Phase transitions in the evolution of partial orders

Hans Jürgen Prömel^1 Angelika Steger^2 Anusch Taraz^3

September 23, 1999

Abstract

We determine the approximate number of partial orders with a fixed number of comparable pairs, give a complete description of the evolution of partial orders and prove that infinitely many phase transitions occur. This answers questions posed by Dhar, Kleitman, and Rothschild 20 years ago.

1 Introduction and Results

Let P_n be the set of all labeled partial orders with point set [n] = {1, . . ., n}. In 1970, Kleitman and Rothschild [3] first gave the following bound:

log_2 |P_n| = 1 4 n^2 + O(n^{3/2} log_2 n). (1)

A few years later [4], they were able to give a considerably sharper estimate, namely

log_2 |P_n| = 1 4 n^2 + 3 2 n + O(log_2 n). (2)

The proofs of these results are considered to be the pioneers of what has become known as the Kleitman–Rothschild–method. Its underlying principle can be stated in very rough terms as follows. Find a subclass Q_n ⊆ P_n that on the one hand has a nice structure and can therefore be enumerated easily. On the other hand it should be so large that |Q_n| is a good approximation for |P_n|.

1Institut für Informatik, Humboldt–Universität zu Berlin, 10099 Berlin, Germany, proemel@informatik.hu-berlin.de Research supported in part by DFG-project Pr 296/4-2 2Institut für Informatik, Technische Universität München, 80290 München, Germany,

steger@in.tum.de

3Institut für Informatik, Humboldt–Universität zu Berlin, 10099 Berlin, Germany,

taraz@informatik.hu-berlin.de

Here Kleitman and Rothschild chose Q_n so that it contained only 3-layer partial orders – these are partial orders whose point set can be partitioned into three antichains X_1, X_2, X_3 such that no point in X_1 is above any element of X_2, no point in X_2 is above any element of X_3, and every point in X_1 is below every point in X_3. One of the particularly appealing features of this technique is that it also proves that the proportion of partial orders in P_n that are 3-layer partial orders tends to one as n tends to infinity – in other words, almost all partial orders are 3-layer partial orders. Results of this type describe the so–called global structure of a set. They state what properties we can expect from a typical (or randomly chosen) element of the set.

The evolution of a random object (chosen from a certain set) usually denotes the following ‘experiment’: choose a ‘time’–parameter of the objects in the set and consider only one ‘slice’ of the set, namely only those objects where the parameter is equal to a fixed value. What is the global structure of this slice and what is its cardinality? How do global structure and cardinality evolve when the time–parameter increases? Finally, does this evolution consist of several distinct phases, and, if so, where do phase transitions occur?

When considering the evolution of partial orders, it seems natural to choose the number of comparable pairs as time–parameter. The proof in [4] immediately implies that a typical partial order in |P_n| has roughly^3_{16} n^2 comparable pairs, so we can indeed expect a different global structure if we focus on the slice of all partial orders with, say,^1_8 n^2 comparable pairs. More precisely, for 0 < d <^1_2 denote by P_{n,d} those partial orders in P_n with dn^2 comparable pairs and let

c(d) := lim_{n→∞} log_2 |P_{n,d}| n^2

, in other words, |P_{n,d}| = 2^{c(d)n2+o(n2)},

provided the limit exists.

At first sight, determining |P_{n,d}| or computing c(d) seems to be a question of purely combinatorial interest, and it is therefore somewhat surprising that it first arose in quite a different context. In 1978, Dhar [1] suggested that partial orders can represent the states of a certain model of a lattice gas with long–range three–body interaction and energy proportional to the number of comparable pairs in the order. In this model, c(d) may be considered to be the entropy function of the interacting lattice gas.

Obviously, (1) implies that for any d we must have c(d) ≤ 1 4 . (3)

Dhar was able to show that the function c(d)/d is monotone nonincreasing while the function c(d)/(1 − d) is monotone nondecreasing, which implies that c(d) is continuous. Moreover he proved that for 1 8 ≤ d ≤ 3 16 : c(d) ≡ 1 4 . (4)

Kleitman and Rothschild [5] investigated c(d) in the range 0 < d ≤^1_8 . Here one can show that

for 0 < d ≤ 1 8 : c(d) = 1 4 · H(4 · d), (5) where H(x) = −x log_2 x−(1−x) log_2(1−x). For an illustration of (4) and (5) see Figure 1.

PSfrag replacements

Figure 1: c(d) in the range (0,^3_{16} )

Not much was known for the case d >^3_{16} . Dhar [2] conjectured that here c(d) <^1_4 and obtained several upper bounds for c(d). The central aim of this paper is to settle this question completely by describing the evolution process and the behaviour of c(d) in the full range 0 < d <^1_2 .

To be able to state our results, we need a few more definitions. A partial order P = (X, P ) is a k-layer partial order, if there exists a partition of its point set X = X_1 ∪· · ·∪X_k into k disjoint antichains (the so–called layers) such that x < y with x ∈ X_i and y ∈ X_j =⇒ i < j, for every i, j with j > i + 1 : x ∈ X_i, y ∈ X_j =⇒ x < y.

For some constants λ_1, . . ., λ_k with 0 < λ_i < 1 and ∑ i λ_i = 1 and a constant 0 ≤ p ≤ 1, we say that a partial order P ∈ P_n has configuration Q = (λ_1, . . ., λ_k; p), if it belongs to the following set P_{n,Q}, which is defined as the set containing all k-layer partial orders in P_n that have p |X_i||X_{i+1}| comparable pairs between X_i and X_{i+1} (for all i ∈ [n − 1]) and satisfy |X_i| = λ_i · n (for all i ∈ [n]).

Obviously, any two partial orders with the same configuration Q = (λ_1, . . ., λ_k; p) must have the same number of comparable pairs, namely

d(Q)n^2 := p k−1∑ i=1 λ_iλ_{i+1}n^2 + k−2∑ i=1 k∑ j≥i+2 λ_iλ_jn^2. (6)

On the other hand, the only degree of freedom one has when constructing a partial order in P_{n,Q} lies in the placement of the comparable pairs between successive layers. Thus we arrive at the following estimate. |P_{n,Q}| = k−1∏ i=1 ( λ_iλ_{i+1}n^2 p · λ_iλ_{i+1}n^2 ) 2^{o(n2)} = 2P^k

�1_{i=1 H(p)λiλi+1n}2_{+o(n}2_) . (7)

(Here the error term 2^{o(n2)} is due to the approximation of the binomial coefficient via the entropy H(p) and also because we didn’t care about assigning points to classes, which contributes by a factor of O(n!) = O(2^{n log n}).) Letting

c(Q) := H(p) k−1∑ i=1 λ_iλ_{i+1},

we can write |P_{n,Q}| = 2^{c(Q)n2+o(n2)}. Using this terminology, we now state the following theorem which is proven in [6]. It forms the basis for our method of determining c(d).

Theorem 1.1 For every 0 < d <^1_2 there exists a configuration Q = (λ_1, . . ., λ_k; p) with d = d(Q) such that

|P_{n,d}| = 2^{c(Q)n2+o(n2)}, in other words, c(d) = c(Q). (8)

A configuration Q that meets the requirements of Theorem 1.1 for a fixed d will be called d-significant (or, if the value of d is irrelevant or clear form the context, simply significant). Observe that Q is significant if and only if there is no other configuration Q^′ with d(Q^′) = d(Q) and c(Q^′) > c(Q).

We will call d(Q) and c(Q) the d-value and the c-value of Q. The following lemma is proven in [6] and will be helpful when it comes to actually constructing a d-significant configuration.

Lemma 1.2 For^1_8 ≤ d ≤^1_2 , any d-significant configuration Q = (λ_1, . . ., λ_k; p) must satisfy p ≥^1_2 .

Let us now review statements (4) and (5) from the point of view of significant configurations.

For 0 < d ≤ 1 8 : Q = ( 1 2 , 1 2 ; 4d ) is d-significant, (9) for 1 8 ≤ d ≤ 3 16 : Q = ( 1 2 − x, 1 2 , x; 1 2 ) is d-significant, (10)

where x := 1 4 − √ 3 16 − d. (9) was first observed by Kleitman and Rothschild [5] and a short proof can be found in [6]. (10) is due to Dhar and easy to verify since here c(Q) =^1_4 and any configuration with this c-value must be significant. The paper by Kleitman and Rothschild [5] concludes with the following remark.

Above^3_{16} n^2 one might guess that the dominant states have three [layers] with equal top and bottom population at least until d =^2_9 n^2 at which point all three [layers] would be equal in size. Eventually four and higher [layer partial orders] would dominate. Just where and what happens there is not obvious. Presumably phase transitions occur at each such point. One not only lacks a method of proof, but even sensible conjectures in this higher range.

Before we formally state our result let us explain it in a few words by illustrating what happens after d passes the point d_3 :=^3_{16} . At this point our d-significant configuration is given by (^1_4 ,^1_2 ,^1_4 ;^1_2 ). As d increases, the density p of relations between consecutive layers increases, the layers λ_1 and λ_3 grow at the same rate while λ_2 shrinks, and the function c(d) immediately begins to decrease.

When d reaches the point d^′_4 := 0.2204.., the pattern changes dramatically: p, having reached the value 0.5827.., now remains constant. A new fourth layer λ_4 begins to grow, λ_1 and λ_2 shrink while λ_3 grows. Perhaps most surprisingly, c(d) is in this range a linear decreasing function. This phase ends at the point d_4 := 0.2536.., when |λ_1| = |λ_4| and |λ_2| = |λ_3|. Interestingly λ_4 has now half the size of both λ_1 and λ_3 at the point d^′_4.

We have tried to illustrate this in Figures 2, 3, and 4. After the point d^′_4 the evolution process repeats the same two–step manner an infinite number of times, as illustrated in Figure 5. Our main result can now be stated as follows.

Theorem 1.3 There is an infinite sequence of constants

0 = d_2 < d^′_3 < d_3 < d^′_4 < d_4 < · · · < 1 2 such that the following holds.

PSfrag replacements

Figure 2: p(d) in the range [d_3, d_4].

PSfrag replacements

Figure 3: λ_i(d) in the range [d_3, d_4].

For every d ∈ (d_k, d^′_{k+1}] there exists a d-significant configuration (λ_1, . . ., λ_k; p). As d increases from d_k to d^′_{k+1} (i) the density p increases, (ii) the layer sizes λ_i change but remain symmetric: λ_i = λ_{k−i+1}. (iii) For k ≥ 3 the function c(d) is monotone decreasing.

For every d ∈ (d^′_{k+1}, d_{k+1}] there exists a d-significant configuration (λ_1, . . ., λ_{k+1}; p). As d increases from d^′_{k+1} to d_{k+1} (iv) the density p remains constant, (v) a new (k + 1)st layer begins to grow.

(vi) At the end of this second phase the (k + 1)st layer is half as big as the k-th layer at the beginning of the phase. In general, the layer sizes at the end turn out to be the mean of the layer sizes at the beginning.

(vii) The function c(d) is linear in d and, for k ≥ 3, monotone decreasing.

In the statement of the above theorem we have been somewhat vague in that we merely stated that the constants d^′_k and d_k existed. It would of course be much nicer if we could

PSfrag replacements

Figure 4: c(d) in the range [d_3, d_4].

Figure 5: c(d) in the range [0.05, 0.32].

give an explicit formula – preferably not only for these constants but also for the density p(d) and the layer sizes λ_i(d) as functions of d, and, most importantly, the function c(d). This is possible, but the formulae involved turn out to be not very attractive.

Theorem 1.4 Set ϕ^k := k − 1 k + 1 π, ϕ(p) := arccos

(log_2 p − log_2(1 − p) 2 log_2 p ) , q^k := ϕ^{−1} ( ϕ^k ) , λ^k_i (p) :=

(−1)^{k−i} sin iϕ − (−1)^i sin(k − i + 1)ϕ + sin(k + 1)ϕ

−(−1)k sin ϕ+sin kϕ+sin(k+1)ϕ 1+cos ϕ + k sin(k + 1)ϕ , where ϕ = ϕ(p),

d(p) := 1 2 − 1 2 k∑ i=1 (λ^k_i (p))^2 − (1 − p) k−1∑ i=1 λ^k_i (p) · λ^k_{i+1}(p),

for p ∈ (q^k, q^{k+1}]. T hen d : (q^k, q^{k+1}] → (d_k, d^′_{k+1}] is strictly increasing, d^′_k = lim p<qk,p→qk d(p), d_k = lim p>qk,p→qk d(p), p(d) = { q^k, if d ∈ (d^′_k, d_k], d^{−1}(d), if d ∈ (d_k, d^′_{k+1}],

c(d) = { r · d + [c(d^′_k) − r · d^′_k], if d ∈ (d^′_k, d_k], H(p) ∑_{k−1} i=1 λ^k_i (p)λ^k_{i+1}(p), if d ∈ (d_k, d^′_{k+1}], where r = − log_2 q^k + log_2(1 − q^k) and p = p(d).

