5) for which the vertex set V_n can be partitioned into two sets V_n = V_1 ∪ V_2 such that V_1 as well as V_2 induce either in G or in Ḡ a partition into pairwise disjoint cliques and at least one of the following three conditions is satisfied: (1) |V_1| ≥ (^1_2 + 10^{−10})n,

(2) V_1 contains a homogeneous set of size at least^1_{26} n and V_2 contains a homogeneous set of size at least (^1_2 − 10^{−4})n,

(3) either in G or in Ḡ the set V_1 contains 10^{−10}n pairwise disjoint edges and V_2 contains 10^{−10}n pairwise disjoint induced P_2’s.

Lemma 8.2.27 For all sufficiently large n: log |H(n)| |Forb^∗_{n−1}(C_5)| ≤ − 1 30 n log n. Proof. Let H_1(n) denote the set of all graphs G = (V_n, E) in H(n) for which condition (1) is true, let H_2(n) denote the set of all graphs G = (V_n, E) in H(n) for which condition (1) is not true, but condition (2) is true, and let H_3(n) denote the set H_3(n) = H(n) \ (H_1(n) ∪ H_2(n)).

The number of graphs in H_1(n) is easily bounded as follows: |H_1(n)| ≤ 4 (^1_2 −10^{−10})n ∑ i=0 ( n i ) i^i(n − i)^{n−i}2^{i·(n−i)} ≤ 4n2^nn^{2n}2^{( 12 −10−10)( 12 +10−10)n2}

≤ 2^{14 n2} ,

for n sufficiently large.

Secondly, construct all graphs in H_2(n) as follows. First choose a partition V = V_1 ∪ V_2 (2^n ways) and decide for both V_1 and V_2 whether to construct G[V_i] or G[V_i], respectively (4 ways). To construct the partition of V_1 observe that the condition that V_1 should contain a homogeneous set of size at least^1_{26} n implies that we have to partition V_1 in such a way that either one class has size at least^1_{26} n or we have at least^1_{26} n classes. Hence, the number of ways to partition V_1 is for n sufficiently large bounded by (here B_n denotes the n-th Bell number) |V_1|∑

i=^1_{26} n ( |V_1| i ) B_{|V1|−i} + |V_1|∑

i=^1_{26} n ( |V_1| i ) i^{|V1|−i} ≤ 2n2^n · 2^{(|V1|− 126 n) log n} ≤ 2^{( 12 − 127 )n log n}.

Similarly, the number of ways to partition V_2 is bounded by

2^{2·10−4n log n}.

Finally, connect V_1 and V_2 (at most 2^{n24} ways). Hence, for n sufficiently large

|H_2(n)| ≤ 2^{n24 + n2 log n− 128 n log n}.

Thirdly, construct all graphs in H_3(n) as follows. First choose a partition V = V_1 ∪ V_2 (2^n ways), decide for both V_1 and V_2 whether to construct G[V_i] or G[V_i], respectively (4 ways), and partition V_1 and V_2 into cliques (less than n^n ways). Let X_i denote the set of pairwise disjoint edges (induced P_2’s, respectively) in V_i. Next choose the edges in (V_1 × V_2) \ (X_1 × X_2) (less than 2^{14 n2−|X1 ||X2|} ways). Finally, choose edges in X_1 × X_2: As there are only 2^6 − 2 ≤ 2^{6(1− 1140 )} ways to connect an edge with a P_2 without generating an induced C_5 this can be done in at most 2^{(1− 1140 )|X1||X2 |} ways. Together, this gives for n sufficiently large

|H_3(n)| ≤ 2^n · 4 · n^n · 2^{14 n2− 1140 10−20n2} ≤ 2^{14 n2} .

Therefore we have for n sufficiently large

|H(n)| ≤ |H_1(n)| + |H_2(n)| + |H_3(n)| ≤ 2^{n24 + n2 log n− 129 n log n}.