Note that the concept of a significant-configuration is strong enough to determine c(d) but does not suffice to prove statements about the global structure. Nevertheless, we conjecture that almost all partial orders in P_{n,d} have the d-significant configuration described in Theorems 1.3 and 1.4.

We conclude this section with a rather philosophical than mathematical discussion on how we interpret Theorem 1.3. We view the intervals [d_k, d^′_{k+1}] as the evolutionary phases and the intervals [d^′_k, d_k] as the phase transitions. What might be held against this point of view is that phase transitions of this form are “too long”, and that in fact the true phases are given by [d^′_k, d^′_{k+1}], since for every d in this range a significant proportion of partial orders in P_{n,d} has k layers. But then recall that the d-significant configuration within the intervals [d^′_k, d_k] is not symmetric, it looks different when viewed from below or above. By the standards of theoretical physics, this indicates an unstable and therefore transitory state through which the system passes quickly. And concerning the length of the phase transitions: they are only long from the point of view of d: when viewed in terms of p, they are in fact very, very short.

2 Outline of the proof

In order to determine c(d), recall that for a configuration Q = (λ_1, . . ., λ_k; p) we defined c(Q) := H(p) ∑_{k−1} i=1 λ_iλ_{i+1} and (using the fact that ∑ i λ_i = 1)

d(Q) := p k−1∑ i=1 λ_iλ_{i+1} + k−2∑ i=1 k∑ j≥i+2 λ_iλ_j

= 1 2 − 1 2 k∑ i=1 (λ_i)^2 − (1 − p) · k−1∑ i=1 λ_iλ_{i+1}. Observe that in view of (5) and (9), (4) and (10), and Lemma 1.2, we can and shall assume that d ≥^3_{16} and p ≥^1_2 . Finally recall that by Theorem 1.1 if for a fixed d a configuration Q satisfies d(Q) = d and no other configuration Q^′ satisfies d(Q^′) = d and c(Q^′) > c(Q), then Q is called d-significant and we have c(d) = c(Q). Hence a solution of the following constrained extremum problem must be a d-significant configuration, and it is exactly this configuration that we will be seeking.

Choose k, λ_1, . . ., λ_k, and p such as to maximize H(p) k−1∑ i=1 λ_iλ_{i+1}, subject to 1 2 − 1 2 k∑ i=1 λ^2_i − (1 − p) k−1∑ i=1 λ_iλ_{i+1} = d, k∑ i=1 λ_i = 1,

λ_i > 0 for all i = 1, . . ., k, and 1 2 ≤ p ≤ 1.

(11)

Denote by Q^∗ = (⃗λ; p) a solution of the above maximization problem. In the following we will derive necessary conditions that (⃗λ; p) must satisfy. (Obviously the idea here is that at the end we will actually be able to deduce the values λ_1, . . ., λ_k, p from these conditions.)

From the theory of Lagrange multipliers we know that for any local extremum z = (z_1, . . ., z_m) of a function f : R^m → R under the side constraints g_i(z) = 0 for i ∈ [ℓ] there must exist real numbers t_i such that ∂f ∂z_i (z) = t_1 · ∂g_1 ∂z_i (z) + · · · + t_ℓ · ∂g_ℓ ∂z_i (z) for all i ∈ [m]. Hence in our case, where m = k + 1 and ℓ = 2, there must be real numbers r, u such that ∂ ∂p : H^′(p) k−1∑ i=1 λ_iλ_{i+1} + k−1∑ i=1 λ_iλ_{i+1} · r = 0, (12) ∂ ∂λ_i : H(p)λ_{i+1} + H(p)λ_{i−1} + ( − λ_i − (λ_{i−1} + λ_{i+1})(1 − p) ) · r + u = 0, (13)

for all i ∈ [k], where we set λ_0 = λ_{k+1} = 0 for convenience.

From (12) we obtain immediately that p and r must satisfy H^′(p) = −r. Using this, (13) simplifies to

λ_iH^′(p) + λ_{i−1} ( H(p) + (1 − p)H^′(p) ) + λ_{i+1} ( H(p) + (1 − p)H^′(p) ) = −u. (14)

Setting a(p) := −H^′(p) = log_2(p) − log_2(1 − p) and b(p) := −H(p) − (1 − p)H^′(p) = log_2 p,

it is easy to see that (14) corresponds to a system of linear equations

T^k(p) · ⃗λ = ⃗u, where (15)

T^k(p) = a(p) b(p) 0 0 . . . 0 0 b(p) a(p) b(p) 0 . . . 0 0 0 b(p) a(p) b(p) . . . 0 0 . . . . . . . . . . . . 0 0 0 0 . . . b(p) a(p) , ⃗λ = λ_1 λ_2 . . . . λ_k , ⃗u = u u . . . . u .

Before the technical details become overwhelming, let us pause here to re–evaluate our position and to sketch the line of thought in what is to come.

Let us suppose for a moment that k and p are such that T^k(p) is non–singular. Then the system (15) has a unique solution ⃗λ. In other words, for such values k and p there exists only one configuration of the form (λ_1, . . ., λ_k; p) that can possibly be the solution Q^∗ of (11) – call this configuration the (k, p)-candidate and denote it by Q_{k,p}. It is determined in Proposition 3.4. Since (15) is (only) a necessary condition for a configuration to be the solution of (11), it is clear that on the one hand Q^∗ must be a (k, p)-candidate for some k, p, but also on the other hand that not every candidate is significant, since there might well be another candidate Q_k0_{,p}0 which has the same d-value but a higher c-value.

So we are faced with the problem of comparing the c-values of candidates that have the same d-value. As the computations will show, it is relatively easy to determine Q_{k,p} and hence d(Q_{k,p}) as a function of k and p. However here we really need the inverse, i.e. for a given d we must first determine those candidates with d-value d and then compare their c-values. After a glance at the formulae needed to describe Q_{k,p}, this seems very hard indeed.

We therefore propose a different approach. We will prove that there is a sequence of constants 0 < q^3 < q^4 < · · · < q^∗ so that for each k and all p ∉ [q^k, q^{k+1}] the respective (k, p)-candidate Q_{k,p} cannot be significant. We will prove this by comparing Q_{k,p} to a different configuration Q^′, that is obtained by slightly modifying Q_{k,p}, and that achieves the same d-value but a higher c-value. (Note that usually Q^′ will not be a (p^′, k^′)-candidate, so the idea is not to elect the best possible candidate but to simply ‘dismiss’ all the others.)

We have tried to illustrate this approach in Figure 6. Here we took Q_{3,p} and Q_{4,p} and plotted their d-value against their c-value. The dashed parts of the curves are those to be dismissed, while the solid part represents the part p ∈ [q^3, q^4] and p ∈ [q^4, q^5] respectively.

PSfrag replacements

Figure 6: Q_{3,p} and Q_{4,p}0 where p ∈ [0.45, 0.68] and p^′ ∈ [0.52, 0.65].

Let us say that as p increases from q^k to q^{k+1}, the function d(Q_{k,p}) increases from d_k to d^′_{k+1}. What we will then have to show is that the intervals [d_k, d^′_{k+1}] don’t overlap for different k and k^′, so that for d ∈ [d_k, d^′_{k+1}] the configuration Q_{k,p} (where p ∈ [q^k, q^{k+1}]) is the only candidate left and must therefore be significant.

As we saw in Figure 6, not only do the intervals [d_3, d^′_4] and [d_4, d^′_5] not overlap, but there are actually gaps between them. Of course this cannot mean that we here have a total lack of significant configurations. Indeed, recall that we had assumed T^k(p) to be non–singular. However there are values of p and k where this is not true. Here there is no unique solution to (15), so we can let one of the components of ⃗λ have some arbitrary value x, neglect one of the equations and solve the remaining system, which then always turns out to be non–singular. Denote the solution of this system by Q_{k,p}(x). It is determined im Proposition 3.5. For some of these singular couples k, p (namely when p = q^k) the candidates Q_{k,p}(x) turn out to be significant, at least for small x. Moreover, as we slowly increase x one can observe that in these cases Q_{k,p}(x) beautifully builds a ‘linear bridge’ accross the gaps noticed above. This is illustrated by the bold line in Figure 7.

PSfrag replacements

Figure 7: Q_{3,p}, Q_{4,p}0 and Q_{4,q}4 (x) where q^4 = 0.5827 and x ∈ [0, 0.1382].

We have subdivided the remainder of this paper into four sections. In Section 3 we determine explicit representations of the candidates Q_{k,p} and Q_{k,p}(x). As described above, Section 4 then shows that many of them cannot be significant. In Section 5 we then prove some facts about the behaviour of the remaining candidates and complete the proof of Theorems 1.3 and 1.4.

In the course of these three sections we will need a few lemmas and propositions whose proofs are technical in nature and do not provide any new insight. So whenever a lemma or a proposition is stated without proof, the latter can be found in Section 6. All of these proofs are elementary but we include them for completeness.

We introduce one last definition. Observe that the candidates Q_{k,p} and Q_{k,p}(x) as computed in (15) and (20) respectively don’t automatically satisfy the condition 0 < λ_i for all i ∈ [k]. If they do, we will call them feasible.

3 Determining candidates

At first it might seem as if (15) wouldn’t actually produce a unique candidate Q_{k,p} (even if T^k(p) is non–singular), because one is allowed to choose u arbitrarily. However solutions ⃗λ and ⃗λ′ of (15) are linear dependent and therefore there is only one solution that simultaneously satisfies ∑ λ_i = 1. Hence for every fixed k and p where T^k(p) is non-singular, Q_{k,p} is given by (⃗λ; p) with ⃗λ(p) := ⃗ξ(p) |⃗ξ(p)| and ⃗ξ(p) := [ T^k(p) ]_{−1} · ⃗1. (16)

Here ⃗1 is the vector whose components are all 1, and |⃗v| denotes the sum of the components. (This somewhat abuses the notion of a norm, since it could happen that |⃗v| < 0.)

The next two lemmas compute the determinant and inverse of a tridiagonal k × k matrix T^k with a on the main diagonal and b on the two subdiagonals for arbitrary real numbers a and b.

Lemma 3.1

t_k := det(T^k) =

{_1 D [ (_{a+D} 2 )_{k+1} − (_{a−D} 2 )_{k+1} ] where D = √ a^2 − 4b^2 , if^a_{2b} ∉ (−1, 1) b^k sin(k + 1)ϕ/ sin ϕ where ϕ = arccos^a_{2b} , if^a_{2b} ∈ (−1, 1).

Corollary 3.2 t_k = 0 if and only if a^2 = 4b^2 or^a_{2b} = cos^{jπ}_{k+1} for some j ∈ {1, . . ., k}. In particular, for −1 < a/2b < 1 it follows from t_k = 0 that t_{k−1} ≠ 0. 2

Lemma 3.3 The inverse M^k = (T^k)^{−1} is given by (m_{ij}) where

m_{ij} := { (−1)^{i+j} b^{i−j tj}�^{1tk}�^i_{tk} , if j < i (−1)^{i+j} b^{j−i ti}�^{1tk}�^j_{tk} , if j ≥ i. Before we use this to compute ⃗λ, observe that in the case of our particular matrix T^k(p) the function^{a(p)}_{2b(p)} is strictly decreasing for^1_2 ≤ p ≤ 1 and ranges from 0 to −∞, attaining value −1 at p = 0.682328... =: q^∗. Hence for^1_2 ≤ p ≤ q^∗ the function ϕ(p) := arccos^{a(p)}_{2b(p)} is strictly increasing and ranges from π/2 to π. We will make use of the one-to-one relation between p and ϕ(p) and sometimes express functions in terms of ϕ = ϕ(p) instead of p. Hopefully this will make things easier to read, as the two preceding lemmas seem to indicate.

Now Lemmas 3.1 and 3.3 enable us to give an explicit formula for Q_{k,p} as suggested in (16).

Proposition 3.4 Denote by M^k(p) = (m^k(p)_{ij}) the inverse of T^k(p). For all k and all p with π/2 < ϕ < π and ϕ ≠^{jπ}_{k+1} for all j ∈ {1, . . ., k}, we must have Q_{k,p} = ( λ^k_1(p), . . ., λ^k(p); p ) , where

λ^k_i (p) := ξ^k_i (p) |⃗ξ^k(p)| = (−1)^{k−i} sin iϕ − (−1)^i sin(k − i + 1)ϕ + sin(k + 1)ϕ

−(−1)k sin ϕ+sin kϕ+sin(k+1)ϕ 1+cos ϕ + k sin(k + 1)ϕ ,

ξ^k_i (p) := k∑ j=1 m^k_{i,j}(p) = (−1)^{k−i} sin iϕ − (−1)^i sin(k − i + 1)ϕ + sin(k + 1)ϕ 2b(p)(1 + cos ϕ) sin(k + 1)ϕ . In particular, Q_{k,p} is symmetric, i.e. for all i ∈ [k] we have λ^k_i (p) = λ^k_{−i+1}(p). Proof. In view of (16) it suffices to check the explicit formulae; namely k∑ j=1 m^k_{i,j}(p) = (−1)^{k−i} sin iϕ − (−1)^i sin(k − i + 1)ϕ + sin(k + 1)ϕ 2b(p)(1 + cos ϕ) sin(k + 1)ϕ

(17) and |⃗ξ^k(p)| = −(−1)k sin ϕ+sin kϕ+sin(k+1)ϕ 1+cos ϕ + k sin(k + 1)ϕ

2b(p)(1 + cos ϕ) sin(k + 1)ϕ

. (18)

This very technical task is deferred to Section 6. The symmetry of the λ^k_i (p) is indeed obvious from the definition. 2

Now we turn to the candidates Q_{k,p}(x), i.e. to those pairs k, p where a(p) 2b(p) = cos jπ k + 1 for some j ∈ {1, . . ., k}. (19)

Here T^k(p) is singular and there is no unique solution to the system of equations (15), which we now restate as T^k(p) · ⃗ℓ = ⃗u. Hence we may choose one ℓ_i-value arbitrarily, say ℓ_k = x, and neglect the last equation of the system. The requirement for the remaining ℓ_i is that there exists a u^′ such that

a(p) b(p) 0 0 . . . 0 0 0 0 b(p) a(p) b(p) 0 . . . 0 0 0 0 . . . . . . . . ... . . . . . . . . 0 0 0 0 . . . b(p) a(p) b(p) 0 0 0 0 0 . . . 0 b(p) a(p) b(p) · ℓ_1 ℓ_2 . . . . ℓ_{k−1} x

= u^′ . . . . . . u^′ which is equivalent to

T^{k−1}(p) · ℓ_1 . . ℓ_{k−2} ℓ_{k−1} = u^′ . . u^′ u^′ − b(p) · x , (20)

whose solution is uniquely determined since det(T_{k−1}) ≠ 0, as we saw in Corollary 3.2. Not surprisingly, the solution of (20) is related to that of (15).

Proposition 3.5 For all x ∈ (0, 1), all k and all p with ϕ =^{jπ}_{k+1} for some j ∈ {1, . . ., k} Q_{k,p}(x) = ( ℓ^k_1 (p, x), . . ., ℓ^k(p, x); p ) , where

ℓ^k_i (p, x) := λ^{k−1}_i (p) + x · μ^{k−1}_i (p) for i = 1, . . ., k − 1, ℓ^k(p, x) := x, μ^{k−1}_i (p) := −λ^{k−1}_i (p) ( 1 − b(p) · ξ^{k−1}_{k−1} (p) ) − b(p)m^{k−1}_{i,k−1} for i = 1, . . ., k − 1, μ^{k−1}_k (p) := 1.

Proof. For i = 1, . . ., k − 1 denote by ⃗r_i the ith row of T^{k−1}(p) and by ⃗m the (k − 1)st column of M^{k−1}(p), hence ⃗r_i·⃗m = δ_{i,k−1}. Since ⃗λ^{k−1}(p) is a solution of T_{k−1}(p)·⃗λ^{k−1}(p) = ⃗u for an appropriate value u, we know that ⃗r_i · ⃗λ^{k−1}(p) = u for all 1 ≤ i ≤ k − 1. Now let s := 1 − b(p) · ξ^{k−1}_{k−1} (p), hence

⃗r_i · ℓ^k_1(p, x) . . ℓ^k_{−1}(p, x) = u + x · ⃗ri · μ^{k−1}_1 (p) . . μ^{k−1}_{k−1}(p)

= u − x · s · ⃗r_i · λ^{k−1}_1 (p) . . λ^{k−1}_{k−1}(p) − x · b(p) · ⃗ri · ⃗m = u − s · x · u − x · b(p) · δi,k−1.

Setting u^′ := u − s · x · u, this satisfies (20). Furthermore k−1∑ i=1 μ^{k−1}_i (p) = −s k−1∑ i=1 λ^{k−1}_i (p) − b(p) · k−1∑ i=1 m^{k−1}_{i,k−1}(p) = −1, because s = 1 − b(p) · ξ^{k−1}_{k−1} (p), k−1∑ i=1 λ^{k−1}_i (p) = 1 and k−1∑ i=1 m^{k−1}_{i,k−1}(p) = ξ^{k−1}_{k−1} (p). Therefore |⃗ℓ| = k∑ i=1 ℓ^k_i (p, x) = k−1∑ i=1 λ^{k−1}_i (p) + x · k−1∑ i=1 μ^{k−1}_i (p) + x = 1. 2 Let us introduce some definitions for those p where T^k(p) is singular. Set ϕ^k_j :=^{k−j}_{k+1} π and define q^k_j by ϕ(q^k_j ) = ϕ^k_j . We shall see that ϕ^k_1 plays a special role, therefore let ϕ^k := ϕ^k_1 and q^k = q^k_1 . We will often use the following trivial but helpful observation:

sin(k − i)ϕ^k_j = sin[(k + 1)^{k−j}_{k+1} π − (i + 1)ϕ^k_j ] = (−1)^{k−j} sin[−(i + 1)ϕ^k_j ] = −(−1)^{k−j} sin(i + 1)ϕ^k_j . (21)

In order to obtain an explicit formula for ⃗ℓ as determined in Proposition 3.5, we will need the following technical lemma.

Lemma 3.6 m^{k−1}_{i,k−1}(q^k_j ) = (−1)^{i+j} sin iϕ^k_j b(q^k_j ) sin ϕ^k_j ξ^{k−1}_{k−1} (q^k_j ) = 1 b(qkj ) , if j is odd 1 b(qkj ) − 1 b(qkj )(1+cos ϕkj ) , if j is even.

μ^{k−1}_i (q^k_j ) =

(−1)^{i sin iϕkj}_{sin ϕkj} , for all 1 ≤ i ≤ k if j is odd −(−1)^{i sin iϕkj}_{sin ϕkj} −^{λk} �1_{i (q}k_{j )}

1+cos ϕkj , for all 1 ≤ i ≤ k − 1 if j is even.

For 1 ≤ i ≤ k − 1 we have

ℓ^k_i (q^k_j , x) = λ^{k−1}_i (q^k_j ) − x · b(q^k_j ) · m^{k−1}_{i,k−1}(q^k_j ) , if j is odd (1 −^x_{1+cos ϕkj} )λ^{k−1}_i (q^k_j ) − x · b(q^k_j ) · m^{k−1}_{i,k−1}(q^k_j ) , if j is even.

For an odd number j the terms μ^{k−1}_i (q^k_j ) have some nice properties that we will use later, especially in the case where j = 1. Notice that μ^{k−1}_i (ϕ^k_j ) is the same as μ^{k−1}_i (q^k_j ). We will frequently switch between the two expressions.

Lemma 3.7 Now let j ∈ [k] be an odd number. Then (i) μ^{k−1}_{k+1−i}(ϕ^k_j ) = −μ^{k−1}_i (ϕ^k_j ) (ii) k∑ i=1 μ^{k−1}_i (ϕ^k_j ) = 0

(iii) k∑ i=1 μ^{k−1}_i (ϕ^k_j )^2 = k + 1 2 sin^2(ϕ^k_j ) (iv) k−1∑ i=1 μ^{k−1}_i (ϕ^k_j ) · μ^{k−1}_{i+1} (ϕ^k_j ) = −

(k + 1) cos(ϕ^k_j ) 2 sin^2(ϕ^k_j ) . Let j^′ ≠ j be another odd number in [k]. Then (v) k∑ i=1 μ^{k−1}_i (ϕ^k_j ) · μ^{k−1}_i (ϕ^k_j0) = 0

(vi) k−1∑ i=1 μ^{k−1}_i (ϕ^k_j ) · μ^{k−1}_{i+1} (ϕ^k_j0) = 0.

4 Dismissing candidates

In this section we follow the approach outlined in the beginning of the chapter. Namely we shall use the explicit representation just derived for Q_{k,p} and show that for p ∉ [q^k, q^{k+1}] the candidate Q_{k,p} cannot be significant. We then proceed analogously in the case of candidates Q_{k,p}(x). The following lemma is our main tool in this enterprise.

Lemma 4.1 Consider an arbitrary configuration (λ_1, . . ., λ_r; p) where p < 1 is a fixed constant. Let (ν_1, . . ., ν_r0) be a vector with |⃗ν| = 0, r ≤ r^′ and ν_i ≥ 0 for all r < i ≤ r^′. Set λ_{r+1} = · · · = λ_r0 = 0 and define

α_1 := 2 r0∑ i=1 λ_iν_i and β_1 := r0∑ i=1 ν^2_i ,

α_2 := r0_{−1}∑ i=1 (ν_iλ_{i+1} + ν_{i+1}λ_i) and β_2 := r0_{−1}∑ i=1 ν_iν_{i+1}. If −b(p) · α_2 − a(p) 2 · α_1 > 0, (22) or α_1 = α_2 = 0 and − b(p) · β_2 − a(p) 2 · β_1 > 0, (23)

then (λ_1, . . ., λ_r; p) cannot be significant.

Proof. Suppose to the contrary that (λ_1, . . ., λ_r; p) were significant. Define

λ^′_i := λ_i + ϵ · ν_i for all i = 1, . . ., r^′, γ_1 := α_1 + ϵ · β_1, γ_2 := α_2 + ϵ · β_2,

p^′ := p + ϵ · q, where q :=

(1 − p)γ_2 +^{γ1}_2 ∑_{r−1} i=1 λ_iλ_{i+1} + ϵγ_2 .

We claim that d(λ_1, . . ., λ_r; p) = d(λ^′_1, . . ., λ^′_r; p^′), which is verified as follows. r0∑ i=1 (λ^′_i)^2 − r∑ i=1 (λ_i)^2 = r0∑ i=1 ( λ^2_i + ϵ^2ν^2_i + 2ϵλ_iν_i − λ^2_i )

= ϵ r0∑ i=1 ( ϵν^2_i + 2λ_iν_i ) = ϵγ_1, r0_{−1}∑ i=1 λ^′_iλ^′_{i+1} − r−1∑ i=1 λ_iλ_{i+1} = r0_{−1}∑ i=1 ((λ_i + ϵν_i)(λ_{i+1} + ϵν_{i+1} ) − λ_iλ_{i+1})

= ϵ r0_{−1}∑ i=1 (ϵν_iν_{i+1} + ν_iλ_{i+1} + ν_{i+1}λ_i) = ϵγ_2.

d(λ^′_1, . . ., λ^′_r0; p^′) = 1 2 − 1 2 r0∑ i=1 (λ^′_i)^2 − (1 − p − ϵq) · r0_{−1}∑ i=1 (λ^′_iλ^′_{i+1})

= 1 2 − 1 2 r∑ i=1 λ^2_i − ϵγ_1 2 − (1 − p)( r−1∑ i=1 λ_iλ_{i+1} + ϵγ_2) + ϵq( r−1∑ i=1 λ_iλ_{i+1} + ϵγ_2)

= d(λ_1, . . ., λ_r; p) − ϵγ_1 2 − (1 − p)ϵγ_2 + ϵ ( (1 − p)γ_2 + γ_1 2 ) = d(λ_1, . . ., λ_r; p). Thus we have shown that the configurations (⃗λ; p) and (⃗λ^′; p^′) have the same d-value. Furthermore, if ϵ is sufficiently small and (⃗λ; p) is a feasible configuration, then so must be (⃗λ^′; p^′). Moreover we have |⃗λ^′| = |⃗λ| + ϵ|⃗ν| = |⃗λ| = 1. Hence if we now prove that for all small enough ϵ the c-value of (⃗λ^′; p^′) is greater than that of (⃗λ; p), the latter cannot be significant.