On the other hand, S(n) ⊆ Forb^∗_n(C_5) and hence by Lemma 8.2.4 for all sufficiently large n |Forb^∗_{n−1}(C_5)| ≥ |S(n − 1)| ≥ 2^{n24 + n2 log n−n log ln n} and therefore log |H(n)| |Forb^∗_{n−1}(C_5)| ≤ ( n^2 4 + n 2 log n − 1 29 n log n) − ( n^2 4 + n 2 log n − n log ln n) ≤ − 1 30 n log n, for n sufficiently large. � As a last step we show that almost all C_5-free graphs contain a (κ, λ)-regular pair of q-sets.

Let I(n) denote the set of all graphs G = (V_n, E) in Forb^∗_n(C_5) which contain no (κ, λ)-regular pair of size between q_0(n) and q_3(n).

Lemma 8.2.28 For all sufficiently large n: log |I(n)| |Forb^∗_{n−1}(C_5)| ≤ − 1 3 n log n. Proof. Similarly as in the proof of Lemma 8.2.27 it certainly suffices to show that |I(n)| ≤ 2^{n24} . To see this construct all graphs in I(n) as follows. First partition the vertex set V_n into classes of size a_i with q_0(n) ≤ a_i ≤ q_3(n) (at most n^n ways). Then choose the edges contained in one class (less than 2^{q3(n)2 nq}3^{(n)} ways). Finally, choose the edges between two classes. By Lemma 8.2.11 there are at most m(κ)( n q0(n) 2 ) ·

2^{(4κ+f(λ))} ∑ i<j a_ia_j ≤ 2^{n2}_{q0(n)} · 2(4κ+f(λ))(^n_2) ways to do this. This concludes the proof of

the Lemma. � Observe that Lemma 8.2.22 - 8.2.26 can also be proved for the class Z(n) \ W(n) instead of the class W(n). Let E^′(n), F^′(n) and G^′(n) denote the corresponding sets.

In order to complete the proof of Theorem 8.2.2 by applying Theorem 8.2.6 we only have to verify that the twentytwo Y_i-families together with the E-, E^′-, F-, F^′-, G-, H-, and I-sets satisfy the conditions of Theorem 8.2.6. As we have already checked that ii) and iii) hold for all these sets, it only remains to be shown that condition i) is satisfied as well. This is done in our last lemma.

Lemma 8.2.29 For all sufficiently large n: Z(n) \ (E(n) ∪ E^′(n) ∪ F(n) ∪ F^′(n) ∪ G(n) ∪ G^′(n) ∪ H(n) ∪ I(n)) ⊆ S(n). Proof. Let G = (V_n, E) be an arbitrary graph in Z(n) \ (E(n) ∪ E^′(n) ∪ F(n) ∪ F^′(n) ∪ G(n) ∪ G^′(n) ∪ H(n) ∪ I(n)). Since G is not in I(n) there exists a (κ, λ)-regular pair of q-sets, say (Q_1, Q_2). Let S_1 and S_2 be the s-sets associated with this pair (Q_1, Q_2). Observe that it may be the case that also S_2 forms an s_1-set and S_1 an s_2-set with respect to Ḡ. If this is the case we assume without loss of generality that G[S_2] contains a larger clique than Ḡ[S_1]. We henceforth also assume that S_1 and S_2 form s-sets with respect to G.

Now choose (μ, δ_2)-dense pairs (A_i, B_i) of q-sets of size at least q_2(n) contained in S_1 in such a way that the set ⋃ i C^′(A_i, B_i) is maximum. Note that this set may be empty.

Here C^′(A_i, B_i) denotes the set defined in Lemma 8.2.22. With respect to these sets A_i and B_i define three sets R_1, R_2 and R_3 as follows:

R_1 := {v ∈ S_1 \ ⋃ i C^′(A_i, B_i) | |Γ(v) ∩ S_1| ≤ ϵ^′n},

R_2 := { v ∈ V_n \ ( ⋃ i C^′(A_i, B_i) ∪ R_1) | |Γ(v) ∩ S_2| ≥ 10^{−5}|S_2| and

|Γ(v) ∩ S_2| ≤ (1 − 10^{−5})|S_2| } and R_3 := { v ∈ V_n \ ( ⋃ i C^′(A_i, B_i) ∪ R_1) | |Γ(v) ∩ S_2| < 10^{−5}|S_2| or

|Γ(v) ∩ S_2| > (1 − 10^{−5})|S_2| } . As G is not in E(n) we easily conclude that ⋃ i C^′(A_i, B_i) ∪ R_1 is a union of pairwise disjoint cliques: it suffices to show that ⋃ i C^′(A_i, B_i)∪R_1 can not contain three vertices a_1, a_2, a_3 such that {a_1, a_2}, {a_1, a_3} ∈ E(G) but {a_2, a_3} ∉ E(G). This however follows from the fact that G ∉ E(n) as S_2 can not contain two sets of size 10^{−8}n which are not connected by an edge.

Similarly, the fact that G ∉ E(n) implies that every vertex v ∈ R_2 can be connected to at most one clique in ⋃ i C^′(A_i, B_i) ∪ R_1, and if v is connected to some vertex of a clique in ⋃ i C^′(A_i, B_i) ∪ R_1 it has to be connected to all vertices of this clique. As by Lemma 8.2.23

(∗) |S_1 \ ( ⋃ i C^′(A_i, B_i) ∪ R_1)| ≤ 10^{−10}n the fact that G ∉ F(n) implies that ⋃ i C^′(A_i, B_i) ∪ R_1 ∪ R_2 is a union of pairwise disjoint cliques.

Observe also that (∗) implies that ⋃ i C^′(A_i, B_i) ∪ R_1 contains^1_{26} n pairwise disjoint edges or^1_{26} n pairwise disjoint non-edges. Furthermore, the fact that G ∉ G(n) implies that if ⋃ i C^′(A_i, B_i) ∪ R_1 contains^1_{26} n pairwise disjoint edges then R_3 forms a union of pairwise disjoint cliques and if ⋃ i C^′(A_i, B_i) ∪ R_1 contains^1_{26} n pairwise disjoint nonedges then R_3 forms a union of pairwise disjoint cliques. As G ∉ H(n), this implies that | ⋃ i C^′(A_i, B_i) ∪ R_1 ∪ R_2| ≤ (^1_2 + 10^{−10})n and hence |R_3 ∩ S_2| ≥ |R_3| − |V_n \ (S_1 ∪ S_2)| − |R_3 ∩ S_1| ≥ (^1_2 − 4 · 10^{−10})n. If ⋃ i C^′(A_i, B_i) ∪ R_1 contains^1_{26} n pairwise disjoint edges and^1_{26} n pairwise disjoint non-edges then R_3 induces either a clique or a stable set in G. By the assumption on S_2 the later is impossible. Therefore, in this case we have that G ∈ S(n). For the remaining cases we certainly may assume that S_1 contains a homogeneous set of size at least^1_{26} n. First assume that R_3 forms a union of pairwise disjoint cliques. Then |R_3 ∩ S_2| ≥ (^1_2 − 4 · 10^{−10})n together with the assumption on S_2 implies that R_3 contains a clique of size (^1_2 − 10^{−4})n which contradicts the fact that G ∉ H(n). So we may assume now that R_3 forms a union of pairwise disjoint cliques. If R_3 does not contain 10^{−10}n pairwise disjoint induced P_2’s then (cf. the assumption on S_2) R_3 would contain a clique of size (^1_2 − 10^{−4})n – again contradicting the fact that G ∉ H(n). Hence, we may assume that R_3 contains 10^{−10}n pairwise disjoint induced P_2’s. In this case the fact that G ∉ H(n) implies that ⋃ i C^′(A_i, B_i) ∪ R_1 ∪ R_2 contains less than 10^{−10}n pairwise disjoint edges and hence S_1 contains a stable set of size at least (^1_2 − 4 · 10^{−10})n. As R_2 ∩ S_2 = ∅ (cf. the assumption on S_2) we can at this point conclude that S_2 and S_1 form also an s_1-set, respectively an s_2-set with respect to Ḡ. By our general assumption in the beginning of the proof this implies that S_2 contains a clique of size at least (^1_2 − 4 · 10^{−10})n, again contradicting the fact that G ∉ H(n). This completes the proof of Lemma 8.2.29. �

As remarked before Lemma 8.2.29, this completes the proof of Theorem 8.2.2.