We will use the Taylor expansion of H(p) to compute the value of H(p^′): there exists a 0 ≤ η^′ ≤ 1 such that

H(p^′) = H(p + ϵq) = H(p) + ϵqH^′(p) + ϵ^2q^2 2 H^{′′}(p + η^′ϵq), therefore there exists a positive constant η, such that for all sufficiently small ϵ we have H(p^′) ≥ H(p) + ϵqH^′(p) − ηϵ^2q^2. This implies

c(λ^′_1, . . ., λ^′_r0; p^′) − c(λ_1, . . ., λ_r; p) = H(p^′) r0_{−1}∑ i=1 (λ^′_iλ^′_{i+1}) − H(p) r−1∑ i=1 (λ_iλ_{i+1})

≥ (H(p) + ϵqH^′(p) − ηϵ^2q^2)( r−1∑ i=1 λ_iλ_{i+1} + ϵγ_2) − H(p) r−1∑ i=1 λ_iλ_{i+1}

= ϵγ_2H(p) + q(ϵH^′(p) − ηϵ^2q)( r−1∑ i=1 λ_iλ_{i+1} + ϵγ_2)

= ϵγ_2H(p) + (ϵH^′(p) − ηϵ^2q)((1 − p)γ_2 + γ_1 2 ) = ϵγ_2 ( H(p) + (1 − p)H^′(p) ) + ϵH^′(p) γ_1 2 − ηϵ^2q((1 − p)γ_2 + γ_1 2 ).

= ϵ ( − γ_2b(p) − a(p) γ_1 2 − ϵ · ηq((1 − p)γ_2 + γ_1 2 ) ) . Now either of the two conditions (22) or (23) immediately guarantees that we can choose ϵ so small that the last expression certainly becomes positive, which completes the proof of this lemma. 2

Corollary 4.2 No configuration (λ_1, . . ., λ_k, p) with b(p) · λ_{k−2} + a(p) · λ_{k−1} > 0 is significant.

Proof. We would like to apply Lemma 4.1 with r := k, r^′ := k + 1 and

ν_{k−1} := −1, ν_{k+1} := 1, and ν_i := 0 for i = 1, . . ., k − 2, k.

Then α_1 = −2λ_{k−1} and α_2 = −λ_{k−2} − λ_k + λ_k = −λ_{k−2}, hence −b(p)α_2 − a(p) 2 α_1 = b(p)λ_{k−2} + a(p)λ_{k−1} > 0,

which means that (22) is satisfied. Hence Lemma 4.1 can be applied and (λ_1, . . ., λ_k, p) is not significant. 2

Proposition 4.3 For p < q^k no configuration (λ_1, . . ., λ_k; p) that is symmetric (i.e. one that satisfies λ_i = λ_{k+1−i} for i = 1, . . ., k) can be significant.

In particular, for p < q^k the configuration Q_{k,p} = (λ^k_1(p), . . ., λ^k(p); p) is not significant.

Proof. We apply Lemma 4.1 with r := r^′ := k and ν_i := μ^{k−1}_i (q^k) and claim that (23) holds.

First we use the properties of ν_i as guaranteed by Lemma 3.7 to see that indeed α_1 = α_2 = 0:

α_1 = 2 k∑ i=1 λ_iν_i = 0

because of λ_i = λ_{k−i+1} and ν_i = −ν_{k−i+1}. Similarly

α_2 = k−1∑ i=1 (ν_iλ_{i+1} + ν_{i+1}λ_i) = 0,

since ν_{i+1}λ_i = ν_{i+1}λ_{k−i+1} = −ν_{k−(i+1)+1}λ_{k−i+1} = −ν_{k−i}λ_{k−i+1}.

Again using Lemma 3.7 now observe that − β_2 β_1 = − ∑_{k−1} i=1 ν_iν_{i+1} ∑_k i=1 ν^2_i

= cos ϕ^k.

Since β_1 > 0 and b(p) < 0, it now follows that −b(p)β_2 − a(p) 2 β_1 > 0 ⇔ a(p) 2b(p) > − β_2 β_1 ⇔ cos ϕ > cos ϕ^k,

which is true, because p < q_k is equivalent to ϕ < ϕ^k ≤ π. 2

Proposition 4.4 For p > q^{k+1} the configuration Q_{k,p} = (λ^k_1(p), . . ., λ^k(p); p) is not significant.

Proof. We would like to apply Corollary 4.2 and therefore need to show that for a fixed p > q^{k+1} b(p)λ^k_{−2}(p) + a(p)λ^k_{−1}(p) > 0. (24) First we consider the case q^{k+1} < p < q^∗. Since a(p) > 0 for p >^1_2 and since we can assume that λ^k_{−1}(p) > 0 (otherwise Q_{k,p} wouldn’t even be feasible), (24) is equivalent to 1 > − b(p) a(p) λ^k_{−2}(p) λ^k_{−1}(p) . Using the explicit formula in Proposition 3.4 (observe that the denominator is the same for all λ_i and therefore cancels) we have to show that 1 > sin(k − 2)ϕ − (−1)^k sin 3ϕ + sin(k + 1)ϕ −2 cos ϕ(− sin(k − 1)ϕ + (−1)^k sin 2ϕ + sin(k + 1)ϕ) for k k + 2 π < ϕ < π. (25) We defer this hardly interesting computation to Section 6.

Now consider the case p ≥ q^∗. Here a(p)/2b(p) ≤ −1 and by Lemma 3.1

t_i(p) = det(T^i(p)) > 0. (26)

Recall that λ^k_i (p) = ξ^k_i (p) |⃗ξ^k(p)| and T^k(p) · ⃗ξ^k = ⃗1, which implies that b(p)ξ^k_{−2}(p) + a(p)ξ^k_{−1}(p) + b(p)ξ^k(p) = 1 and therefore b(p)λ^k_{−2}(p) + a(p)λ^k_{−1}(p) = 1 − b(p)ξ^k(p) |⃗ξ^k(p)| . (27)

By Lemma 3.3 together with the fact that t_0 = 1 it follows that

ξ^k (p) = k∑ j=1 m^k_{,j} (p) = (−b(p))^k t_k(p) k∑ j=1 (−1)^jb(p)^{−j}t_{j−1}(p).

We use this to prove that the recursion

ξ^{i+1}_{i+1} (p) · t_{i+1}(p) = t_i(p) − b(p) · ξ^i(p) · t_i(p) (28)

holds for all i ∈ N, which is easily verified as follows:

t_i(p) − b(p)ξ^i(p)t_i(p) = t_i(p) + (−b(p))^{i+1} i∑ j=1 (−1)^jb(p)^{−j}t_{j−1}(p)

= (−b(p))^{i+1} i+1∑ j=1 (−1)^jb(p)^{−j}t_{j−1}(p) = ξ^{i+1}_{i+1} (p)t_{i+1}(p) .

Now coming back to our aim (24), we use (27) to obtain b(p)λ^k_{−2}(p) + a(p)λ^k_{−1}(p) = t_k(p) − b(p)ξ^k(p)t_k(p) |⃗ξ^k(p)|t_k(p) = ξ^{k+1}_{k+1} (p)t_{k+1}(p) |⃗ξ^k(p)|t_k(p) . We claim that this term is always positive. First observe that by (26), t_i(p) > 0 for all i ∈ N. Furthermore this implies that the matrix T^k(p) is positive definite, hence M^k(p) = (T^k(p))^{−1} is also positive definite, thus |⃗ξ^k(p)| = ⃗1^T · M^k(p) ·⃗1 is positive. Hence if the configuration is feasible we must have ξ^1 (p) > 0, thus the recursion (28) and the fact that b(p) < 0 imply that ξ^i(p) > 0 for all i ∈ [k + 1] and therefore ξ^{k+1}_{k+1} (p) · t_{k+1}(p) must also be positive. 2

Now we move on to dismissing candidates Q_{k,p}(x), which means dealing with those special cases, where p = q^k_j for some integer 0 ≤ j ≤ k. Recall that here Q_{k,q}k_j (x) = ( ℓ^k_1(q^k_j , x), . . ., ℓ^k(q^k_j , x); q^k_j ) , as stated in Proposition 3.5. Note that the layer sizes λ^k_i (p) are not defined for p = q^k_j , since here the matrix T^k(p) is singular. Nevertheless we need λ^k_i (q^k_j ) when working with ℓ^k_i (q^k_j , x). This motivates the following definition:

λ^k_i (q^k_j ) := lim p→qkj , p≥qkj λ^k_i (p). The following proposition states some very useful facts about λ^k_i (q^k_j ) and ℓ^k_i (q^k_j , x).

Proposition 4.5 Let j ∈ [k] be an odd number and denote by x^∗ := λ^k(q^k_j ). Then

(i) λ^{k−1}_i (q^k_j ) = sin ϕ^k_j − (−1)^i(sin iϕ^k_j + sin(i + 1)ϕ^k_j ) (k + 1) sin ϕ^k_j

(ii) λ^k_i (q^k_j ) =

1 + (−1)^{i+1} cos iϕ^k_j k + 1 (iii) λ^{k−1}_{k−1}(q^k_j ) = 2λ^k(q^k_j ) (iv) λ^{k−1}_{i−1} (q^k_j ) + λ^{k−1}_i (q^k_j ) = 2λ^k_i (q^k_j ) (v) ℓ^k_i (q^k_j , x^∗) = λ^k_i (q^k_j ) (vi) ℓ^k_i (q^k_j , x^∗ + x) = ℓ^k_{−i+1}(q^k_j , x^∗ − x).

This proposition has several important consequences. First, (v) states that at the point x = x^∗ the configurations Q_{k,p}(x) and Q_{k,p} ‘meet’. Moreover, it is equivalent to λ^k_i (q^k_j ) − x^∗ · μ^{k−1}_i (q^k_j ) = λ^{k−1}_i (q^k_j ), which implies that ℓ^k_i (q^k_j , x) = λ^{k−1}_i (q^k_j ) + x · μ^{k−1}_i (q^k_j ) = λ^k_i (q^k_j ) + (x − x^∗) · μ^{k−1}_i (q^k_j ). (29)

This will turn out to be useful, since it will allow us to use the symmetry of ⃗λ to partly cover for the lack of symmetry in ⃗ℓ.

Also, by (vi), we know that ℓ^k_1(q^k_j , 2x^∗ + x) = ℓ^k(q^k_j , −x) = −x, hence the configuration Q_{k,q}k_j (x) is only feasible for x ∈ [0, 2x^∗], and therefore, because of the symmetry expressed in (vi), we only need to consider x ∈ (0, x^∗). Finally (iii) and (iv) prove statement (vi) of our main theorem 1.3.

Because of the different structure of Q_{k,q}k_j (x) for j odd and even, the dismissal of Q_{k,q}k_j (x) will be done separately.

Proposition 4.6 For any even number j with 0 ≤ j ≤ k and any x ∈ (0, 1), the configuration Q_{k,q}k_j (x) = (ℓ^k_1(q^k_j , x), . . ., ℓ^k(q^k_j , x); q^k_j ) is not significant.

Proof. Let p := q^k_j and ϕ = ϕ(p). Since we can assume that p ≥^1_2 , we also know that ϕ ≥ π/2. Recall from Lemma 3.6 that for i ∈ [k − 1],

ℓ^k_i (p, x) = λ^{k−1}_i (p) + x · μ^{k−1}_i (p) = (1 − x 1 + cos ϕ )λ^{k−1}_i (ϕ) − x · b(p) · m^{k−1}_{i,k−1}(p) and ℓ^k(p, x) = x. We consider two different cases, depending on whether (1 − x 1 + cos ϕ ) 1 |⃗ξ^{k−1}(p)| (30)

is positive or not.

Suppose that it is positive. Then we would like to apply Corollary 4.2 and therefore need to show that b(p)ℓ^k_{−2}(p) + a(p)ℓ^k_{−1}(p) > 0. (31) Similarly to the proof of Proposition 4.4 we deduce from T^{k−1}(p) · ⃗ξ^{k−1} = ⃗1 and M^{k−1}(p) · T^{k−1}(p) = id that b(p)ξ^{k−1}_{k−2}(p) + a(p)ξ^{k−1}_{k−1} (p) = 1, b(p)m^{k−1}_{k−1,k−2}(p) + a(p)m^{k−1}_{k−1,k−1}(p) = 1. Hence condition (31) is equivalent to (1 − x 1 + cos ϕ ) 1 |⃗ξ^{k−1}(p)| − x · b(p) > 0, which is true since (30) is positive and b(p) is negative.

Now suppose that (30) is negative. In this case we would like to apply Lemma 4.1 with r := k, r^′ := k + 1, λ_i := ℓ^k_i (p, x) and ν_k := −1, ν_{k+1} := 1, and ν_i := 0 for i = 1, . . ., k − 1.

Then α_1 = −2ℓ^k(p, x) and α_2 = −ℓ^k_{−1}(p, x) + ℓ^k(p, x), hence the condition −b(p)α_2 −^{a(p)}_2 α_1 > 0 now reduces to 0^!< b(p) · ℓ^k_{−1}(p, x) − b(p) · ℓ^k(p, x) + a(p) · ℓ^k(p, x) = b(p) · (1 − x 1 + cos ϕ ) · λ^{k−1}_{k−1}(ϕ) − b(p)^2x · m^{k−1}_{k−1,k−1}(p) − b(p) · x + a(p) · x = b(p) · ξ^{k−1}_{k−1} (p) · (1 − x 1 + cos ϕ ) 1 |⃗ξ^{k−1}(p)| − x · b(p), where we used the fact (see Lemma 3.6) that m^{k−1}_{k−1,k−1}(p) = (−1)^{k−1} sin(k − 1)ϕ b(p) sin ϕ = 2 cos ϕ b(p) = a(p) b(p)^2 . Since (30) is negative it therefore suffices to show that ξ^{k−1}_{k−1} (p) is non–negative. Thanks to Lemma 3.6 we know that ξ^{k−1}_{k−1} (p) = 1 b(p) − 1 b(p)(1 + cos ϕ) = cos ϕ b(p)(1 + cos ϕ) , which is non–negative because π ≥ ϕ ≥ π/2. 2 Proposition 4.7 For any odd number j with 1 < j ≤ k and any x ∈ (0, 1), the configuration Q_{k,q}k_j (x) = (ℓ^k_1(q^k_j , x), . . ., ℓ^k(q^k_j , x); q^k_j ) is not significant.

Proof. We take the same approach as in the proof of Proposition 4.3: Since j > 1 we have that q^k_j < q^k, but unfortunately the configuration (ℓ^k_1(q^k_j , x), . . ., ℓ^k(q^k_j , x); q^k_j ) is not symmetric. However, recall from (29) that it can be written as ℓ^k_i (q^k_j , x) = λ^k_i (q^k_j ) + (x − x^∗) · μ^{k−1}_i (q^k_j ) where the λ^k_i (q^k_j ) are symmetric. Now we apply Lemma 4.1 with r := r^′ := k, ν_i := μ^{k−1}_i (q^k) λ_i := ℓ^k_i (q^k_j , x) and claim that (23) holds.

Again we use the properties of ν_i as guaranteed by Lemma 3.7 to see that indeed α_1 = α_2 = 0: α_1 = 2 k∑ i=1 (λ^k_i (q^k_j ) + (x − x^∗) · μ^{k−1}_i (q^k_j ))ν_i = 0

because λ^k_i (q^k_j ) = λ^k_{−i+1}(q^k_j ), ν_i = −ν_{k−i+1} , k∑ i=1 μ^{k−1}_i (q^k_j ) · ν_i = 0.

Similarly

α_2 = k−1∑ i=1 ( ν_i[λ^k_{i+1}(q^k_j ) + (x − x^∗) · μ^{k−1}_{i+1} (q^k_j )] + ν_{i+1}[λ^k_i (q^k_j ) + (x − x^∗) · μ^{k−1}_i (q^k_j )] ) = 0, since ν_{i+1}λ^k_i (q^k_j ) = ν_{i+1}λ^k_{−i+1}(q^k_j ) = −ν_{k−(i+1)+1}λ^k_{−i+1}(q^k_j ) = −ν_{k−i}λ^k_{−i+1}(q^k_j ) and k∑ i=1 ν_i · μ^{k−1}_{i+1} (q^k_j ) = k∑ i=1 ν_{i+1} · μ^{k−1}_i (q^k_j ) = 0

according to the last statement in Lemma 3.7.

The rest of the proof is identical to that of Proposition 4.3, since the ν_i are chosen in exactly the same way and because q^k_j < q^k. 2

Thus we have dismissed all candidates Q_{k,q}k_j (x) other than Q_{k,q}k (x) in the range x ∈ [0, x^∗].

5 Linearity and monotonicity

In this section we complete the proof of Theorems 1.3 and 1.4. We start with the statement (vii) of Theorem 1.3, which we prove here in a slightly more general form.

Proposition 5.1 For an odd number j ∈ [k] consider a configuration (λ_1, . . ., λ_r; q^k_j ) with r ≤ k. Set λ_{r+1} = · · · = λ_k = 0 and μ_i := μ^{k−1}_i (q^k_j ) for i = 1, . . ., k. There exists a constant u such that for all x

c(λ_1 + xμ_1, . . ., λ_k + xμ_k; q^k_j ) = −a(q^k_j ) · d(λ_1 + xμ_1, . . ., λ_k + xμ_k; q^k_j ) + u .

Proof. Let p := q^k_j . We need to show that

H(p) k−1∑ i=1 (λ_i + xμ_i)(λ_{i+1} + xμ_{i+1}) =

−a(p) · (1 2 − 1 2 k∑ i=1 (λ_i + xμ_i)^2 − (1 − p) k−1∑ i=1 (λ_i + xμ_i)(λ_{i+1} + xμ_{i+1}) ) + u.

Both sides are polynomials in x of degree 2. We compare their coefficients:

x^0 : H(p) k−1∑ i=1 λ_iλ_{i+1} = −a(p) (1 2 − 1 2 k∑ i=1 λ^2_i − (1 − p) k−1∑ i=1 λ_iλ_{i+1} ) + u (32)

x^1 : H(p) k−1∑ i=1 (λ_iμ_{i+1} + λ_{i+1}μ_i) =

−a(p) ( − 1 2 k∑ i=1 2λ_iμ_i − (1 − p) k−1∑ i=1 (λ_iμ_{i+1} + λ_{i+1}μ_i) ) (33)

x^2 : H(p) k−1∑ i=1 μ_iμ_{i+1} = −a(p) ( − 1 2 k∑ i=1 μ^2_i − (1 − p) k−1∑ i=1 μ_iμ_{i+1} ) (34)

Obviously u can be chosen so that (32) holds, so we only need to check (33) and (34). Comparing the coefficients of λ_i in (33) results in

H(p)(μ_{i+1} + μ_{i−1}) = −a(p)(−μ_i − (1 − p)(μ_{i+1} + μ_{i−1})).

Using the facts H(p) = (1 − p)a(p) − b(p) and^{a(p)}_{2b(p)} = cos ϕ this is equivalent to

μ_{i+1} + μ_{i−1} = −2 cos ϕ · μ_i,

which is true because by Lemma 3.6

μ_{i−1} + μ_{i+1} = (−1)^{i−1} · sin(i − 1)ϕ + sin(i + 1)ϕ sin ϕ

= (−1)^{i−1} ·

2 sin iϕ · cos ϕ sin ϕ = −2 cos ϕ · μ_i.

Applying the same facts as above, (34) is equivalent to

− k−1∑ i=1 μ_i · μ_{i+1} = cos ϕ k∑ i=1 μ^2_i ,

which can be seen to be true using Lemma 3.7. 2

To complete the proof of the main result there is now only one piece missing: we still need to prove that as x increases d(Q_{k,q}k (x)) increases, and that as p increases d(Q_{k,p}) increases. This will be done in the following two propositions. The proof of the latter is very technical and hence postponed to Section 6. For the proof of the first, recall that in the case of q^k_j = q^k we have x^∗ = λ^k(q^k).

Proposition 5.2 As x increases from 0 to x^∗, the function d(Q_{k,q}k (x)) = d(ℓ^k_1(q^k, x), . . ., ℓ^k(q^k, x), q^k) is strictly increasing.

Proof. Let us abbreviate ℓ_i(x) := ℓ^k_i (q^k, x), λ_i := λ^k_i (q^k) and μ_i := μ^{k−1}_i (q^k). Then recall that by (29) we can write ℓ_i(x) = λ_i − x^∗ · μ_i + x · μ_i, (where we will make use of the fact that the λ_i are symmetric) and that the function under consideration is given by d(ℓ^k_1(q^k, x), . . ., ℓ^k(q^k, x), q^k) = 1 2 − 1 2 k∑ i=1 ℓ_i(x)^2 − (1 − q^k) k−1∑ i=1 ℓ_i(x)ℓ_{i+1}(x). (35)

We claim that the derivatives of the two sums involved are negative. Since λ_i = λ_{k−i+1} and μ_i = −μ_{k−i+1} we can use that k∑ i=1 λ_iμ_i = 0 = k−1∑ i=1 (λ_iμ_{i+1} + λ_{i+1}μ_i).

Thus the derivative of the first sum is given by k∑ i=1 ( 2[λ_i − x^∗μ_i]μ_i + 2x · μ^2_i ) = 2(x − x^∗) k∑ i=1 μ^2_i ,

which is easily seen to be negative, because x < x^∗.

Similarly, the derivative of the second sum in (35) is k−1∑ i=1 ([λ_i − x^∗μ_i]μ_{i+1} + [λ_{i+1} − x^∗μ_{i+1}]μ_i + 2x · μ_iμ_{i+1})

= 2(x − x^∗) k−1∑ i=1 μ_iμ_{i+1}, which is negative by Lemma 3.7. 2 Proposition 5.3 As p increases from q^k to q^{k+1}, the function d(Q_{k,p}) = d(λ^k_1(p), . . ., λ^k(p), p) is strictly increasing, while c(Q_{k,p}) = c(λ^k_1(p), . . ., λ^k(p), p) is strictly decreasing.

We close this section with the proof of the main theorems. The only thing we have to do is to assemble all the information gathered so far. While doing so, we will refer to previous theorems, lemmas or propositions by simply mentioning their reference numbers in brackets.

Proof of Theorems 1.3 and 1.4. We know that c(d) = c(Q) if Q is a d-significant configuration [1.1]. We have determined a family C of candidates Q_{k,p} and Q_{k,p}(x), of which we know that for every d there exists a d-significant configuration in C. We have defined constants q^k and x^∗ (depending on k) and have proved [Section 4] that Q_{k,p} can only be significant if p ∈ [q^k, q^{k+1}], and that Q_{k,p}(x) can only be significant if p = q^k and x ∈ [0, x^∗]. Let us denote the subfamily formed by these remaining configurations by C^′. We have seen that the configurations ‘meet’ at the beginning (by definition of Q_{k,p}(x)) and end (by [4.5]) of their intervals: Q_{k−1,q}k = Q_{k,q}k (0) and Q_{k,q}k (x^∗) = Q_{k,q}k . We have shown [5.2,5.3] that d(Q_{k,p}) is strictly increasing as a function in p, and that d(Q_{k,q}k (x)) is strictly increasing as a function in x. We may therefore deduce that the infinite sequence of constants defined by

d^′_k := d(Q_{k−1,q}k ) and d_k := d(Q_{k,q}k )

does indeed satisfy d_2 < d^′_3 < d_3 < d^′_4 < d_4 < · · · < 1 2 which in turn implies that for every d there exists only one configuration Q^∗ in C^′ with d(Q^∗) = d. We can therefore conclude that it must be d-significant. Now it only remains to check that in the above intervals the configurations and their parameters [3.4, 3.5, 5.1] are as stated in the theorems. This completes the proof of our main result as stated in Theorems 1.3 and 1.4. 2

6 Technical computations

This section contains the proofs of those lemmas and propositions that we stated in the previous sections but didn’t prove there. All of them are fairly technical and hence probably not very easy to read. In the course of the following computations, we will very often use trigonometric identities such as sin(x ± y) = sin x cos y ± cos x sin y or sin x sin y =^1_2 (cos(x − y) − cos(x + y)), for example, without referring to them explicitly.

Proof of Lemma 3.1. By expanding the determinant of T^k by the first row we obtain the recursion

t_k = at_{k−1} − b^2t_{k−2}. (36)

In both cases the claimed identity for t_k is then easily verified by induction on k. (In the second case use cos 2x = 2 cos^2 x − 1 to verify the case ℓ = 2 and 2 sin^{x+y}_2 cos^{x−y}_2 = sin x + sin y for the induction step.) 2

Proof of Lemma 3.3. Let us first deal with the case 2 ≤ i, j ≤ k − 1. Here we need to show that bm_{i,j−1} + am_{i,j} + bm_{i,j+1} = δ_{i,j}. If indeed i = j then applying the definition of the m^k_{i,j} and using the recursion (36) from the preceding proof bm_{i,i−1} + am_{i,i} + bm_{i,i+1} = −b^2 t_{i−2}t_{k−i} t_k + a t_{i−1}t_{k−i} t_k − b^2 t_{i−1}t_{k−i−1} t_k = 1 t_k ( − b^2t_{i−2}t_{k−i} + t_{i−1}t_{k−i+1} ) . It therefore suffices to show that for all i = 2, . . ., k t_k = −b^2t_{i−2}t_{k−i} + t_{i−1}t_{k−i+1}, which we prove by induction on i. Since t_0 = 1 and t_1 = a, the case i = 2 is identical to (36). For the induction step we need to show that that −b^2t_{i−2}t_{k−i} + t_{i−1}t_{k−i+1} = t_k^!= −b^2t_{i−1}t_{k−i−1} + t_it_{k−i}, which is equivalent to

t_{i−1} · (t_{k−i+1} + b^2t_{k−i−1} ) = t_{k−i}(t_i + b^2t_{i−2}).