168 CHAPTER 8. APPLICATIONS IN GRAPH THEORY

Appendix A

Some Useful Inequalities

Cauchy-Schwarz inequality. (_n ∑ k=1 |a_kb_k| )_2 ≤ (_n ∑ k=1 a^2_k ) · (_n ∑ k=1 b^2_k ) .

Defect form of the Cauchy-Schwarz inequality. Let m ≤ n and δ ∈ R such that ∑_m k=1 x_k =^m_n ∑_n k=1 x_k + δ. Then n∑ k=1 x^2_k ≥ 1 n (_n ∑ k=1 x_k )_2 + δ^2n m(n − m) .

Stirling’s formula. For all sufficiently large n: 1 ≤ n! (2πn)^12 n^ne^{−n}

≤ e^{112n} .

Markov’s inequality. Let X be a random variable such that X ≥ 0 and t > 0 be a real number. Then Prob [X ≥ t] ≤

IE[X] t .

Chebyshev’s inequality. Let X be a random variable and t > 0 be a real number. Then Prob [|X − IE[X]| ≥ t] ≤ Var[X] t^2 .

Power series of the logarithm. For all −1 < x < 1:

ln(1 − x) = −[x + x^2 2 + x^3 3 + x^4 4 + . . . ].

170 APPENDIX A. SOME USEFUL INEQUALITIES

We close this section with a collection of inequalities which are applied frequently,

partly without further reference, throughout this thesis.

• ln(1 + x) ≤ x for all −1 < x < 1.

• −^x_{1−x} ≤ ln(1 − x) ≤ −x for all 0 ≤ x < 1. • ∑_k i=0 (_a i ) · (_b k−i ) = (_{a+b} k ) for all a, b, k ∈ N. • (_a b−x )(_c d+x ) ≤ (_a b )(_c d ) for all integers 1 ≤ x ≤ b ≤ a ≤ d ≤ c such that bc ≤ ad. • (_{a−x} b ) · (_a b )_{−1} ≤ e^{− xba} for all a, b, x ≥ 0. • (_{a+x} b ) · (_a b )_{−1} ≤ e^{xba−b} and (_{a+x} b ) · (_a b )_{−1} ≤ e^{x ln a} for all a, b, x ≥ 0.

Appendix B

Tails of the Binomial Distribution

In dealing with the probabilistic method, one often needs good bounds on large deviations. Of particular importance are bounds for the tails of a binomial distribution, as such distributions arise very naturally for a large variety of combinatorial problems. For small deviations such estimates are given by the well-known De-Moivre-Laplace limit theorem. Here we concentrate on large deviations and give a self-contained and short proof of the Bernstein inequality, often also called Chernoff-Inequality, in remembrance of Chernoff’s seminal paper [18].

Theorem B.1 (Bernstein’s Inequalities) Let X be a random variable with binomial distribution B(n, p). Then for all a > 0:

Prob [X < np − a] ≤ e^{− 12 a2np} and Prob [X > np + a] ≤ e^{− 12 a2np + 12 a3n2p2} .

An important special case of Theorem B.1 is the case a = ϵnp which we state separately.

Corollary B.2 Let X be a random variable with binomial distribution B(n, p). Then for all 0 < ϵ < 1:

Prob [X < (1 − ϵ)np] ≤ e^{− 12 ϵ2np} and Prob [X > (1 + ϵ)np] ≤ e^{− 12 ϵ2(1−ϵ)np}.

In particular, for all 0 < ϵ ≤^1_2 such that ϵ^2np > 20: Prob [|X − np| > ϵnp] ≤ e^{− 15 ϵ2np}. � Proof of Theorem B.1. Following Alon, Spencer (1992) let Y_1, . . ., Y_n be independent identically distributed random variables with Prob [Y_i = 1 − p] = p and Prob [Y_i = −p] = 1 − p, and let Y = ∑_n i=1 Y_i. Then X − np and Y have the same distribution. It thus suffices to show that

Prob [Y < −a] ≤ e^{− 12 a2np} and Prob [Y > a] ≤ e^{− 12 a2np + 12 a3n2p2} .