Once again using (36), both sides of the last equality can be seen to be equal to a·t_{i−1} ·t_{k−i}.

Now suppose that i < j, the case i > j can be dealt with analogously. Then bm_{i,j−1} + am_{i,j} + bm_{i,j+1} = (−1)^{i+j}b^{j−i} t_{i−1} t_k ( − t_{k+1−j} + at_{k−j} − b^2t_{k−j−1} ) = 0,

as required.

To deal with those cases where {i, j} ∩ {1, k} ≠ ∅, simply define t_{−1} := 0, and observe that this agrees with the recursion (36). Now we can extend the definition m^k_{i,j} to cover those cases where {i, j} ∩ {0, k + 1} ≠ ∅ – here m^k_{i,j} = 0 and the same proof as above applies. 2

In the following we state a number of trigonometric identities that will later turn out to be useful.

Lemma 6.1 (i) k∑ j=1 (−1)^j sin jθ =

− sin θ + (−1)^k sin kθ + (−1)^k sin(k + 1)θ 2 + 2 cos θ ,

(ii) k∑ j=1 cos(j · θ + ϑ) =

− cos ϑ + cos(θ + ϑ) + cos(k · θ + ϑ) − cos((k + 1)θ + ϑ) 2 − 2 cos θ ,

(iii) k∑ j=1 (sin jθ)^2 = 1 2 k + 1 4 − sin(2k + 1)θ 4 sin θ ,

(iv) k∑ j=1 sin jθ · sin(j + 1)θ = 1 2 (k + 1) cos θ − sin(2k + 2)θ 4 sin θ .

Proof. All proofs use the fact that

sin x = 1 2i (e^{ix} − e^{−ix}) and cos x = 1 2 (e^{ix} + e^{−ix}). Here we only include the proof of (i). The other statements can be proven very similarly. k∑ j=1 (−1)^j sin jθ = 1 2i k∑ j=1 (−1)^j(e^{ijθ} − e^{−ijθ} )

= − 1 2i [ e^{iθ}(1 − (−1)^ke^{ikθ}) 1 + e^{iθ} − e^{−iθ}(1 − (−1)^ke^{−ikθ} ) 1 + e^{−iθ} ] = − 1 2i e^{iθ} + 1 − (−1)^ke^{i(k+1)θ} − (−1)^ke^{ikθ} − e^{−iθ} − 1 + (−1)^ke^{−i(k+1)θ} + (−1)^ke^{−ikθ} (1 + e^{iθ})(1 + e^{−iθ} ) = − sin θ + (−1)^k sin kθ + (−1)^k sin(k + 1)θ 2 + 2 cos θ . 2

Proof of (17) and (18) in the proof of Proposition 3.4.

ξ^k_i (p) = k∑ j=1 m^k(p)_{ij} = i∑ j=1 m^k(p)_{ij} + k∑ j=i+1 m^k(p)_{ij}

= (−1)^i b(p) sin ϕ sin(k + 1)ϕ

· [sin(k − i + 1)ϕ i∑ j=1 (−1)^j sin jϕ

+ sin iϕ k∑ j=i+1 (−1)^j sin(k − j + 1)ϕ

= (−1)k+1 Pk�ij=1(−1)j sin jϕ ]

= (−1)^i b(p) sin ϕ sin(k + 1)ϕ

· [sin(k − i + 1)ϕ

− sin ϕ + (−1)^i sin iϕ + (−1)^i sin(i + 1)ϕ 2 + 2 cos ϕ

−(−1)^k sin iϕ

− sin ϕ + (−1)^{k−i} sin(k − i)ϕ + (−1)^{k−i} sin(k − i + 1)ϕ 2 + 2 cos ϕ ] = −(−1)^i sin(k − i + 1)ϕ sin ϕ + sin(k − i + 1)ϕ sin(i + 1)ϕ b(p) sin ϕ sin(k + 1)ϕ · (2 + 2 cos ϕ) + (−1)^{k−i} sin ϕ sin iϕ − sin iϕ sin(k − i)ϕ b(p) sin ϕ sin(k + 1)ϕ · (2 + 2 cos ϕ) . Finally, observe that

sin(k − i + 1)ϕ sin(i + 1)ϕ − sin iϕ sin(k − i)ϕ = sin(k − i + 1)ϕ · [sin iϕ cos ϕ + cos iϕ sin ϕ] − sin iϕ · [sin(k − i + 1)ϕ cos ϕ − cos(k − i + 1)ϕ sin ϕ] = sin ϕ · [sin(k − i + 1)ϕ cos iϕ + cos(k − i + 1)ϕ sin iϕ] = sin ϕ sin(k + 1)ϕ,

which proves (17). As to the proof of (18),

|⃗ξ(p)| = k∑ i=1 ξ^k_i (p) = ∑_k i=1(−1)^{k−i} sin iϕ − (−1)^i sin(k − i + 1)ϕ + sin(k + 1)ϕ 2b(p)(1 + cos ϕ) sin(k + 1)ϕ .

Consider the numerator: < N > = (−1)^k k∑ i=1 (−1)^i sin iϕ − k∑ i=1 (−1)^i sin(k − i + 1)ϕ

= (−1)k+1 Pki=1(−1)i sin iϕ

+k sin(k + 1)ϕ

= 2(−1)^k k∑ i=1 (−1)^i sin iϕ + k sin(k + 1)ϕ

= 2(−1)^k

− sin ϕ + (−1)^k sin kϕ + (−1)^k sin(k + 1)ϕ 2 + 2 cos ϕ

+ k sin(k + 1)ϕ = −(−1)^k sin ϕ + sin kϕ + sin(k + 1)ϕ 1 + cos ϕ

+ k sin(k + 1)ϕ,

which proves (18). 2 Proof of Lemma 3.6. We have to compute the value of the functions m^{k−1}_{i,k−1}, ξ^{k−1}_{k−1} , μ^{k−1}_i and ℓ^k_i at the point q^k_j . To improve readability, we omit the term q^k_j in our calculations and let ϕ := ϕ^k_j . Then m^{k−1}_{i,k−1} = (−1)^{i+k−1}b^{k−1−i} t_{i−1}t_0 t_{k−1} = (−1)^{i+k−1}b^{−1} sin iϕ sin kϕ (21)

= (−1)^{i+k−1}b^{−1} sin iϕ −(−1)^{k−j} sin ϕ = (−1)^{i+j} sin iϕ b sin ϕ . To compute ξ^{k−1}_{k−1} , we use the formula in Proposition 3.4 to see that ξ^{k−1}_{k−1} = −(−1)^{k−j} sin 2ϕ − (−1)^{k−1} sin ϕ − (−1)^{k−j} sin ϕ −(−1)^{k−j} 2b(1 + cos ϕ) sin ϕ = {_{2 cos ϕ sin ϕ+2 sin ϕ}

2b(cos ϕ sin ϕ+sin ϕ) = 1 b , if j odd,

2 cos ϕ sin ϕ 2b(1+cos ϕ) sin ϕ = 1 b −^1_{b(1+cos ϕ)} , if j even.

Finally, first use (21) to see that (for j odd) the formula for μ^{k−1}_k is indeed equal to one and then observe that the above results show that the expressions for μ^{k−1}_i and ℓ^k_i follow directly from their definitions in Proposition 3.5. 2 Proof of Lemma 3.7. We will use the explicit formula

μ^{k−1}_i (q^k_j ) = (−1)^i sin iϕ^k_j sin ϕ^k_j from Lemma 3.6 together with the observation (21) and the abbreviations ϕ := ϕ^k_j , μ_i := μ^{k−1}_i (q^k_j ), ϕ^′ := ϕ^k_j0, μ^′_i := μ^{k−1}_i (q^k_j0). First μ_{k+1−i} = (−1)^{k+1−i} sin(k − (i − 1))ϕ sin ϕ = −(−1)^{k+1−i+k−j} sin iϕ sin ϕ = −μ_i, which proves (i). This immediately implies (ii). To prove (iii)-(vi), we apply Lemma 6.1. Hence k∑ i=1 μ^2_i = 1 sin^2 ϕ k∑ i=1 (sin iϕ)^2 = 1 sin^2 ϕ ( k 2 + 1 4 − sin(2k + 1)ϕ 4 sin ϕ ) (21) = 1 sin^2 ϕ ( k 2 + 1 4 + 1 4 ) = k + 1 2 sin^2 ϕ

, and k−1∑ i=1 μ_iμ_{i+1} = −1 sin^2 ϕ k∑ i=1 sin iϕ sin(i + 1)ϕ = −1 sin^2 ϕ ( k + 1 2 cos ϕ − sin(2k + 2)ϕ 4 sin ϕ ) (21) = − (k + 1) cos ϕ 2 sin^2 ϕ , which proves (iii) and (iv). To prove (v) and (vi), observe that k∑ i=1 μ^′_iμ_i = 1 sin ϕ^′ sin ϕ k∑ i=1 sin iϕ^′ sin iϕ

= 1 sin ϕ^′ sin ϕ (_k ∑ i=1 cos i(ϕ^′ − ϕ) − k∑ i=1 cos i(ϕ^′ + ϕ) ) . We claim that the last two sums are identical. By Lemma 6.1 k∑ i=1 cos i(ϕ^′ ± ϕ) =

−1 + cos(ϕ^′ ± ϕ) + cos k(ϕ^′ ± ϕ) − cos(k + 1)(ϕ^′ ± ϕ) 2 − 2 cos(ϕ^′ ± ϕ) . Notice that ϕ^′ − ϕ = j − j^′ k + 1 π, ϕ^′ + ϕ = 2k − j^′ − j k + 1 π, As j and j^′ are odd, we know that (k + 1)(ϕ^′ ± ϕ) is an even multiple of π and hence cos(k + 1)(ϕ^′ ± ϕ) = 1 and cos k(ϕ^′ ± ϕ) = cos((k + 1)(ϕ^′ ± ϕ) − (ϕ^′ ± ϕ)) = cos(ϕ^′ ± ϕ). Therefore_k ∑ i=1 cos i(ϕ^′ ± ϕ) =

−2 + 2 cos(ϕ^′ ± ϕ) 2 − 2 cos(ϕ^′ ± ϕ) = −1, which completes the proof of (v). Similarly for the proof of (vi) k−1∑ i=1 μ^′_{i+1}μ_i = k∑ i=1 μ^′_{i+1}μ_i = −1 sin ϕ^′ sin ϕ (_k ∑ i=1 cos[i(ϕ^′ − ϕ) + ϕ^′] − k∑ i=1 cos[i(ϕ^′ + ϕ) + ϕ^′] ) ,

k∑ i=1 cos[i(ϕ^′ ± ϕ) + ϕ^′] =

− cos ϕ^′ + cos((ϕ^′ ± ϕ) + ϕ^′) + cos(−(ϕ^′ ± ϕ) + ϕ^′) − cos ϕ^′ 2 − 2 cos(ϕ^′ ± ϕ) = −2 cos ϕ^′ + 2 cos(ϕ^′ ± ϕ) cos ϕ^′

2 − 2 cos(ϕ^′ ± ϕ)

= − cos ϕ^′. 2 Proof of (25) in the proof of Proposition 4.4. Recall that

(1 − 2 k + 2 )π < ϕ < π and hence (r − 1) · π < r · ϕ < r · π for r ∈ (0, k + 2 2 ]. (37)

Observe that sin(k − 2)ϕ − (−1)^k sin 3ϕ + sin(k + 1)ϕ −2 cos ϕ(− sin(k − 1)ϕ + (−1)^k sin 2ϕ + sin(k + 1)ϕ) = (−1)^{k+1} sin 3ϕ + sin(k − 2)ϕ + sin(k + 1)ϕ (−1)^{k+1}(sin 3ϕ + sin ϕ) + sin(k − 2)ϕ − sin(k + 2)ϕ =: A(k, ϕ) B(k, ϕ) . In order to prove (25), we need to show that B(k, ϕ) > A(k, ϕ) or B(n, ϕ) < A(n, ϕ), depending on whether B(n, ϕ) is positive or negative. This is done in the following two claims.