Due to the unsymmetry of the binomial distribution we have to treat the two inequalities separately. We first bound Prob [Y > a]. By the Markov inequality we obtain for any constant λ

Prob [Y > a] = Prob [e^{λY} > e^{λa}]

172 APPENDIX B. TAILS OF THE BINOMIAL DISTRIBUTION

≤ IE[e^{λY} ] e^{λa} = e^{−λa} · n∏ i=1 IE[e^{λYi} ] = e^{−λa} · [ pe^{λ(1−p)} + (1 − p)e^{−λp} ]_n = e^{−λ(a+np)} · [ pe^λ + (1 − p) ]_n . Now let λ = ln(1 +^a_{pn} ) (this is not the best choice for λ, but it keeps the calculations reasonably simple) and recall that x −^1_2 x^2 ≤ ln(1 + x) ≤ x for all x > 0. Then

Prob [Y > a] ≤ e^{−(a+np) ln(1+ apn )} · [ 1 + a n ]_n

≤ e^{−(a+np)( apn − 12 a2p2 n2 )+a} = e^{− 12 a2pn + 12 a3p2 n2} .

The second inequality follows similarly. Prob [Y < −a] = Prob [e^{−λY} > e^{λa}] ≤ IE[e^{−λY} ] e^{λa} = e^{λ(np−a)} · [ pe^{−λ} + (1 − p) ]_n . As for all 0 < λ < 1 we have

pe^{−λ} + (1 − p) = 1 + p(e^{−λ} − 1) ≤ e^{p(e−λ −1)} ≤ e^{p((1−λ+ 12 λ2)−1)} = e^{−pλ+ 12 pλ2} we obtain for λ =^a_{pn} : Prob [Y < −a] ≤ e^{λ(np−a)−λpn+ 12 λ2pn} = e^{− 12 a2pn} . �

171

172 APPENDIX B. TAILS OF THE BINOMIAL DISTRIBUTION

Bibliography

[1] Alekseev, V.E.: On the entropy values of hereditary classes of graphs, Diskret. Math. 4, 148–157, 1992; English translation in: Discrete Math. Appl. 3 (1992), 191–199.

[2] Alon, N. and Spencer, J.H.: The Probabilistic Method, John Wiley & Sons, New York, 1992.

[3] Benson, C.T.: Minimal regular graphs of girths eight and twelve, Canad. J. Math. 18, 1091–1094, 1966.

[4] Berge, C.: Färbungen von Graphen, deren sämtliche bzw. deren ungerade Kreise starr sind, Wiss. Z. Martin-Luther-Univ. Halle-Wittenberg Math.-Natur. Reihe 10, 114–115, 1961.

[5] Bollobás, B.: Extremal Graph Theory, Academic Press, New York, London, 1978. [6] Bollobás, B.: Counting coloured graphs of high connectivity, Canad. J. Math. 33, 476– 484, 1981.

[7] Bollobás, B.: Random Graphs, Academic Press, London, 1985.

[8] Bollobás, B.: The chromatic number of random graphs, Combinatorica 8, 49–55, 1988. [9] Bollobás, B.: Random graphs revisited, Proceedings of Symposia in Applied Mathematics 44, 81–97, 1991.

[10] Bollobás, B.: Random graphs, Proceedings of Symposia in Applied Mathematics 44, 1–20, 1991.

[11] Bollobás, B. and Erdős, P.: On the structure of edge graphs, Bull. London Math. Soc. 5, 317–321, 1973.

[12] Bollobás, B., Erdős, P., and Simonovits, M.: On the structure of edge graphs II, J.

London Math. Soc. 12, 219–224, 1976.

[13] Bollobás, B. and Thomason, A.: Threshold functions, Combinatorica 7, 35–38, 1986. [14] Bollobás, B. and Thomason, A.: Hereditary and monotone properties of graphs, to appear.

[15] Bondy, J.A. and Simonovits, M.: Cycles of even length in graphs, J. Combin. Theory Ser. B 16, 97–105, 1974.