Claim 1: If ϕ^{k+1} < ϕ < π, then B(k, ϕ) is positive for odd k and negative for even k. Claim 2: If ϕ^{k+1} < ϕ < π, then B(k, ϕ) − A(k, ϕ) is positive for odd k and negative for even k.

Proof of Claim 1: Rearranging the terms involved in B(k, ϕ), we get

B(k, ϕ) = (−1)^{k+1}2 sin 2ϕ cos ϕ − 2 cos kϕ sin 2ϕ = 2 sin 2ϕ ( (−1)^{k+1} cos ϕ − cos kϕ )

= { 2 sin 2ϕ · 2 sin^{k+1}_2 ϕ sin^{k−1}_2 ϕ , k odd −2 sin 2ϕ · 2 cos^{k+1}_2 ϕ cos^{k−1}_2 ϕ , k even.

Now with the help of (37) π < 2ϕ < 2π, ( k − 1 2 − 1)π < k − 1 2 ϕ < k − 1 2 π < k + 1 2 ϕ < k + 1 2 π and thereby Claim 1 follows, because sin 2ϕ is negative, and each of the pairs sin^{k−1}_2 ϕ, sin^{k+1}_2 ϕ and cos^{k−1}_2 ϕ, cos^{k+1}_2 ϕ has opposite signs.

Proof of Claim 2:

B(k, ϕ) − A(k, ϕ) = − sin(k + 2)ϕ − sin(k + 1)ϕ + (−1)^{k+1} sin ϕ

= −2 sin(k + 3 2 )ϕ cos 1 2 ϕ + 2(−1)^{k+1} sin 1 2 ϕ cos 1 2 ϕ = { 2 cos^1_2 ϕ · (sin^1_2 ϕ − sin(k +^3_2 )ϕ) , k odd 2 cos^1_2 ϕ · (− sin^1_2 ϕ − sin(k +^3_2 )ϕ) , k even = { −4 cos^1_2 ϕ cos^{k+2}_2 ϕ sin^{k+1}_2 ϕ , k odd −4 cos^1_2 ϕ sin^{k+2}_2 ϕ cos^{k+1}_2 ϕ , k even.

Moreover, again with the help of (37) − 1 2 π < 1 2 ϕ < 1 2 π, k − 1 2 π < k + 1 2 ϕ < k + 1 2 π, k 2 π < k + 2 2 ϕ < k + 2 2 π and thereby Claim 2 follows, because cos^1_2 ϕ is positive, cos^{k+2}_2 ϕ and sin^{k+1}_2 ϕ have opposite signs and sin^{k+2}_2 ϕ and cos^{k+1}_2 ϕ have the same sign. 2

Proof of Proposition 4.5. We use the shorthand ϕ := ϕ^k_j , λ^r_i := λ^r_i (q^k_j ) and μ^r_i := μ^r_i (q^k_j ) for r = k − 1, k. Moreover, observation (21) and the analogue for cos, namely cos(k − i)ϕ^k_j = (−1)^{k−j} cos(i + 1)ϕ^k_j , (38)

will prove to be useful. Recall that, by Proposition 3.4, λ^k_i =^{ηki (ϕ)}_{ψk (ϕ)} , where

η^k_i (ϕ) := (−1)^{k−i} sin iϕ − (−1)^i sin(k − i + 1)ϕ + sin(k + 1)ϕ,

ψ^k(ϕ) :=

−(−1)^k sin ϕ + sin kϕ + sin(k + 1)ϕ 1 + cos ϕ

+ k sin(k + 1)ϕ.

To prove part (i), we repeatedly use (21) together with the fact that j is odd.

η^{k−1}_i (ϕ) = (−1)^{k−1−i} sin iϕ − (−1)^{k+i} sin(i + 1)ϕ + (−1)^k sin ϕ

ψ^{k−1}(ϕ) =

−(−1)^{k−1} sin ϕ + (−1)^k sin 2ϕ + (−1)^k sin ϕ 1 + cos ϕ

+ (k − 1)(−1)^k sin ϕ

= (−1)^k

(2 sin ϕ + 2 sin ϕ cos ϕ

1 + cos ϕ

+ (k − 1) sin ϕ )

= (−1)^k(k + 1) sin ϕ.

For the proof of (ii), notice that η^k_i (ϕ) = 0 = ψ^k(ϕ). We therefore use L’Hôpital’s rule to determine λ^k_i and differentiate η^k_i (ϕ) and ψ^k(ϕ) with respect to ϕ:

(η^k_i )^′(ϕ) = (−1)^{k−i}i cos iϕ − (−1)^i(k − i + 1) cos(k − i + 1)ϕ + (k + 1) cos(k + 1)ϕ = (−1)^{k−i}i cos iϕ + (−1)^{k+i}(k − i + 1) cos iϕ − (k + 1)(−1)^k = (−1)^{k−1}(k + 1) ( 1 + (−1)^{i+1} cos iϕ ) . Similarly,

(ψ^k)^′(ϕ) = ( − (−1)^k cos ϕ + k cos kϕ + (k + 1) cos(k + 1)ϕ ) (1 + cos ϕ) (1 + cos ϕ)^2 − ( − (−1)^k sin ϕ + sin kϕ + sin(k + 1)ϕ ) (− sin ϕ) (1 + cos ϕ)^2

+ k(k + 1) cos(k + 1)ϕ

= ( − (−1)^k cos ϕ + k(−1)^{k−1} cos ϕ + (k + 1)(−1)^{k−1} ) 1 + cos ϕ

+ k(k + 1)(−1)^{k−1}

= (−1)^{k−1} ( (k + 1) cos ϕ + (k + 1) ) 1 + cos ϕ

+ k(k + 1)(−1)^{k−1} = (−1)^{k−1}(k + 1)^2.

To prove (iii), simply observe that by (i) and (ii) λ^{k−1}_{k−1} = sin ϕ + sin 2ϕ + sin ϕ

(k + 1) sin ϕ

= 2 · sin ϕ(1 + cos ϕ) (k + 1) sin ϕ = 2λ^k. Before we proceed to the proof of (iv)-(vi), we claim that λ^{k−1}_i − λ^{k−1}_{i−1} = −2x^∗ · μ^{k−1}_i for i ≥ 2, (39) which is immediately verified as follows: λ^{k−1}_i − λ^{k−1}_{i−1} = −(−1)^i(sin iϕ + sin(i + 1)ϕ) + (−1)^{i−1}(sin(i − 1)ϕ + sin iϕ) (k + 1) sin ϕ = (−1)^{i−1}

2 sin iϕ + sin(i + 1)ϕ + sin(i − 1)ϕ (k + 1) sin ϕ = (−1)^{i−1}

2 sin iϕ + 2 sin iϕ cos ϕ

(k + 1) sin ϕ = 2(−1)^{i−1} sin iϕ(1 + cos ϕ)

(k + 1) sin ϕ = −2λ^kμ^{k−1}_i = −2x^∗μ^{k−1}_i , which proves (39). On the other hand, λ^{k−1}_i + λ^{k−1}_{i−1} =

2 sin ϕ − (−1)^i(sin iϕ + sin(i + 1)ϕ) − (−1)^{i−1}(sin(i − 1)ϕ + sin iϕ) (k + 1) sin ϕ = 2 sin ϕ + (−1)^{i−1}(sin(i + 1)ϕ) − sin(i − 1)ϕ) (k + 1) sin ϕ = 2 sin ϕ + 2(−1)^{i−1} cos iϕ sin ϕ

(k + 1) sin ϕ = 2 1 + (−1)^{i−1} cos iϕ k + 1

= 2λ^k_i ,

which proves (iv).

The case i = k of (v) follows from the definition of x^∗. For i < k we use (39) and (iv):

ℓ^k_i (x^∗) = λ^{k−1}_i + x^∗ · μ^{k−1}_i = λ^{k−1}_i − λ^{k−1}_i − λ^{k−1}_{i−1} 2 = λ^{k−1}_i + λ^{k−1}_{i−1} 2 = λ^k_i .

For the case i = k of (vi) use the fact that (by Lemma 3.6) μ^{k−1}_1 = −1 together with (iii) to see ℓ^k_1 (x^∗ − x) = λ^{k−1}_1 + (x^∗ − x)μ^{k−1}_1 = λ^{k−1}_{k−1} − (x^∗ − x) = 2λ^k − (x^∗ − x) = x^∗ + x = ℓ^k(x^∗ + x). For i < k we have by Lemma 3.7 ℓ^k_{−i+1}(x^∗ − x) = λ^{k−1}_{k−i+1} + (x^∗ − x) · μ^{k−1}_{k−i+1} = λ^{k−1}_{i−1} − (x^∗ − x) · μ^{k−1}_i = λ^{k−1}_{i−1} + λ^{k−1}_i − λ^{k−1}_{i−1} 2 + x · μ^{k−1}_i = λ^{k−1}_i − λ^{k−1}_i − λ^{k−1}_{i−1} 2 + x · μ^{k−1}_i = λ^{k−1}_i + x^∗ · μ^{k−1}_i + x · μ^{k−1}_i = ℓ^k_i (x^∗ + x). 2 We now approach the proof of Proposition 5.3, for which we need two auxiliary lemmas.

First recall again that λ^k_j (p) = η^k_j (p) ψ^k(p) , where η^k_j (p) = (−1)^{k−j} sin jϕ − (−1)^j sin(k − j + 1)ϕ + sin(k + 1)ϕ.

Lemma 6.2

η^k_j (p) − η^k_{j+1}(p) = { 4 · (−1)^j · cos^{k+1}_2 ϕ · cos^1_2 ϕ · sin^{2k−4j}_4 ϕ , if k is even 4 · (−1)^j · sin^{k+1}_2 ϕ · cos^1_2 ϕ · cos^{2k−4j}_4 ϕ , if k is odd.

Proof. Assume that k is even. Then

η^k_j (p) − η^k_{j+1}(p) = (−1)^j sin jϕ − (−1)^j sin(k − j + 1)ϕ − [−(−1)^j sin(j + 1)ϕ + (−1)^j sin(k − j)ϕ]

= (−1)^j · 2 · cos k + 1 2 ϕ · sin(− k − 2j + 1 2 ϕ) − (−1)^j · 2 · cos k + 1 2 ϕ · sin k − 2j − 1 2 ϕ = −(−1)^j · 2 · cos k + 1 2 ϕ · [sin k − 2j + 1 2 ϕ + sin k − 2j − 1 2 ϕ] = −(−1)^j · 2 · cos k + 1 2 ϕ · 2 · sin 2k − 4j 4 ϕ · cos 1 2 ϕ. The proof for k odd is almost identical. 2

Lemma 6.3 Let ϕ^k < ϕ < π. Then for all integers i, j with 0 ≤ i < j <^k_2

(i) (−1)^i sin( k 2 − i)ϕ { < 0 , if k ≡ 0(4) > 0 , if k ≡ 2(4)

(ii) (−1)^i cos( k 2 − i)ϕ { > 0 , if k ≡ 1(4) < 0 , if k ≡ 3(4)

(iii) (−1)^i cos( k 2 − i)ϕ − (−1)^j cos( k 2 − j)ϕ { < 0 , if k ≡ 0(4) > 0 , if k ≡ 2(4)

(iv) (−1)^i sin( k 2 − i)ϕ − (−1)^j sin( k 2 − j)ϕ { < 0 , if k ≡ 1(4) > 0 , if k ≡ 3(4) (v) (−1)^k cos(k − 2i − 1)ϕ − cos ϕ > 0.

Proof. Since^{k−1}_{k+1} π < ϕ < π we can write

ϕ = (1 − 2δ k + 1

)π, for some δ ∈ (0, 1).

Hence, for all 0 ≤ i <^k_2 : ( k 2 − i)ϕ = ( k 2 − i)π − δ · k − 2i k + 1

∈ (0,1) π.

Now use the fact that (−1)^i sin x = sin(x + iπ) and (−1)^i cos x = cos(x + iπ) to see that

(−1)^i sin( k 2 − i)ϕ = (−1)^i sin ( ( k 2 − i)π − δ k − 2i k + 1 π ) = sin ( k 2 π − δ k − 2i k + 1 π ) and analogously (−1)^i cos(^k_2 − i)ϕ = cos(^k_2 π − δ^{k−2i}_{k+1} π). This already suffices to establish (i) and (ii). For (iii) and (iv) apply the same argument again together with the obvious fact that δ^{k−2i}_{k+1} > δ^{k−2j}_{k+1} since i < j.

To prove (v), observe that

(−1)^k cos(k − 2i − 1)ϕ − cos ϕ = − cos ( 2δ k − 2i − 1 k + 1 π ) + cos ( 2δ k + 1 π ) . But since 2δ^{k−2i−1}_{k+1} π >^{2δ}_{k+1} π and 2δ^{k−2i−1}_{k+1} π < 2π −^{2δ}_{k+1} π, this expression is positive. 2

Proof of Proposition 5.3. We will prove that for q^k < p < q^∗ the functions c(Q_{k,p}) = H(p) k−1∑ i=1 λ^k_i (p)λ^k_{i+1}(p)

1 − 2 · d(Q_{k,p}) = k∑ i=1 (λ^k_i (p))^2 + 2(1 − p) k−1∑ i=1 λ^k_i (p)λ^k_{i+1}(p)

are strictly decreasing. In the following we will abbreviate λ^k_i (p) by λ_i, and set λ_0 = λ_{k+1} = 0 for convenience. It obviously suffices to show that both of the involved sums are strictly decreasing. Denote the sums by A and B respectively. Their derivatives are

A^′ = 2 k∑ i=1 λ_iλ^′_i, B^′ = k−1∑ i=1 (λ^′_iλ_{i+1} + λ_iλ^′_{i+1}) = k∑ i=1 (λ_{i−1} + λ_{i+1})λ^′_i.

Notice that ∑_k i=1 λ^′_i = 0 since ∑_k i=1 λ_i = 1. Recall that by the original Lagrange conditions as stated in (15) we know that there exists a u such that for all i b(p) · λ_{i−1} + a(p) · λ_i + b(p) · λ_{i+1} = u. Combining these two facts results in k∑ i=1 b(p) · (λ_{i−1} + λ_{i+1})λ^′_i + a(p)λ_iλ^′_i = 0,

which is the same as b(p)B^′ + a(p)A^′/2 = 0. Since b(p) is negative and a(p) is positive, B^′ and A^′ must have the same sign. We introduce a third sum

C := k∑ i=0 (λ_{i+1} − λ_i)^2 = 2(A − B).

Since C^′ = 2A^′ − 2B^′ = A^′ · (2 + a(p) b(p) ) and^{a(p)}_{b(p)} > −2 for p < q^∗, C^′ has the same sign as A^′ and B^′. Our aim is now to show that

C^′ = 2 k∑ i=1 (λ_{i+1} − λ_i)(λ^′_{i+1} − λ^′_i)

is indeed negative.

Recall that λ_j = λ^k_j (p) = η^k_j (p) ψ^k(p) , η^k_j (p) = (−1)^{k−j} sin jϕ − (−1)^j sin(k − j + 1)ϕ + sin(k + 1)ϕ,

and note that the definition also allows for η^k_0 (p) = η^k_{+1}(p) = 0. By Lemma 6.2

η^k_j (p) − η^k_{j+1}(p) = { 4 · (−1)^j · cos^{k+1}_2 ϕ · cos^1_2 ϕ · sin(^k_2 − j)ϕ , if k is even 4 · (−1)^j · sin^{k+1}_2 ϕ · cos^1_2 ϕ · cos(^k_2 − j)ϕ , if k is odd.

For k even this implies that λ_i − λ_{i+1} λ_0 − λ_1

= (−1)^i sin(^k_2 − i)ϕ

sin^k_2 ϕ and hence, as λ_0 = 0, also

λ_{i+1} = λ_i + (−1)^i sin(^k_2 − i)ϕ sin^k_2 ϕ · λ_1. For k odd we analogously obtain

λ_{i+1} = λ_i + (−1)^i cos(^k_2 − i)ϕ cos^k_2 ϕ · λ_1. Moreover, induction on i gives

λ_i = (1 + ∑_{i−1} j=1 y_j y_0

) · λ_1, where y_j := { (−1)^j sin(^k_2 − j)ϕ , for k even, (−1)^j cos(^k_2 − j)ϕ , for k odd.

(40)

Observe that by Lemma 6.3 we know that for a given k all y_i with 0 ≤ i <^k_2 have the same sign. (41)

Setting i := k + 1 in (40), we deduce from λ_{k+1} = 0 that k∑ j=1 y_j = −y_0.

Taking ∑_{k+1} i=1 λ_i = 1 and replacing λ_i by (40) gives

1 = (k + 1)λ_1 + λ_1 y_0 k∑ j=1 (k + 1 − j)y_j = − λ_1 y_0 k∑ j=1 jy_j,

and hence

λ_1 = − y_0 ∑_k j=1 jy_j . (42)

Furthermore

λ^′_1 = − y^′_0 ∑_k j=1 jy_j + y_0 · ∑_k j=1 jy^′_j ( ∑_k j=1 jy_j)^2

= λ_1 · ( y^′_0 y_0 − ∑_k j=1 jy^′_j ∑_k j=1 jy_j ). (43)

Now determine λ^′_i by differentiating (40)

λ^′_i = (1 + ∑_{i−1} j=1 y_j y_0

) · λ^′_1 + ( ∑_{i−1} j=1 y^′_j y_0 − y^′_0 ∑_{i−1} j=1 y_j (y_0)^2

) · λ_1.

Hence, λ^′_{i+1} − λ^′_i = λ^′_1 y_0

· y_i + λ_1 y_0 · (y^′_i − y^′_0 y_0 · y_i).

As λ_{i+1} − λ_i =^{λ1}_{y0} · y_i, this implies

C^′ = k∑ i=0 (λ_{i+1} − λ_i)(λ^′_{i+1} − λ^′_i)

= k∑ i=0 ( λ_1 · λ^′_1 (y_0)^2

· y^2_i + λ_1 · λ_1 (y_0)^2 · (y_iy^′_i − y^′_0 y_0

· y^2_i ) )

(43) = (λ_1)^2 (y_0)^2 · k∑ i=0 ( y_iy^′_i − y^2_i · ∑_k j=1 jy^′_j ∑_k j=1 jy_j )

= (λ_1)^2 (y_0)^2 · ∑_k j=1 jy_j · k∑ i=0 k∑ j=1 (y_iy^′_ijy_j − y^2_i jy^′_j)

(42) = − (λ_1)^3 (y_0)^3 · k∑ i=0 k∑ j=1 (y_iy^′_ijy_j − y^2_i jy^′_j)

= − (λ_1)^3 (y_0)^3 · k∑ i=0 k∑ j=0 (y_iy^′_ijy_j − y^2_i jy^′_j)

Since we want to prove that C^′ < 0 and since we know that λ_1 > 0, our aim is to show that the above double sum has the same sign as y_0. To do this we first simplify this sum by grouping some terms, namely the pairs i, k − i and j, k − j.

Observe that for k even

y_{k−i} = (−1)^{k−i} · sin( k 2 − (k − i))ϕ = (−1)^i sin(−( k 2 − i))ϕ = −y_i hence y^′_{k−i} = −y^′_i and analogously for k odd. Therefore jy_j + (k − j)y_{k−j} = (2j − k)y_j, jy^′_j + (k − j)y^′_{k−j} = (2j − k)y^′_j .

That is, using that for k even y k_2 = y^′_{k2} = 0, k∑ i=0 k∑ j=0 (y_iy^′_ijy_j − y^2_i jy^′_j) = 2 ∑ 0≤i< k2 ∑ 0≤j< k2 (y_iy^′_i(2j − k)y_j − y^2_i (2j − k)y^′_j )

= 2 ∑ 0≤i<j< k2 (y_iy^′_i(2j − k)y_j − y^2_i (2j − k)y^′_j + y_j y^′_j (2i − k)y_i − y^2_j (2i − k)y^′_i) = 2 ∑ 0≤i<j< k2 [y^′_iy_j (y_i(2j − k) − y_j (2i − k)) − y_iy^′_j((2j − k)y_i − y_j (2i − k))]

= 2 ∑ 0≤i<j< k2 (y^′_iy_j − y_iy^′_j) · (y_i(2j − k) − y_j (2i − k)).

So, we have reduced the problem to the two factors y^′_iy_j −y_iy^′_j and y_i(2j −k)−y_j(2i−k) for i < j. We claim that the factor y_i(2j −k)−y_j(2i−k) has the same sign as y_0. Consider its derivative: for k even (y_i(2j − k) − y_j(2i − k))^′ = (2j − k)(−1)^i( k 2 − i) cos( k 2 − i)ϕ − (2i − k)(−1)^j( k 2 − j) cos( k 2 − j)ϕ = −2( k 2 − j)( k 2 − i) · [(−1)^i cos( k 2 − i)ϕ − (−1)^j cos( k 2 − j)ϕ]. Analogously for k odd:

(y_i(2j − k) − y_j (2i − k))^′ = 2( k 2 − j)( k 2 − i) · [(−1)^i sin( k 2 − i)ϕ − (−1)^j sin( k 2 − j)ϕ]. Now apply Lemma 6.3 (iii) and (iv) to see that these expressions are positive if k ≡ 0, 3(4) and negative otherwise. As the value of y_i(2j − k) − y_j (2i − k) is zero at ϕ = π the value has to be negative for all ϕ ∈ (^{k−1}_{k+1} π, π) if k ≡ 0, 3(4) and positive otherwise. By Lemma 6.3 (i) and (ii) we know that y_0 behaves identically.

Now consider y^′_iy_j − y_iy^′_j: we claim that it is positive for all k and all i < j. Since this expression is exactly the numerator of the derivative of y_i/y_j, it suffices to show that the latter is positive. Moreover observe that ( y_i y_j )_′ = ( y_i y_{i+1} y_{i+1} y_{i+2} . . . y_{j−1} y_j )_′

= ( y_i y_{i+1} )_′ y_{i+1} y_{i+2} . . . y_{j−1} y_j + y_i y_{i+1} ( y_{i+1} y_{i+2} )_′ . . . y_{j−1} y_j + · · · + y_i y_{i+1} y_{i+1} y_{i+2} . . . ( y_{j−1} y_j )_′ .

Due to (41), the terms y_i/y_{i+1} are all positive, and it therefore suffices to show that (y_i/y_{i+1})^′ > 0 for all 0 ≤ i <^k_2 − 1. We claim that

y^′_iy_{i+1} − y_iy^′_{i+1} = −(−1)^k 1 2 sin(k − 2i − 1)ϕ + 1 2 (k − 2i − 1) sin ϕ, (44)

which can be checked as follows. For k even:

y^′_iy_{i+1} − y_iy^′_{i+1}

= −( k 2 − i) cos( k 2 − i)ϕ sin( k 2 − i − 1)ϕ + ( k 2 − i − 1) cos( k 2 − i − 1)ϕ sin( k 2 − i)ϕ = −( k 2 − i) 1 2 [sin(k − 2i − 1)ϕ + sin(−ϕ)] + ( k 2 − i − 1) 1 2 [sin(k − 2i − 1)ϕ + sin ϕ] = − 1 2 sin(k − 2i − 1)ϕ + 1 2 (k − 2i − 1) sin ϕ.

For k odd:

y^′_iy_{i+1} − y_iy^′_{i+1} = ( k 2 − i) sin( k 2 − i)ϕ cos( k 2 − i − 1)ϕ − ( k 2 − i − 1) sin( k 2 − i − 1)ϕ cos( k 2 − i)ϕ = ( k 2 − i) 1 2 [sin ϕ + sin((k − 2i − 1)ϕ)] − ( k 2 − i − 1) 1 2 [sin(−ϕ) + sin(k − 2i − 1)ϕ] = 1 2 sin(k − 2i − 1)ϕ + 1 2 (k − 2i − 1) sin ϕ.

At the point ϕ = π (44) has value zero. Again we consider the derivative

(y^′_iy_{i+1} − y_iy^′_{i+1})^′ = − 1 2 (k − 2i − 1)[(−1)^k cos(k − 2i − 1)ϕ − cos ϕ].

By Lemma 6.3 (v) this is negative and therefore y^′_iy_{i+1} −y_iy^′_{i+1} must be positive for ϕ < π. 2 References

[1] D. Dhar, Entropy and phase transitions in partially ordered sets, J. Math. Phys.

19(8), 1711–1713, 1978.

[2] D. Dhar, Asymptotic enumeration of partially ordered sets, Pacific Journal of Mathematics 90 (2), 299–305, 1980.

[3] D.J. Kleitman and B.L. Rothschild, The number of finite topologies, Proc. Amer.

Math. Soc. 25, 276–282, 1970.

[4] D.J. Kleitman and B.L. Rothschild, Asymptotic enumeration of partial orders on a finite set, Trans. Amer. Math. Soc. 205, 205–220, 1975.

[5] D.J. Kleitman and B.L. Rothschild, A phase transition on partial orders, Physica 96A, 254–259, 1979.

[6] H.J. Prömel, A. Steger, and A. Taraz, Counting partial orders with a fixed number of comparable pairs, preprint, 1999.