[16] Boppana, R. and Spencer, J.: A useful elementary correlation inequality, J. Combin.

Theory Ser. A 50, 305–307, 1989.

[17] Catlin, P.A.: Hajós’ graph-coloring conjecture: variations and counterexamples, J. Combin. Theory Ser. B 26, 268–274, 1979.

[18] Chernoff, H.: A measure of the asymptotic efficiency for tests of a hypothesis based on the sum of observations, Ann. Math. Stat. 23, 493–509, 1952.

[19] Chung, F.R.K.: Improved separators for planar graphs, Graph Theory, Combinatorics, and Applications 1, 265–270, 1991.

[20] Chvátal, V. and Szemerédi, E.: On the Erdős-Stone Theorem, J. London Math. Soc. 2, 207–214, 1981.

[21] Chvátal, V. and Szemerédi, E.: Notes on the Erdős-Stone Theorem, Ann. Discrete Math. 17, 183–190, 1983.

[22] De Bruijn, N.G.: Asymptotic Methods in Analysis, North-Holland Publishing, Amsterdam, 1958.

[23] Descartes, B.: A three color problem, Eureka, 1948.

[24] Dirac, G.A.: A property of 4-chromatic graphs and some remarks on critical graphs, J.

London Math. Soc. 27, 85–92, 1952.

174 BIBLIOGRAPHY

[25] Dyer, M.E. and Frieze, A.M.: The solution of some random NP-hard problems in polynomial expected time, J. Algorithms 10, 451–489, 1989.

[26] Erdős, P.: Some remarks on the theory of graphs, Bull. Austral. Math. Soc. 53, 292–294, 1947.

[27] Erdős, P.: Graph theory and probability II, Canad. J. Math. 13, 346–352, 1961. [28] Erdős, P.: Extremal problems in graph theory, in: Theory of Graphs and Applications (M. Fiedler, ed.), Publ. House Czechoslovak Acad. Sci., Prag, 29–36, 1964.

[29] Erdős, P.: Some of my old and new combinatorial problems, in: Paths, Flows, and VLSI-Layout (B. Korte, L. Lovász, H.J. Prömel and A. Schrijver, eds.), Algorithms and Combinatorics 9, Springer-Verlag Berlin Heidelberg, 35–45, 1990.

[30] Erdős, P. and Fajtlowicz, S.: On the conjecture of Hajós, Combinatorica 1, 141–143, 1981.

[31] Erdős, P., Frankl, P., and Rödl, V.: The asymptotic number of graphs not containing a fixed subgraph and a problem for hypergraphs having no exponent, Graphs Combin. 2, 113–121, 1986.

[32] Erdős, P. and Gallai, T.: On maximal paths and circuits of graphs, Acta Math. Acad.

Sci. Hungar. 10, 337–356, 1959.

[33] Erdős, P., Kleitman, D.J., and Rothschild, B.L.: Asymptotic enumeration of K_n-free graphs, in: International Colloquium on Combinatorial Theory, Atti dei Convegni Lincei 17, Vol. 2, Rome, 19–27, 1976.

[34] Erdős, P. and Rényi, A.: On random graphs I, Publ. Math. Debrecen 6, 290–297, 1959.

[35] Erdős, P. and Rényi, A.: On the evolution of random graphs, Publ. Math. Inst. Hungar.

Acad. Sci. 5, 17–61, 1960.

[36] Erdős, P. and Rényi, A.: On the evolution of random graphs, Bull. Inst. Int. Statist.

Tokyo 38, 343–347, 1961.

[37] Erdős, P. and Rényi, A.: On the strength of connectedness of a random graph, Acta Math. Acad. Sci. Hungar. 12, 26–267, 1961.

[38] Erdős, P. and Simonovits, M.: A limit theorem in graph theory, Studia Sci. Math.

Hung. 1, 51–57, 1966.

[39] Erdős, P. and Simonovits, M.: Some extremal problems in graph theory, in: Combinatorial Theory and its Applications (P. Erdős, et al., eds.), North Holland, Amsterdam, 1970.

[40] Erdős, P. and Simonovits, M.: An extremal graph problem, Acta Math. Acad. Sci.

Hungar. 22, 275–282, 1971.

[41] Erdős, P. and Simonovits, M.: Compactness results in extremal graph theory, Combinatorica 2, 275–288, 1982.

[42] Erdős, P. and Stone, A.H.: On the structure of linear graphs, Bull. Amer. Math.

Soc. 52, 1089–1091, 1946.

[43] Erdős, P. and Szekeres, G.: A combinatorial problem in geometry, Compositio Math. 2, 463–470, 1935.

[44] Fortuin, C.M., Kasteleyn, P.N., and Ginibre, J.: Correlation inequalities on some partially ordered sets, Commun. Math. Physics 22, 89–103, 1971.

[45] Frankl, P. and Rödl, V.: The uniformity lemma for hypergraphs, Graphs Combin. 8, 309–312, 1992.

[46] Garey, M.R. and Johnson, D.S.: The complexity of near-optimal graph coloring, J.

Assoc. Comput. Mach. 23, 43–49, 1976.

[47] Grötschel, M., Lovász, L., and Schrijver, A.: The ellipsoid method and its consequences in combinatorial optimization, Combinatorica 1, 169–197, 1981.

BIBLIOGRAPHY 175

[48] Gustedt, J. and Steger, A.: Testing hereditary properties efficiently, Forschungsinstitut für Diskrete Mathematik, Universiät Bonn, 1993.

[49] Hajós, G.: Über eine Konstruktion nicht n-färbbarer Graphen, Wiss. Z. Martin-Luther- Univ. Halle-Wittenberg Math.-Natur. Reihe 10, 116–117, 1961.

[50] Hayward, R.: Weakly triangulated graphs, J. Combin. Theory Ser. B 39, 200–209, 1985.

[51] Hundack, C., Prömel, H.J., and Steger, A.: Extremal graph problems for graphs with a color-critical vertex, Combinatorics, Probability & Computing, 1993; to appear.

[52] Janson, S., Łuczak, T., and Ruciński, A.: An exponential bound for the probability of nonexistence of a specified subgraph in a random graph, in: Random Graphs ’87 (M. Karoński, J. Jaworski, A. Ruciński, eds.), John Wiley & Sons Ltd, Chichester, 73–87, 1990.

[53] Kleitman, D.J. and Rothschild, B.L.: Asymptotic enumeration of partial orders on a finite set, Trans. Amer. Math. Soc 205, 205–220, 1975.

[54] Kleitman, D.J. and Winston, K.J.: On the number of graphs without 4-cycles, Discrete Math. 41, 167–172, 1982.

[55] Kolaitis, Ph.G., Prömel, H.J., and Rothschild, B.L.: K_{l+1}-free graphs: asymptotic structure and a 0 − 1 law, Trans. Amer. Math. Soc. 303, 637–671, 1987.

[56] Kővari, T., Sós, V.T., and Turán, P.: On a problem of Zarankiewicz, Colloquium Math. 3, 50–57, 1954.

[57] Kučera, L.: Graphs with small chromatic numbers are easy to color, Inform. Process.

Lett. 30, 233–236, 1989.

[58] Lamken, E. and Rothschild, B.L.: The number of odd-cycle-free graphs, in: Finite and Infinite Sets (A. Hajnal, L.Lovász and V.T. Sós, eds.), Colloq. Math. Soc. János Bolyai 37, Noth-Holland, Amsterdam, 547–553, 1984.

[59] Lawler, E.L.: A note on the complexity of the chromatic number problem, Inform.

Process. Lett. 5, 66–67, 1976.

[60] Łuczak, T.: On the equivalence of two basic models of random graphs, in: Random Graphs ’87 (M. Karoński, J. Jaworski, A. Ruciński, eds.), John Wiley & Sons Ltd, 151–157, 1990.

[61] Łuczak, T.: A note on the sharp concentration of the chromatic number, Combinatorica 11, 295–297, 1991.

[62] Mantel, W.: Problem 28, soln. by H. Gouwentak, W. Mantel, J. Teixeira de Mattes, F.

Schuh and W.A. Wythoff, Wiskundige Opgaven 10, 60–61, 1907.

[63] Prömel, H.J.: Almost bipartite-making graphs, in: Random graphs ’87 (M. Karoński, J. Jaworski and A. Ruciński, eds.), 275–282, 1990.

[64] Prömel, H.J. and Steger, A.: Excluding induced subgraphs: quadrilaterals, Random Struct. Alg. 2, 55–71, 1991.

[65] Prömel, H.J. and Steger, A.: Excluding induced subgraphs III: a general asymptotic, Random Struct. Alg. 3, 19–31, 1992.

[66] Prömel, H.J. and Steger, A.: Almost all Berge graphs are perfect, Combinatorics, Probability & Computing 1, 53–79, 1992.

[67] Prömel, H.J. and Steger, A.: Coloring clique-free graphs in linear expected time, Random Struct. Alg. 3, 375–402, 1992.

[68] Prömel, H.J. and Steger, A.: The asymptotic number of graphs not containing a fixed color-critical subgraph, Combinatorica 12, 463–473, 1992.

[69] Prömel, H.J. and Steger, A.: Random l-colorable graphs, Forschungsinstitut für Diskrete Mathematik, Universität Bonn, 1993.

176 BIBLIOGRAPHY

[70] Prömel, H.J. and Steger, A.: Counting H-free graphs, Forschungsinstitut für Diskrete Mathematik, Universität Bonn, 1993.

[71] Prömel, H.J. and Steger, A.: Excluding induced subgraphs II: extremal graphs, Discrete Appl. Math. 44, 283–294, 1993.

[72] Prömel, H.J. and Steger, A.: On the asymptotic structure of sparse triangle-free graphs, Forschungsinstitut für Diskrete Mathematik, Universität Bonn, 1993.

[73] Read, R.C.: The number of k-coloured graphs on labelled nodes, Canad. J. Math. 12, 410–414, 1960.

[74] Scheinermann, E.R. and Zito, J.: On the size of hereditary classes of graphs, to appear. [75] Sidorenko, A.F.: Asymptotic solution for a new class of forbidden r-graphs, Combinatorica 9, 207–215, 1989.

[76] Simonovits, M.: A method for solving extremal problems in graph theory, stability problems, in: Theory of Graphs (P. Erdős, G. Katona, eds.), Academic Press, New York, 279–319, 1968.

[77] Simonovits, M.: Extremal graph problems with symmetrical extremal graphs. Additional chromatic conditions, Discrete Math. 7, 349–376, 1974.

[78] Simonovits, M.: Extremal graph theory, in: Selected Topics in Graph Theory 2 (L.W.

Beineke, R.J. Wilson, eds.), Academic Press, London, 161–200, 1983. [79] Spencer, J.: Threshold functions for extension statements, J. Combin. Theory Ser. A 53, 286–305, 1990.

[80] Steger, A.: Die Kleitman-Rothschild Methode, Universität Bonn, 1990. [81] Szemerédi, E.: Regular partitions of graphs, in: Problémes en combinatoire et théorie des graphes, C.N.R.S., Paris, 399–401, 1978.

[82] Turán, P.: Egy gráfelméleti szélsőértékfeladatról, Mat. Fiz. Lapok 48, 436–452, 1941. [83] Turán, P.: On the theory of graphs, Colloq. Math. 3, 19–30, 1954. [84] Turner, J.S.: Almost all k-colorable graphs are easy to color, J. Algorithms 9, 63–82, 1988.

[85] Wenger, R.: Extremal graphs with no C^4’s, C^6’s, or C^{10}’s, J. Combin. Theory Ser. B 52, 113–116, 1991.

[86] Wilf, H.S.: Backtrack: an O(1) expected time algorithm for the graph coloring problem, Inform. Process. Lett. 18, 119–121, 1984.

[87] Zykov, A.A.: On some properties of linear complexes (in Russian), Mat. Sbernik N.S. 24, 163–188, 1949; English translation in: American Math. Soc. Transl. 79 (1972).